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Game option introduced by Kifer (2000) is studied in this paper. We consider
the Black-Scholes model and discuss the value function of a game call option with
the exercise price K > 0, the penalty 6 > 0 and the expiration time 7', in connection
with exercise regions of the holder and of the writer.

In the case where there is no dividend, we show that the holder’s exercise region
is empty and the writer’s one is just the point {K} if s <  and is empty if s > (3,
where  is a suitable time less than T' determined by the Black-Scholes model and
parameters T, K,§. The value function of the option is represented as that of the
corresponding European option minus the writer’s premium, which is written using
the local time of the price process at the point K.

In the case where the dividend is positive, the holder’s exercise region at time s
is a non-empty upper half line [b(s), 00), where b(s) is a nonincreasing function. As
for the writer’s exercise region, we have a region similar to the case of non-dividend.

Furthermore, the optimal hedging portfolio for the game option will be given.

KEY WORDSs: Game option, American call option, It6-Tanaka-Meyer’s formula

Introduction

In this paper we study game options introduced by Kifer (2000). We shall be mainly

concerned with the game call option; the game put option will be discussed briefly at the

final section.

Let B; be the bank account process defined by B; = e, where r is a positive constant

called the interest rate. Let S; be the price process of a stock determined by a SDE

S, = Sy(pdt + kdW (1)),

where p, k are constants such that « > 0 and W (t) is a standard Brownian motion. Let
P° be the risk neutral probability measure. The fair price of the game call option with
the exercise price K and the penalty § > 0 is defined in Kifer (2000) based on the hedging

theory. He showed that the fair price can be computed through the formula

Vi= inf sup E°le "N (S, — K)' + 0)per + (S, — K) <o Y| F,

UE']E’T TE'Z},T



where 7; 1 is the set of all stopping times with values in [¢,T] and {F;} is the filtration
generated by the price process S;. "sup” and ”inf” are taken in the sense of the essential
sup and the essential inf with respect to the measure P. Further, the optimal stopping

strategies of the writer of the option and the holder of the option are given by
6 = inf{t€[0,7); V;>(Si—K)"+§} AT,
7 = inf{t€[0,T); V,<(S;—K)"}AT,

respectively. In our Black-Scholes model, the above fair price is written by V; = V(.Sy, 1),
where V' (z,t) is the value function of the form

Viet)= inf sup B 0((S, — K) +0)oer + (S; — K) Lo }|S: = al.

o1y €T, p -

In this paper, we shall study the value function V(z,t). In the next section, we will
redefine the value function in a more definite form together with the writer’s cancellation
region £4, the holder’s exercise regions £7 and the continuation region C. Here the
holder’s exercise region £ means the following. The optimal stopping strategy of the
holder is that he should stop at the first instant when the price process S; enter in the
region £Z. Regions £4 and £F are quite different between cases where the dividend d of
the stock are zero and positive. We will see that the holder’s exercise region is empty if
the dividend is 0 and that it is nonempty if the dividend is positive. On the other hand,
there is writer’s exercise region if the penalty ¢ is small but there is no writer’s exercise
region if ¢ is big. In any case, the region is just one point { K} (exercise price) or empty.
Details of these results are stated in Theorems 2.1 and 2.2 in Section 2. Their proofs will
be given through Sections 3-5.

In Section 6, we will decompose the value of the option into those of European options
and early exercise premiums of the writer and the holder: The early exercise (cancellation)
premium of the writer will be represented by the local time of the price process at the
exercise price K, because that the cancellation region is the single point K. In Section
7 we discuss the hedging problem of the game call option. We will define upper hedging
price and lower hedging price of the game call and will show that these two coincide with
the value function. Then we will determine the optimal hedging portfolio. It will turn
out that the optimal cumulative consumptions of the writer and the holder induce early
exercise prices of the holder and of the writers, respectively. See Theorems 6.1 and 7.1.

Finally in Section 8, we consider the game put option. Its exercise regions and optimal
hedging portfolios will be shown in Theorem 8.1.

