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Abstract. We construct the m-universal model (W, R, P) for the modal logic S4, using an induction on
the depth of the modal connective O. Main difference from the construction given by Shehtman [She78]
is that our construction gives an effective description of the image of the valuation P, {P(A4) | A € S}
2", where S is the set of formulas constructed from L and propositional variables pi,- -+ ,py,. Also this
description gives the formulas in S4 that behave like principal disjunctive normal forms in (non-modal)
classical propositional logic; and clarifies a relation between the model and the depth of O of formulas.

1. Introduction

In this paper, we treat the formulas constructed from L (contradiction) and the propositional variables
D1, - ,Pm, by using logical connectives A (conjunction), V (disjunction), D (implication) and O (ne-
cessitation); and study mutual provability for modal logic S4. The set of these propositional variables
is denoted by V and the set of these formulas is denoted by S(V). We use upper case Latin letters,
A, B,C, -, possibly with suffixes, for formulas.

A Kripke model is a structure (W, R, P), where W is a non-empty set, R is a binaly relation on W,
and P is a mapping from the set of propositional variables to 2"'. We extend, as usual, the domain of P
to the set of formulas, and call P a valuation.

The m-universal model for S4 is the Kripke model such that the dual of it is the free interior algebra of
rank m, and is isomorphic to the algebra (S(V)/ =, A, V, D, L, O), the restriction from Tarski-Lindenbaum
algebra for S4 into S(V). So, the m-universal model has most complete information of behavor of formulas
in S(V) in S4, and treated in several articles(cf. [She78], Bellissima [Bel85], Chagrov and Zakharyaschev
[CZ97]). The dual is m-universal model (W, R, P) is ({P(4) | A € S(V)},N,U,D,0,0). So, to know the
restriction of Tarski-Lindenbaum algebra in detail, we need to clarify the universe {P(A4) | A € S(V)}.
It is known that W is not finite. So, the universe is not 2" since the quotient set S(V)/ = is countable,
while 2% is not. From this it seems difficult to clarify the universe.

Our purpose is to clarify the algebra (S(V)/ =, A, V, D, L, O), especially its universe S(V)/ =. In the
next three sections, we consider the finite parts of S(V)/ =. More precisely, we consider the quotient set
from the set

S"(V) = {A € S(V) | d(4) < n},

for any n, where d(A), the depth of O of A, is defined as

d(p;) = d(L) =0,

d(BAC)=d(BVC)=d(B D>C)=max{d(B),d(C)},

d(OB) =d(B) + 1.
Also we give a list of formulas such that each two of them are non-equivalent and each equivalent class
in S*(V)/ = has one of such formulas as a representative. In section 5, using the list, we constuct
m-universal model, and give an effective description of the image of valuation. In section 6, we show that
the result in section 5 gives the formulas in S4 that behave like principal disjunctive normal forms in
(non-modal) classical propositional logic; and clarifies a relation between the model and the depth of O
of formulas.

In the following notations, we use a sequent system for the modal logic S4. We introduce it following
Ohnishi and Matsumoto [OM57]. We use Greek letters, I' and A, possibly with suffixes, for finite sets of
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formulas. The expressions OI' and T'" denote the sets {dA | A € T} and {0A | OA € '}, respectively.
By a sequent, we mean the expression (I' = A). We often write ' — A instead of the expression with
the parenthesis. For brevity’s sake, we write

Al:"' 7Ak7F17"' 7FZ — Al:"' 7A’myBla"' 7Bn
instead of
{Al,--- ,Ak}ul“lu---ul“g—>A1U---UAmU{Bl,--- ,Bn}.
We use upper case Latin letters X, Y, Z,--- | Xo, X1, Xy, - - - for sequents. For a sequent I' = A, we define
ant(I' > A) and suc(l’ —» A) as follows:
ant(I' > A) =T, suc(l' = A) = A.

By S4, we mean the system obtained from the sequent system LK for classical propositional logic by
adding
ATl—- A or— A

— (O — -
DA,F—)A( ) DF—)DA(
By [OM57], this system enjoys a cut-elimination theorem:

LeEmMA 1.1 (JOM5T7]). If ' — A € S4, then there exists a cul-free proof figure for I' — A in S4.

— 0).

Also we use the following. Let ENU be an enumeration of the formulas. For a non-empty finite set
S of formulas, the expressions
/\ S and \/ S

denote the formulas
(- (A ANA)ANAs)---NA) and (- ((A1 VA2) V A3)-- -V A,),

respectively, where {A;,---,A4,} = S and A; occurs earlier than A;;; in ENU. Also the expressions

/\@ and \/@

denote the formulas 1 O 1 and L, respectively. Also for a sequent X and for a set S of sequents, we
define for(X) and for(S) as follows:

[ ANant(X) D Vsuc(X) ifT#0
f°r(X)—{ VA i T = 0,

for(S) = {for(X) | X € S}.

2. A construction of non-equivalent formulas

In section 2, section 3 and section 4, we consider the quotient set S™({p1---,pm}). It is known the
algebra (S"({p1--- ,pm}), A, V, D, L,01is Boolean. So, we have only to consider its generators. First, we
define a list of formulas, which will be proved to be representatives of the generators.

DEFINITION 2.1. The sets G(n) and G*(n) (n = 0,1,2,---) of sequents, and the mappings next™’, prov,
next are defined inductively as follows:

G(0) = {(V = Vi = Vi) | Vi C V},

G*(0) =10,

nextt(X) = {(Ol,ant(X) — suc(X),0A) | TUA = for(G(k)), N A = §,for(X) € A}, for
X € G(k),

prov(X) ={Y € next™(X) | Y € S4}, for X € G(k),

next(X) = next™ (X) — prov(X), for X € G(k),

Gk +1) = U next(X),

X€G(k)—G*(k)

G*(k+1)={X € G(k+1) | (ant(X))" C (ant(Y"))" implies (ant(X))"

= (ant(Y))", for any Y € G(k + 1)}.



Here we use the provability of S4, but in section 4, this provability will be replaced another conditions
concerning only the structure of sequents.

DEFINITION 2.2. We define G™ as follows:

In the following theorem, it is shown that the above G™ is the set of representatives for the generators
of the Boolean.

THEOREM 2.3.
(1) S™(V)/ == {[/\ for(5))] | S € G"}.
(2) For subsets S1 and Sy of G™, §1 = Sy iff [/\ for(S1)] = [/\ for(Sz)].

(1) will be proved in the next section, Here we prove (2). To prove (2), we need some lemmas.

LEMMA 2.4.
(1) G(n) CS™(V) —S"1(V).
(2) every member of G(n) is not provable in S4.

Proof. By an induction on n. -

LeEmMMA 2.5. For any X, Y € G™, X #Y implies for(X) V for(Y) € S4.

PRrOOF. We use an induction on 7.

Basis(n = 0). We have X,Y € G° = G(0). So, there exist subsets V;,V> of V such that X =
(V-1 =>W),Y =(V-V, =5 V) and V} # V2. By Vi # V,, we have either V1 N (V —V4) # 0 or
Von(V — V1) # 0. Hence either suc(X) Nant(Y) # 0 or suc(Y) Nant(X) # 0, and so, we obtain the
lemma.

Induction step(n > 1). We divide the cases.

The case that {X,Y} C G(n). There exist sequents Xo,Yy € G(n — 1) — G*(n — 1) such that
X € next(Xp) and YV € next(Yp). So, there exist sets I'x, 'y, Ax, Ay of formulas such that

(1) X = (OCx,ant(Xy) — suc(Xyp),0Ax), Y = (OT'y, ant(Yy) — suc(}p),0Ay),

(2) 'xUAx =Ty UAy = fOI‘(G(TL - ].)),

(3) 'xNAx =Ty NAy :@,

(4) for(Xo) € Ax,for(YO) € Ay.

If Xy # Yp, then by the induction hypothesis, for(Xy) V for(Yy) € S4, and so, we obtain the lemma.
Suppose that Xo = Y. Then by X # Y, we have either 'y # 'y or Ax # Ay, and using (2)
and (3), we have both. Without loss of generality, we can suppose that I'x & I'y. So, there exists
a formula A € I'x — T'y, and using (2) and (3), 4 € 'x N Ay. So, we have O'x — OAy € S4.
We note Olx, for(X) € S4 and OAy — for(Y) € S4. Using (cut), possibly several times, we obtain
— for(X),for(Y") € S4, and hence we obtain the lemma.

The case that {X,Y} € G(n). There exists Z € {X,Y} — G(n). Without loss of generality, we can

suppose that Z =Y ¢ G(n), and then Y € nL_Jl G*'(k) CG(n—1). f X € G(n), then X € nL_Jl G*(k) C
G(n — 1). Using the induction hypothesis, \?vgoobtain the lemma. So, we assume that X € ,E?n) Then
there exist Xo € G(n — 1) — G*(n — 1) such that X € next(Xy). By Y € Dl G*(k) and Lemma
2.4(1), we have Y # X,. By the induction hypothesis, we have for(Xy) Vv for(}f)zoe S4. We note that
for(Xy) Vv for(Y) — for(X) V for(Y) € S4. Using (cut), we obtain the lemma. |



Proof of Theorem 2.3(2). The “if part” is clear. We show the “only if” part. Suppose that
S1 € S2. Then there exists a sequent X € §; — Sz, By Lemma 2.5, we have for(X) v /\ for(S,) € S4.

By Lemma 2.4(2), we have for(X) ¢ S4. Also we have /\for(Sl) — for(X) € S4. Hence cousider-
ing the figure we obtain /\fOI‘(Sz) — /\for(Sl) & S4. Similarly, we can show that Sy € &) implies

/\ for(81) — )\ for(S,) ¢ S4. .

3. Representatives of the equivalent classes in S"(V)/ =

Here we prove the following theorem.
THEOREM 3.1. For any A € S™(V), there exists a subset S of G™ such that A = \ for(S).

From the above theorem, we obtain Theorem 3.1(1), and that every equivalent class in S™(V)/ = has
a representative A for(S) for some subset S of G™. To prove Theorem 3.1, we need some lemmas.

LemMA 3.2. For any subsets S; and Ss of G,

W ASANS: = A\(S1US),

2) ASIVAS: = A\(SinSs).

Proof. (1) is clear. By Lemma 2.5, we have (2). -
LEMMA 3.3. Let X,T,T'1, A, Ay be finite sets of formulas. Then for any subset X' C X,

0y’ {for(Or,00,; — A;,00,0A) | 2UT =X,¢N ¥ =0},00,T; — A;,0A € S4.
Proof. We define S as follows:
S ={for(O,0®,I'; —» A;,O00,0A) |[QUT =3, N T = (0},

and prove
DE’,S, ar,r; — Ay, OA € S4.

We use an induction on #(¥ — X').
Basis(X = X). We note that

fOI‘(DF, DE,Fl — Al, DA) eS

and
DE,fOI‘(DF, DE,Fl — Al, DA), DF, ry —» Al, OA € S4.

Using weakening rule, we obtain the lemma.
Induction step(X’ # X)). By the induction hypothesis, for any A € ¥ — ¥/

o' u{A}),S,ar,r; — A;,0A € S4.
Using (V —), possibly several times,
uz',\/(u(z - %"),S,00, ', — Ay, OA € S4.
Using (V —), possibly several times,
0¥, \/(A; UDAUD(E - X)),8,00,T; —» A}, DA € S4.
Using (D—), possibly several times,

0y, for(O0, T, 0% — A}, 0A,0(X - ¥)),S,00,T; — A, 0A € S4.



We note that
for(Ql,T'y,0% — Ay, 0A, 03 -X")) €S,

and so,
DE,,S, DF,Fl — Al, OA € S4.

COROLLARY 3.4. Let X be a sequent in G(n) and let Y be a sequent in Go. Then
(1) for(next(X)) — for(X) € S4,
(2) /\for(next(X)) = for(X),
(3) {for(Z) | Z € next(X), Ofor(Y) € suc(Z)} — for(X), Ofor(Y) € S4.
DEFINITION 3.5. We define BG, as follows:

e-1
BG, = VU | Ofor(G(i)).
=0
LEMMA 3.6. Let X be a sequent in G(n). Then
(1) ant(X) Usuc(X) = BG,,
(2) ant(X) Nsuc(X) = 0.

Proof. By Lemma 2.4(1) and an induction on n.

LeEMMA 3.7. Let X and Y be sequents in G(n). Then

(ant(X))"” Z (ant(Y))" implies (— for(X), Ofor(Y)) € S4.

Proof. By (ant(X))” ¢ (ant(Y))", there exists a formula OA € (ant(X))” — (ant(Y))".

Lemma 3.6, we have OA € (ant(X))" N (suc(Y))". So,
OA — suc(Y) € S4.

Hence
0OA — for(Y) € S4.

Using (— 0O),
0A — Ofor(Y) € S4.

Using weakening rule,
ant(X) — suc(X), Ofor(Y) € S4.

Hence we obtain the lemma.

Using

LEMMA 3.8. Let X be a sequent in G*(n) and let Y be a sequent in G(n) satisfying (ant(X))” =

(ant(Y))". Then
Ofor(Y) — for(X) € S4.

Proof. If n = 0, then the lemma is clear from G*(0) = (). Also, if X = Y, then the lemma
is clear. So, we assume n > 0 and X # Y. By X € G*(n) and Y € G(n), there exist sequents
Xo,Ys € G(n — 1) — G*(n — 1) such that X € next(Xy) and Y € next(Yp). So, there exist four sets

I'x,['y,Ax and Ay such that

) X = (O'x,ant(Xy) — suc(Xp),0Ax), Y = (Oly,ant(Yy) — suc(Yp),DAy),

(1

(2) 'xUAx =Ty UAy = for(G(n)),

(3) 'xNAx =Ty NAy :w,

(4) for(Xo) € Ay, for(YO) € Ay.
Also we have



(5) X ¢S4, Y ¢ S4.
By Y € G(n) and Corollary 3.4(1),

for(next(Yp)) — for(Yp) € S4.

Using (O —) and (— 0O),
Ofor(next(Yp)) — Ofor(Yp) € S4.

By ant(X)" = ant(Y)", (1) and Lemma 2.4(1), we have 'y = I'y. Using (2),(3) and (4), we have
Ofor(Yp) € OAy = OAy, and so, Ofor(Yy) — for(X) € S4. Using (cut),

Ofor(next(Yp)) — for(X) € S4,
that is,
Ofor({Z € next(Yp) | (ant(X))" C (ant(2))" or (ant(X))” ¢ (ant(Z))"}) — for(X) € S4.
By X € G*(n), we have that (ant(X))" C (ant(Z))" if and only if (ant(X))” = (ant(Z))", and so,
Ofor({Z € next(Yp) | (ant(X))" = (ant(Z))" or (ant(X))” ¢ (ant(Z))"}) — for(X) € S4.

By ant(X)"” = ant(Y)", (1) and Lemma 3.6, we have {Z € next(Yp) | (ant(X))" = (ant(2))"} = {Y},
and so,
Ofor(Y), Ofor({Z € next(Yp) | (ant(X))" € (ant(Z))"}) — for(X) € S4.

Using (V —), possibly several times,
Ofor(Y), {for(X) v Ofor(Z) | Z € next(Yy), (ant(X))" € (ant(Z))”} — for(X) € S4.

Using Lemma 3.7, and (cut), possibly several times, we obtain the lemma. =

LEMMA 3.9. Let X and Y be sequents in G(n) satisfying (ant(X))® = (ant(Y))". Then X € G*(n) if
and only if Y € G*(n).

Proof. From the definition of G*(n),

X € G*(n) if and only if (ant(X))" C (ant(Z))" implies (ant(X))" = (ant(Z))", for any Z € G(n),
Y € G*(n) if and only if (ant(Y))” C (ant(Z))" implies (ant(Y))" = (ant(Z))", for any Z € G(n).

Using (ant(X))® = (ant(Y"))", we obtain the lemma. 8

DEFINITION 3.10. We define a mapping cf as follows:

o _ [m] : *
of (X) = /\for({Y € G(n) | (ant(X))" = (ant(Y))"}) }fX € G*(n)
1oL if X € G(n) — G*(n)
LEMMA 3.11. Let X be a sequent in G(n) and let ¥ be a subset of (ant(X))". Then
Y, cf(X),® — Ofor(X) € S4.

where ® = {for(Y) | Y € G(n) — G*(n), (ant(Y))"” C (ant(X))"}.

Proof. We use an induction on wn + #((ant(X))” — X).

Basis(n = 0). We note that ant(X)” = @ and for any ¥ € G(0) — G*(0) = G*(0), ant(Y)" = 0.
Hence ® = G(0). So, it is not hard to see that ® —€ S4. Hence we obtain the lemma.

Induction step(n > 0). By n > 0, there exists a sequent Xy € G(n — 1) — G*(n — 1) such that
X € next(Xy). By the induction hypothesis,

1D 1,{for(Yy) | Yo € G(n —1) — G*(n — 1), (ant(Yp))"” C (ant(Xy))”} — Ofor(X,) € S4.



Since (Ofor(Xp) — Ofor(X)), (L — L) € S4, using (cut), twice,
{for(Yp) | Yo € G(n — 1) — G*(n — 1), (ant(Yp))" C (ant(Xy))"} — Ofor(X) € S4.
Using weakening rule,
Y, @, {for(Yp) | Yo € G(n—1) - G*(n — 1)} — Ofor(X) € S4. (1)
On the other hand, by the induction hypothesis,
3, cf(X), ®, A — Ofor(X) € S4, (i)

for any formula A € (ant(X))” — X. (ii) also holds for any A € (suc(X))”, and so, for any A €
G(n —1) — X. Let Y be a sequent in G(n) such that (ant(Y))” = X. Then (ii) holds for any A €
G(n—1)— (ant(Y))"” = (suc(Y))”. We note that suc(Y) = {for(Yp)} U (suc(Y))"” if Y € next(Yp), so
using (1) and (V —), possibly several times,

%, cf(X),®,{\/suc(Y) | Y € U next(Yp), (ant(Y))” = £} — Ofor(X) € S4.
YOEG(n—l)—G*(n—l)

Also we have that (ant(Y))” = X implies ¥ — A ant(Y) € S4, for any Y € G(n); so using (D—),
¥, cf(X),®, {for(Y) | Y € G(n), (ant(Y))” = ¥} — Ofor(X) € S4.