During the study of the game options, the authors knew the works by Kyprianou
(2004) and Kiithn and Kyprianou (2004), where they consider game put options (Israeli
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puts). Some of their results are close to a part of our Theorem 7.1, but our discussions

are quite different from their’s.

2 Value functions and exercise regions

The solution of equation (1.1) starting from z € R = {z;2 > 0} at time s € [0,7)
is denoted by Ss+(z),t € [s,T). It has the flow property Ss.(x) = S;.(Ss¢(x)) a.s. for
any s <t < u and x € R*. It is called the stochastic flow of diffeomorphisms. In our

Black-Scholes model, it is represented by

(2.1) Ss+(x) = xH(s,t),
where
L
(2.2) H(s,t) = exp {H(W(t) —Wi(s)) + (u — 5k )(t — s)} :

In our market model, the dividend may be paid to the holder of the stock. We assume
that its rate d is a nonnegative constant. Then the discounted return process (excess yield
process) is given by R(t) = (u+d —r)t+ (W (t) — W(0)). Define § = L(u+d—r). Then

Zp = exp {— /Ot O(uw)dW (u) — ;/Ot H(U)Qdu}

is a positive martingale with mean 1. We define a risk neutral probability measure P° by
(2.3) P°(A) = E[1477).

Then, WO(t) := W(t)+0t is a standard Brownian motion with respect to P°. Further the
discounted return process R(t) is a martingale and the discounted price process S7,(z) =
Ss.4(7)Bg/ By is a supermartingale with respect to P°. The latter is a martingale if and
only if the dividend d is 0.

Now, we shall consider the game call option with the exercise price K > 0 and the
penalty § > 0. The value function is defined for (z,s) € R™ x [0,T) by

(2.4) V(z,s) =Vr(z,s) = inf sup JI(o,7),

UE,TSJ" TE'];,T

where
(2.5) J2(0,7) = E° [e T {(Sep(w) = K)T 4 0)lger + (Ser(w) = K) Lrgo }]

and 75 r denotes the totality of stopping times with values in the interval [s, T'|. Then the

inequality
(x—K)" <V(xr,s) <(z—K)"+4, V(z,s)eR"x[0,T)
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holds.
We will define subsets of Rt x [0,T) concerning the game call by
C = {(z,s) e R" x [0,T);(x — K)* < V(x,s) < (x — K)* + 4},

(2.6) &A {(z,s) e Rt x [0,T); V(x,s) = (x — K)" + 4},
EB = {(z,8) e R* x [0,T); V(x,8) = (z — K)*}.

These are disjoint subsets of R™ x [0,7) and the union of the three sets is equal to
R" x [0,T). The set C is called the continuation region of the game call option, the set
E4 is called the cancellation region of the writer A of the option and the set £7 is called
the exercise region of the holder B of the option. Sections of these sets at s € (0,7") are
denoted by C,, E2,EB | respectively.

The infimum and the supremum of J¥ are attained by the following two stopping times
6% = 72(E4) and 7 = 72(EP) of T, r. Here, 7%(D) is the hitting time to the Borel subset
D of Rt x [0,7):
(2.7) 78(D) :==inf{t € [s,T); (Ss+(x),t) € D} NT.

S

We understand that 77(D) = T if D is an empty set. Namely we have

(2.8) Viz,s) = J5(67,77), V(x,s) € R x [0,T).

S

See Kifer (2000). The pair (67,77) is often called the saddle point of JZ (o, T).

Our definition of the value function is different from those in Karatzas and Shreve
(1998) and Kiithn and Kyprianou (2004). In our model, the terminal time 7" is as-
sumed to be fixed. However if we were allowed to change T, we have the relation
Vr(z,s) = Vr_g(z,0). Their value function v(x,t) corresponds to our V;(z,0). A merit
of our definition of V' is that formula (2.8) makes clear the relation between the value
function and the exercise regions £4, 5.

We will summarize results about exercise and cancellation regions, and then about

value functions in two theorems. Proofs will be given in Sections 3-5.