Using (w —), possibly several times,

¥, cf(X),®, {for(Y) | Y € G(n), (ant(Y))"” C (ant(X))”} — Ofor(X) € S4.
Using the definition of @,

¥, cf(X),®, {for(Y) | Y € G*(n), (ant(Y))" C (ant(X))"} — Ofor(X) € S4.
Using the definition of G*(n),

¥, cf(X),®, {for(Y) | Y € G*(n), (ant(Y))" = (ant(X))"} — Ofor(X) € S4. (iii)
If X ¢ G*(n), then by Lemma 3.9, (ant(Y))” = (ant(X))" implies Y ¢ G*(n), and so,

{for(Y) | Y € G*(n), (ant(Y))" = (ant(X))"} = 0 C cf(X).
If X € G*(n), then from Definition 3.10, we also have
{for(Y) | Y € G*(n), (ant(Y))? = (ant(X))®} C cf(X),

So, the above condition also holds in any case. Using (iii), we obtain the lemma. —|

LeEmMMA 3.12. Let X be a sequent in G(n). Then
Ofor(X) = cf(X) A /\{for(Xl) | X1 € G(n+1),0for(X) € suc(Xy)}.
Proof. By Lemma 3.8 and (— A), possibly several times,
Ofor(X) — cf (X) € S4.
Also we note that

Ofor(X) — /\{for(Xl) | X1 € G(n+1),0for(X) € suc(X;)} € S4.



Using (— A),
Ofor(X) — cf(X) A /\{for(Xl) | X1 € G(n+1),0for(X) € suc(X;)} € S4.
We show the converse. By Corollary 3.4(3), for any ¥ € G(n) — G*(n),
{for(Y7) | Y1 € next(Y"), Ofor(X) € suc(Y1)} — for(Y), Ofor(X) € S4.
Using (— A), possibly several times,

{for(Y1) | Y] € U next(Y), Ofor(X) € suc(¥1)} — /\for(G(n) — G*(n)), Ofor(X) € S4.
YEG(n)=G*(n)

On the other hand, by Lemma 3.11,
cf(X), /\for(G(n) — G*(n)) - Ofor(X) € S4.

Using (cut),

cf(X),{for(Y1) | Y1 € U next(Y"), Ofor(X) € suc(Y;)} — Ofor(X) € S4.
YeG(n)—G*(n)
Hence we obtain the lemma. =
LEMMA 3.13.
1= /\ for(G").
Proof. By an induction on n and Corollary 3.4(2). =

LemMA 3.14. For a subset S of G™
/\for(S) ol= /\for(G” -3S).

Proof. By Lemma 3.13 and Lemma 2.5. =

Proof of Theorem 3.1. We use an induction on n.

Basis(n = 0). The theorem follows from the results in Classical propositional logic.

Induction step(n > 0). We use an induction on A.

If A= 1, then from Lemma 3.13, we obtain the lemma.

If A is a propositional variable p;, then by the induction hypothesis, there exists a subset S C G™~!
such that p; = A for(S). So,

Di = /\for((S N(Grn-1)-G*(n—=-1)Uu((Sn( L_J G*(k))).
k=0
Using Corollary 3.4(2),
pi = /\ for(( U next(X))U (SN (U G*(k)))).
XeSN(G(n—1)—G*(n—1)) k=0

We note that .

( U next(X))u (Sn (| G*(k)) € G™.

XeSN(G(n—1)~G*(n—1)) k=0

If A= B AC, then by the induction hypothesis, there exist subsets Sp and S¢ of G™ such that



B = Afor(Sg), and C = Afor(Sc).

Using Lemma 3.2,
BAC = \for(Sp) A )\ for(Sc) = )\ for(Sp U Sc).

Similarly, if A = BV C, then
BvC = \for(SpnSe).

Also, if A =B D C, then using Lemma 3.13,
B>C=(B>1)vC=\for((G"—8p)NSe).
If A = 0B, then B € S"71(V), using the induction hypothesis, there exists a subset S of G"~! such
that
B= /\ for(S)
Hence

A=0O /\DforSﬂGn—l /\uforSm UG*

By Lemma 3.12 and Lemma 3.9,

/\Dfor (SNG(n-1)) /\ U (cf(X) A /\{for X1) | X1 € G(n),Ofor(X) € suc(Xy)}).
XeSNG(n—1)

= /\ for(S; USy),

where
S1

U Y eG (-1 (ant(x)° = (suc())°},
XeSNG*(n—1)
S, = J {Xi€G(n)| Ofor(X) € suc(X)}.
XeSNG(n—1)
On the other hand, by the induction hypothesis, there exists a subset 7 of G™" ! such that

/\ Cfor(S N ( L_J G*(k))) = /\ for(T
k=0

Using Corollary 3.4(2),

/\ Ofor(S N ( O G*(k))) = /\ for(T) = )\ for(Ss),
k=0

where )
Ss; = ( U next(X))U (7T N U G*(k))
XeTN(G(n—1)—G*(n—1)) k=0
Hence
A=0B= /\for(S; US,US3)
and we note that S; US, U S3 C G™. -



4. Provability of formulas in next(X)

In Definition 4.1, we use the provability of S4 to define prov(X) for X € G(n). In this section, we give
the set without using the provability of S4.

DEFINITION 4.1. For X € G(n), we define prov, (X), prov,(X) and provs(X) as follows:
prov,(X) = {(I' - A, Ofor(Y)) € next'(X) | Y € G(n), (ant(X))” € (ant(Y))"},

prov,(X) = {(I' = A, Ofor(T'y — Ay, Ofor(Yp))) € next™(X) | Yo € G(n — 1) — G*(n — 1),
(To = Ay, Ofor(Yy)) € G(n), Ofor({Z € next(Yy) | T'§ C (ant(2))"}) C I'NOfor(G(n))},

provs(X) = {(Ofor(Y),I' - A, Ofor(Z)) € next™ (X) | Y, Z € G*(n), (ant(Y))" = (ant(2))"}.
The purpose in this section is to prove

THEOREM 4.2. For X € G(n) — G*(n),
prov(X) = prov,(X) U prov,(X) Uprovy(X).

To prove the theorem above, we need some lemmas.

LemMmA 4.3. For X € G(n) — G*(n),
prov, (X) C prov(X).

Proof. Let X; be in prov,(X). Then X; € next™(X) and there exist finite sets [' and A and a
sequent Y € G(n) such that

(1) X; = (O, ant(X) — suc(X),0A, Ofor(Y)),

(2) (ant (X)) € (ant(¥))®.
Using Lemma 3.7, we have X; € S4, and hence, we obtain the lemma. -

LemMA 4.4. For X € G(n) — G*(n),
prov,(X) C prov(X).
Proof. Let X; be in prov,(X). Then X; € next®(X) and there exist finite sets ', A, Ty and A,
and a sequent Yy € G(n — 1) — G*(n — 1) such that
(1) X; = (I —» A, Ofor(Cy — Ay, Ofor(Yy))),
(2) (To = Ao, Ofor(Yp)) € G(n),
(3) Ofor({Z € next(Yp) | ['§ C (ant(Z))"}) C I N Ofor(G(n)).

By Corollary 3.4(1), we have
for(next(Yy)) — Y, € S4.

Using (O —) and (— O), possibly several times,
Ofor(next(Yy)) — OY, € S4.
We define Y as Y = (T'g — Ag, Ofor(Yp)). Then ant(Y) =y and
Ofor(next(Yp)) — Y € S4.
So,

Ofor({Z € next(Yy) | I'y C (ant(Z))"}), Ofor({Z € next(Yp) | (ant(Y))" € (ant(Z))"}) — for(Y) € S4.
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Using (3),
[, Ofor({Z € next(Yp) | (ant(Y))" € (ant(2))"}) — for(Y) € S4.

Using (V —), possibly several times,
[, {for(Y) Vv Ofor(Z) | Z € next(Yy), (ant(Y))" Z (ant(Z))"} — for(Y) € S4.
Using Lemma 3.7 and (cut), possibly several times,
I' = for(Y) € S4.

So, we have X; € S4, and hence, we obtain the lemma. -

LemMmaA 4.5. For X € G(n) — G*(n),
prov;(X) C prov(X).

Proof. By Lemma 3.8, we obtain the lemma. =

LEMMA 4.6. Let X be a sequent in G(n + 1) and let Xy be a sequent in G(n). Then
X € next(Xo) if and only if Xo = (ant(X) NBG,, — suc(X)NBG,).

Proof. By Lemma 3.6 and Definition 2.1, we obtain the lemma. =

LeEMMA 4.7. Let X be a sequent in G(n + k). Then

(1) for any k > 0, (ant(X) N BG,, = suc(X)NBG,,) € G(n),

(2) for any k > 1, Ofor(ant(X) N BG, — suc(X) N BG,,) € suc(X).

(3) for any k > 1 and for any Xo € G(n), ant(Xy) C ant(X) and suc(Xy) C suc(X) imply
ant(X) N BG,, = ant(Xj), suc(X) N BG,, = suc(Xy) and Ofor(Xy) € suc(X).

Proof. For (1). We use an induction on k.

Basis(k = 0). By X € G(n) and Lemma 3.6, (ant(X) NBG,, — suc(X) N BG,) = X € G(n).

Induction step(k > 0). By X € G(n + k), there exists a sequent Xo € G(n + k — 1) such that
X € next(Xjp). By the induction hypothesis, we have

(ant(Xo) N BG,, = suc(Xp) NBG,,) € G(n).
On the other hand, by Lemma 4.6,
ant(Xo) = ant(X) N BG, 4,1 and suc(Xy) = suc(X) NBGp4p_1.

So,
(ant(X) NBGp4+4—1 NBG, — suc(X)NBG,+,_1 NBG,) € G(n).
Since k > 1, BG,1,r—1 2 BG,,. Hence we obtain (1).
For (2). We use an induction on k.

Basis(k = 1). By (1),
(ant(X) NBG,, — suc(X) NBG,,) € G(n).

Using Lemma 4.6,
X € next(ant(X) N BG,, = suc(X) NBG,,),

and using Definition 2.1, we obtain (2).
Induction step(k > 1). By X € G(n + k), there exists a sequent Xo € G(n + k — 1) such that
X € next(Xjp). By the induction hypothesis, we have

Ofor(ant(Xy) NBG,, — suc(Xy) N BG,,) € suc(Xj).

11



Similarly to (1), we have
ant(Xy) NBG,, = ant(X)NBG,_;_1 NBG,, = ant(X) N BG,,,

suc(Xy) NBG,, =suc(X)NBG,_;_1 NBG,, =suc(X)NBG,,

and so,
Ofor(ant(X) NBG,, — suc(X)NBG,,) € suc(Xyp).

By X € next(Xj), we have suc(Xp) C suc(X), and so, we obtain (2).
For (3). By ant(X() C ant(X) and suc(Xy) C suc(X), we have
ant(Xo) NBG, C ant(X) NBG, and suc(Xy) N BG, C suc(X) N BG,.
Using X; € G(n) and Lemma 3.6, we have
ant(Xo) C ant(X) N BG,, and suc(Xp) C suc(X)NBG,,.
On the other hand, by (1) and Lemma 3.6, we have
ant(Xy) Usuc(Xp) = (ant(X) N BG,,) U (suc(X) NBG,,) = BG,,

ant(Xy) Nsuc(Xp) = (ant(X) N BG,,) N (suc(X) N BG,,) = 0.

Hence
ant(Xy) = ant(X) N BG,, and suc(Xp) = suc(X) NBG,,.

Using (2), we obtain Ofor(X,) = Ofor(ant(X) N BG,, — suc(X) NBG,,) € suc(X). —|

DEFINITION 4.8. For X € G(n), the saturation of X, write sat(X), is defined as follows:
(1) if n =0, then
sat(X) = X,

(2) if n > 0, then
sat(X) = (I'q,Tc,ant(X),{A | OA € ant(X))} — suc(X),A., Ay, Af),

where

L. ={/\S|S Cant(X) - Ofor(G(n — 1)), #(S) > 1},

La={\/S 50N (ant(X) - Ofor(G(n — 1)) # 0,5 C BGn_1, #(5) > 1},

A ={/\S| SN (suc(X) — Ofor(G(n — 1)) # 0,5 C BG,_1,#(S) > 1},

Ag={\/S |5 Csuc(X) - Ofor(G(n — 1)), #(S) > 1},

Ay = {for(ant(X) NBG; — suc(X) NBGy) [ £ <n—1,ant(X) N BG, # 0}.
REMARK 4.9. Let X be a sequent in G(n). Then

ant(X) C ant(sat(X)) and suc(X) C suc(sat(X)).
LeEMMA 4.10. Let X be a sequent in G(n). Then
ant(sat(X)) Nsuc(sat(X)) = 0.

Proof. WeuseI';,I'y, A;, Ay.Ay asin Definition 4.8. We call a formula of the form CAD a A-formula.
Similarly, we use V-formula, D-formula and O-formula, We note that

(1) every member of I'. U A, is a A-formula,

(2) every member of I'y U Ay is a V-formula,

(3) every member of Ay is a D-formula.
Also by Lemma 3.6,

12



(4) every member of ant(X) Usuc(X) is either a O-formula or a member of V.
Suppose that A € ant(sat(X)) Nsuc(sat(X)). Then

(5) AeTy Ul  Uant(X) U {C | OC € ant(X))},

(6) A€esuc(X)UA UAZUAy.
By (5), we divide the cases.

The case that A € .. By (1), (2), (3), (4) and (6), we have A € T'. N A.. So, there exist sets S and
S’ such that A= AS=AS,S Cant(X) and S'Nsuc(X)#0. By A=AS=AS, we have S = S".
Using the other conditions, there exists a formula B € S’ Nsuc(X) = S Nsuc(X) C ant(X) Nsuc(X).
This is in contradiction with Lemma 3.6.

The case that A € T'y can be shown similarly.

The case that A € ant(X). By (1),(2),(3),(4) and (6), we have A € ant(X) N suc(X), which is in
contradiction with Lemma 3.6.

The case that A € {C | OC € ant(X)}. We have OA € ant(X), and using Lemma 3.6, n > 0. If
A € Ay, then by Lemma 4.7(2), OA € suc(X), which is in contradiction with Lemma 3.6. So, using (6),
A € suc(X)UA.UA 4. On the other hand, by OA € ant(X) and Lemma 3.6, there exist £ € {0,--- ,n—1}
and Y € G({) such that A = for(Y). By A € suc(X)UA.UA, (1), (2) and (4), A is not a D-formula,
and we have, ant(Y') = ) and A = for(Y) = \/suc(Y).

If #(suc(Y)) = 1, then BG; D suc(Y) = {for(Y)} = {4}, and using (6), suc(Y’) C suc(X). If
#(suc(Y)) > 1, then for(Y") is a V-formula, and using (1) and (4), we have A = for(Y) = \/suc(Y) € Ay,
and so, suc(Y) C suc(X). Hence in any case, suc(Y) C suc(X). Also we note that ant(Y) = §§ C
ant(X). So, using Lemma 4.7(3), we have OA = Dfor(Y) € suc(X). This is in contradiction with
OA € ant(X) and Lemma 3.6. =

LEMMA 4.11. Let X be a sequent in G(n) and let be that ® C ant(sat(X)) and ¥ C suc(sat(X)). IfI is
an inference rule in S4 except (— O) and (cut) whose lower sequent is ® — ¥, then ®; C ant(sat(X))
and ¥; C suc(sat(X)), for some upper sequent 1 — Uy of I.

Proof. We use I'.,I'q, A;; Aqg.Ay as in Definition 4.8. If I is a weakening rule, then the lemma is
clear, and so, we assume that [ is not a weakening rule. Let A be the principal formula of 7. We divide
the cases.

The case that A € I';. There exist a set S and a formula B such that

=(\/S) v B,
(SU{B}) N (ant(X) — Ofor(G(n — 1)) #0 ,
S U {B} Cc BG,_1,
#(S) > 0.

L1) A
( 2)
(1.3)
(1.4
Also I is
VS, & - ¥ B,o* -
v ’
where ®* € {®,®—{A}}. By (1.2), we have either SN(ant(X)—Ofor(G(n—1))) # @ or {B}N(ant(X)—
Ofor(G(n — 1)) # 0. If {B} N (ant(X) — Ofor(G(n — 1))) # 0, then B € ant(X) C ant(sat(X)),
and so, the left upper sequent satisfies the conditions. If S N (ant(X) — Ofor(G(n — 1))) # 0 and
#(S) =1, then \/S € ant(X) C ant(sat(X)), and so, the left upper sequent satisfies the conditions. If

SN (ant(X) — Ofor(G(n — 1)) # 0 and #(S) > 1, then using (1.3), \/S € 'y C ant(sat(X)), and so,
the left upper sequent satisfies the conditions.

The case that A € A, can be shown similarly.