Theorem 2.1. Let £4 and EP be the writer’s cancellation region and the holder’s
exercise region of the game put option with the exercise price K and penalty 0, respectively.
1) Let (3 be the infimum of s satisfying V (K, s) < 6. Then it holds0 < 3 < T. Sections

of the writer’s exercise region E4 are characterized by

_ {K}7 if 5§67
(2.9) 55‘—{ 6, if s> 0.



2) a) If d = 0, the holder’s exzercise region EP is empty.
b) If d > 0, the holder’s exercise region EP is nonempty. Its sections EP are upper half
line
(2.10) EB ={x; b(s) < < o0},

where (b(s),s € [0,T")) is a nonincreasing function satisfying

(2.11) max{K, 2[(} <b(s) < 00, Vs,
(2.12) lim b(s) = max{K, 21{}.

Theorem 2.2. Let V(x,s),(x,s) € RT x[0,T) be the value function of the game call
option with the exercise price K and the penalty § defined by (2.4).

1) The function V(x,s) is positive and locally Lipschitz continuous in (z,s). For any
s, V(z,s) is convex and strictly increasing with respect to x. For any x, it is nonincreasing
with respect to s.

2) a) Suppose d = 0. If s > (3, we have V(x,s) = Vg(x,s) for any x € RT, where

VEe(x,s) is the value function of the European call:
(2.13) Vi(x,s) = E%le ™ T=9)(S, p(x) — K)*).

If s < 8, we have V(z,s) < Vg(x,s) for any x.

In particular, if Vg(K,0) < §, then § = 0 and the value function of the game call
V(z,s) coincides with that of the European call Vg(x,s) for any (x,s).

b) Suppose d > 0. If s > 3, we have V(x,s) = Va(z,s) for any x, where Vy(z,s) is
the value function of the American call:
(2.14) Va(z,s) := sup E°le™""=9)(S,  (z) — K)*].

7€l T

If s < B, we have V(x,s) < Va(x,s) for any x.

In particular, if V4(K,0) < 0, then § = 0 and the value of the game option and that

of the American option coincide each other.
3) V(x,s) is of C*' class in C = (EA U EP)°. The first derivative 9% (x,s) is strictly

increasing and satisfies 35 (0+,s) = 0, 0 < 2(z,s) < 1 in C,. Further at z = K, we
have
ov ov
2.1 —(K— — (K 1, 1
(2.15) 0< S (K—s) < SL(K+s) <L if s<B
v ov
2.1 —(K— = —(K 1, 1 > 0.
(2.16) 0< S (K—s) = SL(KH9) <1, if 520



Furthermore, we have lim, o, 2% (z,5) =1 if d = 0 and

o
oV ov
(217> %(b(s)_7 S) - a?(b(s)—i_"q) - ]-7 Vs € [O7T)7
if d > 0.
Remark. If d = 0, the time [ is characterized as the infimum of s such that

Ve(K,s) < 0. By the famous Black-Scholes formula, Vg (K, s) is given by

Ve(K,s) = K (/ﬁ/%(r + ’f)(T _ s))  KerT-9g (M/%(r - %)(T _ s)) ,

where ®(z) = ~#*/2dz. Then the time § is determined by the solution of

1
ﬁfozoe

[5( — 3 (l{\/;i_ﬁ(r + lj)(T - ﬁ)) — e T g (mﬂz——ﬁ(r - i)(T - ﬁ)) :

If d > 0, the time [ is characterized as the infimum of s such that Vi (K, s) < 6.

In order to understand the previous theorems visually, we present a numerical example
of the game call using the simple binomial approach. We assume that the dividend rate is
positive. The time interval [0, 7T is divided into N time-steps of size At = T'/N. Thus the
tradable dates are {nAt : n =1,2,..., N}. If the stock price at nAt is S,, then it may take
one of only two possible prices AS,, or pS, at (n+1)At. We assume 0 < p < 1 < ™ < )
to avoid an arbitrage opportunity. As usual setting, we have A = erVAt and p= e~rVAL
Let $ be the risk neutral probability measure. Then § = (e"~?4t — p) /(A — p). Under this
probability measure, the stock price moves up to \S,, with probability p and moves down
to pS, with probability 1 — p. Since the stock price dynamics is completely determined
by the number of upward movements, we can clarify the state of the stock price by a pair
(n,i), where i stands for the number of upward movements of the stock price until nAt.

Given the initial stock price Sy > 0, its price at nAt can be represented by
S, =Ap"'Sy, i =0,1,...,n.

Let V(i) be the price of the game call at nAt. Then

V(i) = min{(\N'p""Sy — K)* + 6, max{(\N'p" 'Sy — K)*,
e A pVosa (i + 1) + (1= p)Vasa ()} ], i =0,...,m,

where the terminal condition is V(i) = (A\pN Sy — K)*, i =0,..., N. Applying above
recursive equation from the maturity 7" back to the time 0, we can compute the price of

the game call.



We set the option parameters as follows: exercise price K = 100, maturity 7" = 1,
interest rate r = 0.1, dividend rate d = 0.09 and volatility x = 0.3. We also set the
numerical parameter N = 10000. Figure 1 shows the behavior of the game call price
when the initial stock price Sy and the penalty § change. It turns out that the value
function V' is not smooth at the optimal exercise region of the writer when ¢§ is small
(see equations (2.9) and (2.15)). However the value function V' is smooth at the optimal
exercise boundary of the holder (see equation (2.17)). The optimal exercise regions for
both the writer and the holder are represented in Figure 2. It claims that the writer’s
optimal exercise region is just one point {K} or ¢ (see equation (2.9)) and that the
holder’s one is [b(s),00) (see equation (2.10)). Further we see that the function b(s)
which represents the optimal exercise boundary of the holder is nonincreasing in time s
and satisfies (2.12). Note that the writer’s optimal exercise region £ is identical to his

optimal exercise boundary.
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Figure 1: Behavior of the game call price Flgure 2: Optlmal exercise boundaries for
when Sy and § change. the writer and the holder when § = 5.

3 Lipschitz continuity and monotonicity of the value function

We will first discuss the (weak) derivative of the value function V (x, s) with respect to .

Lemma 3.1. The function V(x,s) is positive for any (z,s) € RT x [0,T) and is
nondecreasing with respect to x for any s. Further, V(x,s) is Lipschitz continuous with
respect to x for any s and its Radon-Nikodym derivative satisfies

ov
3.1 0< —(z,5) <1, a.e
(3.1) < 9 (x,8) < a.e. x

for any s.



Proof. The positivity of V(x, s) is obvious since V' (z, s) is represented by (2.8). We will
prove the second assertion. We have S, (z) < S,,(y) for allt > s a.s. PYif z < y, because
of (2.1). Since g(z) = (x — K)* is a nondecreasing function, we have J¥(o,7) < JY(0,T)
for any o, 7 € 7 p. This implies V(z,s) < V(y,s) if 2 <y, forany 0 < s < T

We will prove the Lipschitz continuity of V(z,s) with respect to x for any fixed s.

Observe two inequalities

Viy,s) < JU6:,7d),  Viw,s) = JI(67, 7).

sy 's s7)'s

The first inequality follows from replacing the optimal stopping time ¥ by the nonoptimal
one 07. The second one is obtained similarly. Note 2 —2f < (21 — 22)". Then we have

for any y > =,

o
IA

V(y,s) —V(x,s)
EO[em(OEAT —5) (Ssozns(y) = Sespnsy(2))"]
< (y—a)E°le "I H (s, 67 A 7Y,

IN

The last expectation is less than or equal to 1, since e "*=) H(s,t),t > s is a supermartin-

gale with value 1 at t = s. Therefore we have
(3.2) 0<V(y,s) = V(z,s) < (y—=x), if y>uzx.

This proves that V(z,s) is Lipschitz continuous in z and its Radon-Nikodym derivative
satisfies (3.1). O

Before we proceed the study of the monotonicity of V' with respect to time s, we study

the value function near z = K.

Lemma 3.2. Let § be the infimum of s such that V(K,s) < . Then 0 < g < T.
It coincides with the infimum of s such that V4(K,s) < 6, where Va(x,s) is the value
function of the American call. Further, V(x,s) = Va(x,s) holds for any xz € RT if s > (.