13



The case that A € T".. There exist a set S and a formula B such that

(2.1) A= (/\S)AB,
(2.2) S C ant(X) — Ofor(G(n — 1)),
(2.3) {B} C ant(X) — Ofor(G(n — 1)),
(2.4) #(S) > 0.
Also I is either
NS, & - ¥ B,®* - U
“e59 " e

where ®* € {®,® — {A}}. By (2.3), B € ant(X) C ant(sat(X)), So, the upper sequent B,®* — ¥
satisfies the conditions. By (2.2), if #(S) = 1, then /\S € ant(X) C ant(sat(X)); if not, /\S er. C

ant(sat(X)). So, the upper sequent /\S, ®* — U satisfies the conditions.
The case that A € Ay can be shown similarly.

The case that A € ant(X) Usuc(X). None of the member of V is principal formula. So, by Lemma
3.6, A=0DB € ant(X). Since [ is not (— 0O), [ is

B,®* » ¥
R

where ®* € {®,® — {A}}. By A=0B € ant(X), we have B € {C | OC € ant(X)} C ant(sat(X)). So,
the upper sequent satisfies the conditions.

The case that A € {C' | OC € ant(X)}. We note that n > 0. By Lemma 3.6, there exist i €
{0,---,n —1} and Y € G(i) such that A = for(Y"). We note that 0A = Ofor(Y’) € ant(X). We define
Z as Z = (ant(X) N BG; — suc(X) N BG;). Then by Lemma 4.7, Z € G(i) and Ofor(Z) € suc(X).
Using Ofor(Y) € ant(X) and Lemma 3.6, we have Y # Z. Using Lemma 3.6, we have ant(Y) # ant(Z).
In other words, ant(Y) Z ant(Z) or ant(Z) € ant(Y’). We divide the subcases.

The subcase that ant(}Y") Z ant(Z). We note that ant(Y") # 0. So, I is

P, - U, Aant(Y)  \/suc(Y),Ps — Py
®— v ’

where ®; U®, € {®,® — {A}} and ¥; U ¥y = ¥. On the other hand, by ant(Y) € ant(Z), there exists
a formula B € ant(Y') — ant(Z). Using Lemma 3.6,

B € ant(Y) Nsuc(Z) C ant(Y) N (suc(X) N BG;) C ant(Y') N (suc(X) — Ofor(G(n — 1))).

So, if #(ant(Y)) = 1, then Aant(Y) = {B} € suc(X); if not, A ant(Y) € A.. Hence the left upper
sequent of I satisfies the conditions.
The subcase that ant(Z) € ant(Y') # 0. By ant(Y') # 0, I is

O - ¥, Aant(Y)  Vsuc(Y), P2 — Uy
-V ’

where ®; U@, € {®,® — {A}} and ¥; U ¥, = ¥. On the other hand, by ant(Z) Z ant(Y), there exists
a formula B € ant(Z) — ant(Y"). Using Lemma 3.6,

B € ant(Z) Nsuc(Y) C (ant(X) N BG;) Nsuc(Y) C (ant(X) — Ofor(G(n — 1))) Nsuc(Y).

So, if #(suc(Y)) = 1, then \/suc(Y) = {B} € ant(X); if not, \/suc(Y) € I'y. Hence the right upper
sequent satisfies the conditions.

The subcase that ant(Z) € ant(Y) = (. By ant(Y) = @ and Lemma 3.6, we have suc(Y) = BG;.
If #(suc(Y)) = #(BG;) = 1, then suc(Y) = {4} C V, and so, A is not a principal formula. So, we
assume that #(suc(Y)) > 1. Then [ is

V(suc(Y) - {C}),®* ¥ (C,o* > T
- U ’
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where ®* € {®,® — {A}} and \/suc(Y) = (V(suc(Y) — {C})) VC. On the other hand, we note by
ant(Z) € ant(Y"), there exists a formula B € ant(Z) — ant(Y"). Using Lemma 3.6,

B € ant(Z) Nsuc(Y) C (ant(X) N BG;) Nsuc(Y) C (ant(X) — Ofor(G(n — 1))) Nsuc(Y’).

So, if C'= B, then C € ant(X), and so, the right upper sequent satisfies the conditions. If C' # B, then
B e suc(Y) — {C} and \/(suc(Y) —{C}) € T4. So, the left upper sequent satisfies the conditions.

The case that A € Ay. There exists £ < n — 1 such that A = for(ant(X) NS, — suc(X)NS,) and
ant(X) NS, #0. So, I is
A(ant(X)NSp), @ — T*,\/(suc(X)NS,)

P T ’
where ¥* € {U, U —{A}}. We note that A (ant(X)NS;) € ant(X)UI'. and \/(suc(X)NS,) € suc(X)Ul,.
So, the upper sequent of I satisfies the conditions. -

LEMMA 4.12. Let X be a sequent in G(n + k) and let Y be a sequent in G*(n). If (ant(Y))® #
(ant(X))®" NBG,,. Then
— for(Y),Ofor(X) € S4.

Proof. We use an induction on k.
Basis(k = 0). By X € G(n) and Lemma 3.6, (ant(Y))” = (ant(X))” N BG,, # (ant(X))"”. Also by
Y € G*(n), we have

(ant(Y))" C (ant(Z))" implies (ant(Y))" = (ant(2))", for any Z € G(n).

Hence we have (ant(Y))" € (ant(X))”. Using Lemma 3.7, we obtain the lemma.
Induction step(k > 0). By X € G(n + k), there exists Xo € G(n+k — 1) — G*(n + k — 1) such that
X € next(Xp). By Lemma 4.6,

(ant(X())" NBG,, = (ant(X))” NBG,4x_ 1 NBG,, = (ant(X))" NBG,, # (ant(Y))".
So, by the induction hypothesis, we have
— for(Y), Ofor(Xy) € S4.
On the other hand, we note that Ofor(Xy) — Ofor(X) € S4, and using (cut), we obtain the lemma. -
COROLLARY 4.13. Let X be a sequent in G(n + k) and let Y be a sequent in G*(n). If (ant(Y))” #

(ant(X))®" NBG,,. Then
(Ofor(X) D for(Y)) = for(Y).

Proof. By Lemma 4.12 and (cut), we obtain the corollary. =

LEMMA 4.14. Let X be a sequent in G(n) and let Yy be a sequent in G*(k) (k € {0,1,--- ,n —1}). If
Ofor (Y1) € suc(X), then
for(ant(X)"” — for(Y;)) = for(Y7).

Proof. We define X; as follows:
X1 = (ant(X) N BG, — suc(X) N BGy).
Then
n—1

(ant(X))" = (ant(X) NBG)® U (ant(X) N ] Ofor(G(i)))
i=k
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=ant(X;)" U (ant(X) N O Ofor(G(7))).
i=k

So, it is sufficient to show the following two:

(1) for any A € ant(X) N D Ofor(G(7))), A D for(Y'1) = for(Y7),
i=k

(2) for(ant(X;)" — for(Y;)) = for(Y1).

For (1). There exist anumber i € {k,k+1,--- ,n—1} and a sequent Z € G(¢) such that A = Ofor(Z).
If (ant(Y7))” # (ant(Z))” N BGy, then by Corollary 4.13, we obtain (1). So, we assume (ant(Y1))” =
(ant(Z))" N BGy. We divide the cases.

The case that ¢« = k. Then by Lemma 3.8, we have

Ofor(Z) — for(Y;) € S4.
Using (— O), we have
Ofor(Z) — Ofor(Y)) € S4.

So, using Ofor(Y;) € suc(X) and Ofor(Z) = A € ant(X), we have X € S4. Using Lemma 2.4(2),
X ¢ G(n), which is in contradiction with X € G(n).
The case that ¢ > k. We define Z; and Z, as follows:

Zy = (ant(Z) N BGy, — suc(Z2) N BGy,) and Z; = (ant(Z) N BG41 — suc(Z) N BGp41).

Then by Lemma 4.7, we have Z; € G(k) and Z € G(k + 1). Also by the assumption, we have
(ant(¥7))” = (ant(2))® N BGy, = (ant(Z;))", and using Lemma 3.9, Z; € G*(k). On the other hand,
by Z; € G(k + 1), there exists a sequent Z] € G(k) — G*(k) such that Z, € next(Z;). Using Lemma
46,

71 = (ant(Z2) N BGy — suc(Z>) N BGy,)

= (ant(Z) NBGy4+1 NBG — suc(Z) N BGi11 N BGy)
= (ant(Z) NBGy — suc(Z2) NBGy) = Z; € G*(k),
which is in contradiction with Z] € G(k) — G*(k).
For (2). Suppose that (ant(X;))” € (ant(Y7))”. Then by Lemma 3.7, we have
ant(X;) — suc(X;), Ofor(Y7) € S4.
So,
ant(X) N BGy — suc(X) N BGy, Ofor(Y;) € S4.
Hence X € S4, which is in contradiction with Lemma 2.4(2) and X € G(n). So, we have (ant(X;))” C
(ant(Y1))", and so,

(\(ant(X1))%) D for(¥1) = (/\(ant(X1))® Uant(¥1)) > \/suc(yr) = /\ ant(¥;) > \/ suc(v1).