Proof. Let us compare V(x,s) and V4(x,s). The inequality V(z,s) < Va(x,s) holds
for any x,s. Since Vy(z,s) converges to (z — K)* as s — T, V(K,s) — 0as s — T.
Therefore we have g < T.

Now for any e > 0, there exists s € (5,0 + ¢€) such that V(K,s) < 6. Since 0 <
9 (z,s) < 1 holds a.e., the inequality V(z,s) < (z — K)* + ¢ holds for all z. Therefore
the set £4 is empty. Then the optimal stopping time 6% is equal to T a.s. Consequently
we have

V(z,s) = sup JI(T,7)=Va(z,s), V.

€T T



Furthermore, since V4(K,s) is nonincreasing with respect to s, we have V(K s) <
Va(K,s) < d for any s’ € (s,s +T). Therefore we have £4 = ¢ and V(x,s") = Va(x, s')
holds for any x. We have thus shown that V(x,s) = Va(z, s) holds for any s > (3.

Let « be the infimum of s such that V4 (K, s) < d. We want to prove a = 3. If s > 3,
we have V(z,s) = Vy(z, s) for any x, proving s > «. This implies § > «. Suppose next
s < (8. Then it holds V(K,s) > §. Therefore we have V4(K,s) > V(K,s) > § holds.
This yields s < «, showing # < a. We have thus proved ( = a. n

We will now study the monotonicity of the value function with respect to the time.

Lemma 3.3. The value function V (x, s) of the game call option is nonincreasing with

respect to s for any x.

Proof. The fact is obvious for s > 3 since V(z,s) coincides with V4(z,s) and the
latter is continuous and nonincreasing with respect to time s. We shall consider the case
where s < 3. Let € > 0. Let 67__ and 77 _ be the optimal stopping times for the writer

and the holder at (z, s — €), respectively. We consider the following stopping times
inf{u € (s — 6,7 —€); (Ss_cu(x),u+e€) € EB} if { } £,

" { if { }=0,
o, = inf{u€ (5,T);(Ssu(r),u —¢) € EAYNT,

where y = Ss_cr_(z). Then, we have V(z,s —¢€) > JZ (6% ., 7.) and J¥(o.,7F) >

s—e)

V(z,s). We want to prove J? (67, 7.) > J¥(0., 7). If the inequality is verified, then

s—e) ' *x

the inequality V(z,s —€) > V(z, s) will follow. Setting
(3.3) RZ(u,v) = ((Ssu(r) — K)T 4+ 0)lycy + (Ssp(z) = K) 1y<y,
we have

S0 em) = Ji (00 7))
{EO[e_r{(}:‘em*_(S_E)}Rf—e@f_ea T)lior < uir<r—e})]
—E%[e M RY (o, %5)1{0*<TU%§<T}]}
+{EO [eir{&:ie/\ni(87€)}Rgfe(&gfa T*)la—;aesze,usze]

BN RE (g, f:)lo*zT,fng]}

= {]1 — Jl} + {12 - JQ}

We shall consider I;. Note that the law of S, is stationary. Then the law of the triple
{Ss—et—e(x), 07 . — (s —€), 7 — (s — €)} coincides with that of the triple {S.(x),0. —
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s, 78 — s}, as far as 67 < . Then we can replace the notations Ss_;—(x) etc by Ss.(x)

etc. in I;. Then we obtain
Iy = E°le " R (0, 0 Lo cmyutss <1y

which coincides with J;. Therefore we get I; — J; = 0.

We shall next consider 5. On the set {67, > T —¢,7. > T — €}, we have 67, = 64_,

and 7 = 77__, where y = Ss_7_(x). Therefore using the flow property Ss_ sz =

St—cov_ (Ss—er—e(x)), We get

s—e)

L —r{6%__NT«—(5—¢€ x Ax
IQ(W) = e { s—e/M* ( )}RS—€<U T*)1&§762T757T*2T—6

—r(T—3s) —r(6Y. A2Y —(T—e¢ Y ~Y ~Y
e T)e T Or_ N (TN RY (64 #H_)lsr >T—er>T—e-

Then its conditional expectation is computed as

ElL|Fr-d = e T J (64 74 Oles >rcr>T—e

= IV T = Iy oo

Therefore,

[2 == E[[Q] == Eo[e_r(T_s)V(Ss,T(x)> T — 6)10*ZT,€'§2T]'

Note that V(x,T —¢€) > V(x,T) holds for any z if T'— e > (3. Then we get
12 Z EO[G_T(T_S)V(S&T(ZL'),T)10*2T7+§2T].

We can show by a similar method that J, is equal to the right hand side of the above.
Therefore we get I, — Jy > 0. [l

Lemma 3.4. The value function V(x,s) is locally Lipschitz continuous in (x,s).

Proof. We showed in Lemma 3.1 that V(z, s) is Lipschitz continuous with respect to x
for each s. We will prove the local Lipschitz continuity with respect to s. Let ¢* and 7*

be stopping times defined by

. influe(s—6T —€);(Ss—cu(z),ut+e) € EA} if { }#£09,
T Uit if { }=0,
™ = inf{u € (5,T); (Ssu(),u—€) € EF} AT,
where y = Ss_c7—(x). Then we have
V(.Z', S — 6) - V<:C7S) < J§—€<U* Ts. ) o Jg(é’f,T*)

) TS—e€
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Using the flow property, we have similarly as in the proof of Lemma 3.3,

Ji (ot 7l ) = Ji(6d, )
{EO [G_T{U*MSI_G_(S_e)}Rg—E(U*a %:—e)1{0*<T76}U{7°;”76<T76}]
_EO [eiT{&gATLS}R?(&g T*>1{&§<T}U{T*<T}]}
+H{ e T TE (0", Dyt o) Lo 2Tz 2T
—E°le T I (T, T)ly=s, o) Lior21mm |
= K+ K.

The law of {Ss_ci—e(x),0" — (s —€), 7%, — (s — €)} coincides with that of {S;.(z),s? —

? T S—€

s, 7 — s} on {7* < T}. Then we get K; = 0. Further, we have
K, = Eo[e%(T*S){V(Ss,T@),T —€) = (Ssr(x) — K)+}1{&g2T,T*2T}]-

If T'—e >, then V(x,T —€) is equal to Vg(z,T —€) or to Va(x,T — €). We know that
the value function Vg(z,s) or Va(x,s) is locally Lipschitz continuous with respect to s.
Further the function ®(z,s) = Vg(x,s) — (x — K)T or ®(z) = Va(x,s) — (x — K)7T is
bounded (See the proof of Lemma 5.2). Then | K| is bounded by Le where L is a positive
constant. Therefore |V (z,s —¢€) —V (z, s)| is also bounded by the same quantity, proving

the local Lipschitz continuity. O]

4 Exercise regions for the writer and the holder.

The exercise regions £8 and £4 are closed subsets and the continuation region C is an
open subset of R x [0,7), since V(z, s) is a continuous function.

We shall first study the holder’s exercise region.

Lemma 4.1. 1) Suppose that dividend d is 0. Then EF is empty.
2) Suppose that dividend d is positive. Then EP is nonempty. Further, each section

EB is an upper half line: there exists a nonincreasing function b(s),s € [0,T) such that

K < b(s) < 00 and EB = [b(s),00) holds for any s.
Proof. We first assume that d = 0. Observe that JZ(o,7) of (2.5) is written by
(1) JH(0,7) = EOle (S, opr () — K 4 lper)]
For a given s and o € 7; 1, we consider a stochastic process
(4.2) Y7 = e”"(m"’s){(S&MU(z) —K)" + (56”"(“\"’5)10@}, tels,T].

11



We will show that Y, is a submartingale. Since the discounted price process e "¢=)S_ ()
is a martingale with respect to P°, e‘T(MU_S)SS,tM(x) is a martingale by Doob’s optional
sampling theorem. Then the stopped process e "*\7=)(S_ ., (z) — K) is a submartingale.
Therefore its positive part is again a submartingale. Further, e ""=%)1,.,,t € [s,T] is
an increasing process and hence it is a submartingale. We have thus seen that Y,” is a
submartingale.