Hence we obtain (2). o

LemMA 4.15. Let X be a sequent in G(n+k) and let Yy be a sequent in G(n)—G*(n). Let Xy be a sequent
innext(X). If Ofor(Yy) € suc(Xy), then there exists a sequent Y € G"F such that Ofor(Y) € suc(X;),
ant(Yp) C ant(Y) and suc(Yp) C suc(Y).

Proof. We use an induction on k.

Basis(k = 0). The lemma is clear from Yy € G(n) and Ofor(}p) € suc(X;).

Induction step(k > 0). By X € G(n + k), there exists a sequent Xo € G(n+k—1) - G*(n+k —1)
such that X € next(Xy). Also by £ > 0 and Lemma 3.6, Ofor(Yp) € suc(X;) N Ofor(G(n) — G*(n)) =
suc(X) N Ofor(G(n) — G*(n)). Using the induction hypothesis, there exists a sequent Y, € GnTr-1
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n+k—1
such that Ofor(Ys) € suc(X), ant(Yp) C ant(Y2) and suc(Yp) C suc(Ys). If Y5 € U G*(i), then
=0

Y, € G"* and we obtain the lemma. So, we assume that Y2 € G(n + k — 1) — G*(n + k — 1). On the
other hand, by Lemma 2.4 and Lemma 4.4, we have X; ¢ prov,(X). Using the four conditions

Ofor(X) € suc(Xy),

Ofor(Y2) € suc(X),

YoeGn+k—-1)—G*(n+k—1) and

X € G(n+k),

we have
Ofor({Z € next(Ys) | (ant(X))" C (ant(Z))"}) € ant(X;) N Ofor(G(n + k)).

So, there exists a sequent Y € next(Y3) such that (ant(X))” C (ant(Y))” and Ofor(Y) ¢ ant(X;) N
Ofor(G(n + k). By Y € next(Yz), we have Y € G(n + k) C G""*. Using Ofor(Y) ¢ ant(X;) N
Ofor(G(n + k)) and Lemma 3.6, we have Ofor(Y) ¢ ant(X;) and Ofor(Y) € suc(X;). Also by YV €
next(Ys), we have ant(Y2) C ant(Y) and suc(Yz) C suc(Y). Hence we have ant(Yp) C ant(}) and
suc(Yp) C suc(Y). =

LEMMA 4.16. Let X and Y be sequents in G(n) — G*(n) and let X, be a sequent in next™(X) —
(prov,(X) Uprov,(X)Uprovy(X)). If Ofor(Y) € suc(X,), then

(Ty,ant(X;)NOfor(G(n)),ant(Y) — suc(Y),Ay) € next™ (X) — (prov,(X)Uprov, (X)Uprov,;(X)),

where
Ay = {Ofor(Z) € suc(X;) N Ofor(G(n)) | ant(Y)" C ant(Z2)”} and
'y = {Ofor(Z) € suc(X;) N Ofor(G(n)) | ant(Y)” Z ant(2)"}.

Proof. we define the sequent Y; as follows:
Y1 = (I'y,ant(X;) N Ofor(G(n)),ant(Y) = suc(Y), Ay).

It is not hard to see that ¥; € next™(Y"). So, it is sufficient to show the following three:
(1) Y1 & prov,(Y),
(2) Y1 & prov,(Y),
(3) Y1 € prov;(Y).

For (1). Suppose that Y7 € prov,(Y). Then there exists a sequent Z € G(n) such that Ofor(Z) €
suc(Yy), (ant(Y))” #C (ant(Z))”. By Lemma 3.6, we have Ofor(Z) ¢ BG,, D suc(Y), and using
Ofor(Z) € suc(Y;) = suc(Y) U Ay, we have Ofor(Z) € Ay. So, (ant(Y))” C (ant(Z))”. This is in
contradiction with (ant(Y))”  (ant(Z))".

For(2). Suppose that Y; € prov,(Y). Then there exist sequents Z € G(n) and Zg € G(n — 1) —
G*(n — 1) such that

(2.1) Ofor(Z) € suc(Yr),

(2.2) Ofor(Zy) € suc(Z2),

(2.3) Ofor({Z' € next(Zp) | (ant(Z))” C (ant(Z’))"}) C suc(¥1) N Ofor(G(n)).
Similarly to (1), by (2.1), we have

(2.4) Ofor(Z) € suc(Xy),
Also by Lemma 3.6, we have suc(Y;) N Ofor(G(n)) = Ay, and using (2.3), we have

(2.5) Ofor({Z' € next(Zp) | (ant(Z))” C (ant(Z’))"}) C Ay C suc(X;) N G(n).
By (2.4), (2.2), (2.5) and X; € nextt(X), we obtain X; € prov,(X), which is in contradiction with
X1 & prov,y(X).

For (3). Suppose that Y7 € provy(Y'). Then there exist sequents Z, Z' € G*(n) such that
(3.1) Ofor(Z) € ant (Y1),
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(3.2) Ofor(Z') € suc(Y1)

(3:3) (ant(2))° = (ant(2'))°.
Similarly to (1), by (3.2), we have

(3.4) Ofor(Z') € Ay C suc(Xy).
By Ofor(Z') € Ay, we have (ant(Y))" C (ant(Z’))". Using (3.3), (ant(Y))" C (ant(Z))". So, we have
Ofor(Z') ¢ I'y. Using (3.1), we have Ofor(Z') € ant(X;) Uant(Y"). Similarly to (1), we have

(3.5) Ofor(Z') € ant(X;).
By (3.4), (3.5), (3.3) and X; € next™(X), we obtain X; € prov,(X), which is in contradiction with
X1 ¢ provy(X). =

LEMMA 4.17. Let P be a cut-free proof figure in S4 whose end sequent is ® — . Then for any
X € G(n) — G*(n) and for any X, € next™ (X) — (prov,(X) U prov, (X) U prov;(X)),
(@ - 0) & {(®" — T*) | &* C ant(sat(X;)), ¥* C suc(sat(X;))}.
Proof. We use an induction on P.

Basis(P counsists of an axiom). Suppose that
(® - ¥) e {(2" - ¥") | @* C ant(sat(X;)), " C suc(sat(X;))}.
Then by Lemma 4.10, ® N ¥ = @, which is not an axiom.

Induction step (P has the inference rule introducing the end sequent). Suppose that
(@ - ¥) e {(2" - ¥") | " C ant(sat(X;)), " C suc(sat(X;))}.

and let I be the inference rule introducing the end sequent in P.
If I is not (— O), then by Lemma 4.11, an upper sequent I belongs to

{(®* — T™) | ®* C ant(sat(X;)), T" C suc(sat(X,))}.
This is in contradiction with the induction hypothesis.

So, we assume that I is (— O). Then there exist a set I' and a sequent Yy such that
(1) T C ant(X;)",
(2) Ofor(Yp) € suc(Xy)",
(3) (& > W) = (I — Ofor(¥p)),
. = for(Yp)

W15+ Sor(yy)
We divide the cases.

The case that Yy € G*(k) for some k < n. By Lemma 4.14, (1) and (2),

for(I' — for(Yp)) = for(ant(X;)" — for(Yy)) = for(Yp).
Using (4), we have Yy € S4, which is in contradiction with Yy € G*(k) and Lemma 2.4(2).

The case that Yy ¢ G*(k) for any £ < n. Then by Lemma 3.6, Yy € G(k) — G*(k) for some k < n.
Using (2) and Lemma 4.15, there exists a sequent ¥ € G™ such that

(5) Ofor(Y) € suc(Xy),

(6) ant(Yp) C ant(Y) and suc(Yp) C suc(Y).
By (6), we have for(Yp) — for(Y) € S4, and using (4), we have I' = for(Y) € S4. If Y € G*(¢) for
some ¢ < n, then using (1), (5) and Lemma 4.14, we obtain a contradiction similarly to the above case.
So, by Y € G™ we can assume that Y € G(n) — G*(n). Then by (5) and Lemma 4.16,

Y; = (Ty,ant(X;)NOfor(G(n)),ant(Y) — suc(Y),Ay) € next™ (X)—(prov,(X)Uprov, (X)Uprov,(X)),
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where Ay and I'y are as in Lemma 4.16. By (6), we have ant(Yp) C ant(Y;) and suc(Yp) C suc(Y?).
Using Lemma 4.7(3),

for(Yp) = for(ant(Yy) — suc(}p)) = for(ant (Y1) N BGy — suc(Y1) N BGy,) € suc(sat(Y7)).
On the other hand, by Ofor(Y’) € suc(X;) and ¥ € G(n), we have
(ant(X))" Z (ant(Y))" implies X; € prov, (X).
So, using X; ¢ prov,(X), we have
I C (ant(X))? C (ant(¥))° C ant(sat(¥1)).
So, the upper sequent of I belongs to
(8" > %) | &° C ant(sat(¥1)), ¥* C suc(sat(¥1))}

for Y1 € next™ (X) — (prov,(X) U prov, (X) Uprovy(X)). This is in contradiction with the induction
hypothesis. -

By the above lemma and Lemma 1.1(2), we obtain
COROLLARY 4.18. Let X be a sequent in G(n) — G*(n). Then
prov,(X) Uprov, (X) Uprovs(X) D prov(X).

From Lemma 4.3, Lemma 4.4, Lemma, 4.5 and Corollary 4.18, we obtain Theorem 4.2.

5. m-~universal model

Here we construct n-universal model (W, R, P) and clarify the image of P, {P(A) | A € S(V)}.
DEFINITION 5.1. The Kripke model UM is defined as

UM = (Wy, Ry, Py),

where -
W, = U G*(n),
n=0

R, is the transitive closure of {(X,Y) | Ofor(X) € suc(Y) or (ant(X))"” = (ant(Y"))"},
Pu(pi) ={X | pi € ant(X)}.

DEFINITION 5.2. For a sequent X € G", we define the sets F(} and % inductively as follows:
(1L1) X e X,
(1.2) Y € X and YV ¢ W, imply next(Y) C 5(),
(21) X e X,
(2.2) X € next(Y) implies Y € X.

We note that
X = {ant(X) NBG; = suc(X)NBG, | 0< { <n}
and
YEF()ifandonlyifXE?.
THEOREM 5.3.
(1) UM is the n-universal model.
(2) {Wy, — P(A) | A€ S(V)} is the union of finite number of sets in {7 NW, | X € G(n),n > 0}.
(3) {P(A) | A € S(V)} is the intersection of finite number of sets in {W,, — X | X € G(n),n >0}.
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To prove the above theorem, we need some lemmas.

LEMMA 5.4. Let X and Y be sequents in G(n) and let X; be a sequent in next(X)N G*(n + 1). If
Ofor(Y) € suc(Xy), then either Y € G*(n) or (ant(X))” = (ant(Y"))".

PROOF. Suppose that

(1) Ofor(Y) € suc(Xy),

(2) Y € G*(n),

(3) (ant(X))" # (ant(Y))".
By (1), X; € next(X) and Theorem 4.2, we have X; ¢ prov(X) D prov,(X), and so,

(4) (ant(X))" C (ant(Y))".
Let be that

Sy = Ofor({Z € G(n) | (ant(Y))" € (ant(Z))"})

and
Y1 = (ant(X1) N G(n), Sy,ant(Y) = suc(Y), (suc(X;) N G(n)) — Sy).

) =
By (4), we note Ofor(X) € Sy, (ant(X;))” C (ant(Y7))" and (suc(¥1))"” C (suc(X1))". So, if V7 €
next(Y), then it is in contradiction with X; € G*(n + 1). Using Theorem 4.2, we have only to show
Y1 € next(Y"), the following four:

(5) Y1 € next™ (Y),

(6) i ¢ prov, (Y),

(1) Y: ¢ provy(Y).

() 11 prova (1)

For (5). By (4), we have Y ¢ S(Y), and using (1), Ofor(Y) € suc(Y;). Clearly (ant(Y;) U suc(Y7)) N
G(n) = ( ) and (ant (Y1) Nsuc(Yy)) N G(n) = 0.

For (6). By Sy € ant(Y}), we have Y7 ¢ prov,(Y).

For (7). Suppose that Y7 € prov,(Y). Then there exist sets I'g and A and a sequent Z, €
G(n —1) — G*(n — 1) such that
(7.1) Ofor(Ty — Ao, Ofor(Zy)) € suc(Yr),

(7.2) (Ty = Ay, Ofor(Zp)) € G(n),
(7.3) for any Z € next(Zy) I'p C (ant(Z))" implies Ofor(Z) € ant(Y;) N Ofor(G(n)).
By (7.1), we have

(7.4) Ofor(Ty — Ao, Ofor(Zp)) € suc(Xy).

Also by (5) and (7.1), we have (ant(Y))" C ['j. Using (7.3), for any Z € next(Zy), if Iy C (ant(Z))",
then Ofor(Z) € ant(Y;) N Ofor(G(n)) and (ant(Y))" C (ant(Z))", and so,

(7.5) Ofor(Z) € ant(Y;) N Ofor(G(n)) — Sy C ant(X;) N Ofor(G(n)).

By (7.4), (7.2), (7.5) and X; € next'(X), we obtain X; € prov,(X), which is in contradiction with
Theorem 4.2 and X; € next(X).

For (8). Suppose that Y; € prov,(Y). Then there exist two sequents Z,Z' € G(n) such that
Ofor(Z) € ant(Y;), Ofor(Z’) € suc(Y;) and (ant(Z))” = (ant(Z'))". By Ofor(Z’) € suc(Y1), we have
Ofor(Z') ¢ Sy. Using (ant(Z))” = (ant(Z'))", we have Ofor(Z) ¢ Sy. Using Ofor(Z) € ant(Y}),
we have Ufor(Z) € ant(X;). Also by Ofor(Z') € suc(Y:), we have we have Ofor(Z’) € suc(X;).
Using X; € next™(X), we obtain X; € prov;(X), which is in contradiction with Theorem 4.2 and
X € next(X). [ |

LEMMA 5.5. Let X, be a sequent in G*(n + 1) and let Yy be a sequent in G(k) (k = 0,1,---,n). If
Ofor(Yy) € suc(X;) and (ant(X,))" NBGy C (ant(Yp))", then there exists a sequentY € W, such that
Ofor(Y) € suc(X;) and Ofor(Yp) € {TOfor(Y)} Usuc(Y).

Proor. We use an induction on n — k.

Basis(k = n). We note that (ant(X))” N BG,, C (ant(Yp))”. Using Lemma 5.4, we have Y, €
G*(n) CW,.

Induction step(k < n). If Yo € G*(k), then the lemma is clear. We assume that Yy € G(k) — G*(k).
By Lemma 4.7(1), we have

Y = (ant(X) NBGgy1 — suc(X)NBGy11) € G(k+ 1)
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and Ofor(()Yoy) belongs to the succedent of the above sequnet. Also by Lemma 4.6
Y1 = (ant(X) N BG4z — suc(X) N BG42) € next(Y)

Using Theorem 4.2, Y3 € prov,(Y). So, there exists a sequent Z € next(Yy) such that (ant(Y)” C
(ant(Z))"” and Ofor(Z) € ant(Y;) C ant(X;). We note that

(ant(X1))" NBGyi1 C ((ant(X1))" N G(k + 1)) U (ant(Yp))" C (ant(Y))" C (ant(2))".

So, using the induction hypothesis, then there exists a sequent Z; € W, such that Ofor(Z;) € suc(X;)
and Ofor(Z) € {Ofor(Z;)} Usuc(Z;). Using Ofor(Yy) — Ofor(Z) € S4, we have Ofor(Yp) € suc(Zy).
Hence we obtain the lemma. [ |

LEMMA 5.6. Let X, be a sequent in G(n) and let Yy be a sequnet in G(k) — G*(k) (k=0,1,--- ,n—1).
Then Ofor(Yy) € suc(X;) and (ant(X;))” N BGy = (ant(Yy))" imply

((ant(X1))",ant(Yp) NV — suc(Yy) NV, (suc(X;))”) € G(n).

PRrOOF. We use an induction on n. Basis(n = 0) is clear. We show Induction Step(n > 0). By n > 0,
there exists a sequent X € G(n — 1) — G*(n — 1) such that X; € next(X). Using (ant(Yp))” =
(ant(X1))” N BGy, we have (ant(Yp))” = (ant(X))” N BGy. We define Y as

Y = ((ant(X))", ant(Yy) NV = suc(Yy) NV, (suc(X))”) € G(n).

So, if Ofor(Yy) € suc(X), then by the induction hypothesis, we have Y € G(n); if not, we have Ofor(Y}) €
suc(X;) N G(n — 1), and using (ant(Y)))® = (ant(X))” NBGy, = (ant(X))” =, we also have Y =Y €
G(n). So, in any case, we have Y =€ G(n). Using X € G(n) — G*(n) and Lemma 3.9, we have
Y =¢ G*(n). So,

((ant(X1))",ant(Yp) NV — suc(Yy) NV, (suc(X;))") € nextt (V).

Also it is not hard to see that the above sequent belongs to none of prov,(Y’), prov,(Y’) and prov;(Y),
and so, it belongs to next(Y) C G(n). [ |

LEMMA 5.7. Let X and Y be sequents in W,,. If R,(X,Y), then either one of the following two holds:
(1) (ant(X))" = (ant(Y))",
(2) Ofor({Z € W, | (suc(Y))"” = (suc(Z))"}) U (suc(¥))"” C (suc(X))".

Proor. By R,(X,Y), there exist sequent Xy,---, X, € W, such that

X = Xl:

Ofor(X;41) € suc(X;) or (ant(X;))" = (ant(X;41))",

X, =Y.
We use an induction on £. If £ =1, then X = X; = X, =Y, and so, (1) holds. Suppose that £ > 1. By
the induction hypothesis, we have either one of the following two:

(3) (ant (X)) = (ant(X,1))?,

(4) Ofor({Z € W, | (suc(X;))" = (suc(Z))"}) U (suc(X;))" C (suc(X))".
Also either one of the following two holds:

(5) (ant (X, 1))° = (ant(¥))®,

(6) Ofor({Z € W, | (suc(Y))" = (suc(2))”}) U (suc(Y))" C (suc(X,—1))".
Using Lemma 3.6, we have

(3) and (5 imly ()
(3) and (6) imply (2),
(4) and (5) imply (2),
(4) and (6) imply (2). "

LEMMA 5.8. Let X be a sequent in G*(n). If (UM, X) [~ for(X), then for anyY € G(n + k) (k > 0).

(UM, X) Y if and only if X =Y.
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ProOF. If k£ =0, then by Lemma 3.6, we obtain the lemma. Suppose that & > 0. We define Zy as
Zy = (ant(Y) N BG,, = suc(Y) N BG,,).
By sketching the proof of Lemma 4.7(1), we have
Y € G(n+ k) — G*(n + k) implies Zy € G(n) — G*(n).

Also by k > 0 considering the fact that Z € next(Z)) for some Zj € G(n+k —1) —G*(n+ k — 1), we
have
Zy € G(n) — G*(n).

By X € G*(n), we have X # (ant(Y) N BG,, — suc(Y) N BG,,). So, smilarly to the case that k = 0,
(UM, X) Eant(Y)NBG,, = suc(Y)NBG,, and so (UM, X) Y. [ |

LEMMA 5.9. Let X be a sequent in G*(n) and let A be a formula in BGy. Then (UM, X) [~ A if and
only if either one of the following two holds:

(1) A € suc(X),

(2) Ae{Ofor(Y) |Y € G(n), (ant(X))"” = (ant(Y"))"}.

PRroOOF. We use an induction on nw + k.
Basis(n = 0). Clear from G¢ = ().
Induction step(n > 0).
If A€V (k=0), then from the definition of P,, we obtain

(UM, X) = A if and only if A € suc(X).

So, we assume that A € V. Then there exists a sequent Yy € G(k') such that ¥’ < k and A = Ofor(}p).

We show the “only if” part. Suppose that (UM, X) = Ofor(Yp). Then there exists a sequent
Xo € W, such that R, (X, X,) and (UM, Xj) [~ for(Yp). Using Lemma 5.7, either one of the following
two holds:

(3) (ant(X))° = (ant(Xy))®,

(4) Ofor({Z € W, | (suc(Xp))" = (suc(2))”}) U (suc(Xy))"” C (suc(X))".

We divide the cases.

The case that (3) holds. We note that Xo € G*(n). If ¥’ > n, then by Lemma 5.8 and (UM, Xj)
for(Yy), we have Xy = Yp, and using (3), we obtain (2). So, we assume that &’ < n. Then by Lemma
3.6(1), Ofor(Yp) € ant(Xy) Usuc(Xy). Using Lemma 2.4, Xo ¢ S4, and so, Ofor(Y) € suc(Xp). Using
(3) and Lemma 3.6(1), we obtain (1).

The case that (4) holds. By Ofor(Xj) € (suc(X))”, we have Xy € G*(k) for some k < n. Also by
(UM, Xy) [~ for(Yy), we have (UM, Xj) = Ofor(Yp). Using the induction hypothesis, either one of the
following two holds:

(5) Ofor(Yp) € suc(Xy),

(6) Ofor(Yy) € Ofor(G(k)) and (ant(Xp))" = (ant(Y)))".

Using (4), we obtain (1).

We show the “if” part.

Suppose that (1) holds. Then A = Ofor(Yp) € suc(X). If (ant(X))” N BGy ¢ (ant(Yp))", then
X € S4, which is in contardiction with X € G(n). So, we assume that (ant(X))” N BGy C (ant(Yp))"
and divide the cases.

The case that (ant(X))” N BG, = (ant(Yp))”. By Lemma 5.6,

Y = ((ant(X))",ant(Y) N V = suc(Yp) NV, (suc(X))") € G(n).

Using Lemma 3.9, Y € G*(n). Also we have ant(Yp) C ant(Y) and suc(Yp) C suc(Y). Using the
induction hypothesis, for any B € BGy,

B € ant(Y)) implies (UM, Y) | B,

B € suc(Y)p) implies (UM, YY) |~ B.
Hence (UM, Y) £ for(Yp). By the definition of R,, we have R, (X,Y’). Hence (UM, X) |~ Ofor(Yp).
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The case that (ant(X))” N BGy C (ant(Yy))”. By Lemma 5.5, there exists a sequent Y € W, such
that Ofor(Y) € suc(X) and Ofor(Yp) € {Ofor(Y)} Usuc(Y). By Ofor(Y) € suc(X), we have R, (X,Y)
and Y € G*(¢) for some ¢ < n. Using the induction hypothesis, (UM, Y") = Ofor(Yp). By R,(X,Y) and
the transitivity of R,, we obtain (UM, X) £ Ofor(Yy).

Suppose that (2) holds. Then by Lemma 3.9, we have Y, € G*(n) and (ant(X))” = (ant(Yp))", and
so, Yo € W, and R,(X,Yp). By the induction hypothesis, for any B € BGyy,

B € ant(Yy) implies (UM, Yp) | B,

B € suc(Y)) implies (UM, Yy) [~ B.

Hence (UM, Yp) [~ for(Yp). Using R, (X, Ys), (UM, X) (= Ofor(Yp). [ |

COROLLARY 5.10. Let X be a sequent in W,,. Then
(UM, X) [ for(X).
Proor. By Lemma 5.9 and Lemma 3.6, we obtain the corollary. ]

LEMMA 5.11. Let X be a sequent in G(n). Then for any Y € W,
(UM,Y) £ for(X) if and only if Y € X.

Proor. By Corollary 5.10, we have
(UM, Y) £ for(Y).

If Y € G*(k) for some k < n, then by Lemma 5.8,
(UM,Y) £ for(X) if and only if Y = X,

and so,
(UM, Y) I for(X) if and only if Y € X.

So, we assume that Y € G*(k) for some k > n. Also we define the sequent Yj as
Yy = (ant(Y) N BG,, = suc(Y) N BG,,).

We note that
Y € X if and only if X = Y,

and
(UM, Y) [~ for(Yp).

Using X, Y, € G(n),
(UM, Y) [~ for(X) if and only if X = Yj.

Hence we obtain the lemma. [ |

LEMMA 5.12. Let X be a sequent in G(n). Then there exists a sequent Y € W, N 5()

Proor. If X € G*(n), then X € W, N }, and so, we obtain the lemma. If X € G*(0), then using
Theorem 2.3, the sequent

Ofor(G(0) — {X}), ant(X) — suc(X), Ofor(X)

belongs to next(X) N W, and so, we obtain the lemma.
So, we assume that X € G(n) — G*(n) and n > 0. Let X; be the sequent in next™ (X) defined as

X1 =(G(n) — C(X),ant(X) — suc(X),C(X),)
where C(X) = {Ofor(Z) | Z € G(n), (ant(X))” = (ant(Z))"}. It is not hard to see that

X; € prov,(X) Uprov,(X) Uprovy(X).
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Hence using Theorem 4.2, we obtain X; € next(X) C G(n + 1).
We show X; € G*(n+1). Suppose that X1 ¢ G*(n+1). Then there exist sequents Y € G(n) —G*(n)
and Y; € mext(Y) such that (ant(X;))"” C (ant(Y7))”. Using Lemma 3.6, there exists a sequent

Z € G(n) such that Ofor(Z) € C(X) N (ant(Y7))". Also by n > 0, there exists a sequent Zg € G(n — 1)
such that Z € next(Zp). Using Lemma 3.6, we have Ofor(next(Zy)) N C(X) = {Ofor(Z)}. Hence

Ofor(next(Zp)) C (ant(X;))” U {Ofor(Z)} C (ant(Y7))"

Also by Z € next(Zy), we have Ofor(Zy) ¢ ant(Z), using Z € C(X), Ofor(Zy) ¢ ant(X), and so,
Ofor(Zp) € suc(X) = suc(Y) C suc(Y;). Using Corollary 3.4(1), we have Y; € S4, which is in
contradiction with ¥; € next(Y").

|

LEMMA 5.13. Let A be a formula. Then
A € 84 if and only if UM [ A.

PROOF. It is easily seen that UM is a reflexive and transitive Kripke model. So, we have the “only if”
part.

Suppose that A € [ for(S)] for some S € 26" — {}. Let be that X € S. By Lemma 5.12 and
Lemma 5.11, there exists Y € W, such that (UM, Y") | Ofor(X). Hence (UM,Y) | A. |

From Theorem 2.3 and Lemma 5.11, we obtain Theorem 5.3(2), and so, we have Theorem 5.3 (3).
Using Theorem 5.13, we obtain Theorem 5.3(1).
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