It holds J*(6%,7) = E°[Y°:]. Then the maximum of J*(6%,7) is attained by the
constant time 7 = T" by Doob’s optional sampling theorem. This proves that 77 =T a.s.
and £8 is an empty set.

We will next consider the case where d > 0. Let V4(z, s) be the value function of the
American call with the exercise price K: Let & = {x; Va(z,s) = (x— K)"} be the exercise
region of the American call. It is known that & is a nonempty upper half line [b/(s), 00)
for any s. Since V(z,s) < Va(z,s) holds for any (x,s), EE D & # ¢. We will show that
the set £F is also an upper half line. Let b(s) be the smallest b such that the interval
[b,00) isin EB. Then b(s) < V'(s). For any € > 0, the set C; N (b(s) —¢€,b(s)) is nonempty.
Take z from the set. Since V (z, s) satisfies 2V (zo,s) < 1, we have V(z,s) > (z — K)*
for any z < zg. Therefore we obtain £ = [b(s), o). It holds b(s) > K, since V(z,s) > 0
for any .

We have the relation £ C B if s’ < s and €7 D E2 if s/ < s, since V(x,s) is
nonincreasing with respect to s. Then the function b(s) is nonincreasing since the sets &8

are nondecreasing with respect to s. O]

Remark. Let us consider the case s > (. If the dividend d is 0, the value function

V(z, s) coincides with that of the European call Vg(z, s) since 8 = ¢.
Lemma 4.2. If0 < s < 3, we have EA = {K}, and if s > 3 we have EX = 6.

Proof. The writer’s cancellation region £4 is an interval [a;(s), as(s)] including the
point { K}, which can be verified similarly as in the case of holder’s exercise region £.
We want to prove E4 = {K} if s < 3.

We first consider the case d = 0. We consider the function U(z, s) = Vg(z,s)—V(x, s).
Since 77 = T holds a.s., we have

U(z,s) = sup {Ve(z,s) = J;(0,T)}
€T, 1

= sup {EO[G_T(T_S)(SSVT(x) — K)*1,o7]

O'G'TS,T

— B (Sap(x) = K)* + 6)1per] -
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Using the flow property Ssr(x) = Sy7(5s+(2)) and the independence of S, r and F,, we

have
E[e™"T=(S, 1 () — K)T|F,]
(4.3) = eI EO e TS, 1 (S, 0 (x)) — K) V| Fy
. _ efr(afs)EO [efr(Tfu) (Su7T(y) _ K)+] |u:a,y=Ss,g(x)
€_T(U_s) VE(SS,J(x)a U)
Therefore,

(4.4)  U(z,s) = Sup Ee "N V(S 4(2),0) — (Sso(x) — K)F = 0} ger].

oclsT
This is an optimal stopping problem with respect to the function ®(z, s) = Vg(z, s)— (x —
K)* — 6. The supremum is attained by 6% = 72(€4) and the equality U(x,s) = ®(z, s)
holds for x € £4, since V(x,s) = (z — K)* + 6 holds on £4.

The function ®(z,s) satisfies 92(z,s) > 0 if z < K and %2(z,s) < 0 if z > K.
Therefore it takes the maximum value Vg(K,s) — 0 at + = K. Then it is plausible
that the maximum of (4.4) will be attained by the stopping time 6% = 77(EX) where
EX = {(K,s);s < B}. In order to prove the fact, we have to modify the above optimal
stopping problem.

Consider optimization problems
(4.5) Uz, s) = sup E°e "D (S, ,(z),0)],

o€l T

and for € > 0,

Udlz,s) = sup E°[e " 9d(S,,(z),0)]

UE,ZTS,T*S

Then U, < U and lim,_o Ue(x, s) = U holds. Since U. < U holds for any € > 0, we have
U<U.

We will prove that the converse inequality U < U holds on £ := {(x, s); ®(x,s) > 0}
(Note that £+ D €4, since Vi > V). Let 6 = 7%((€1)°). Then for any o € 7,1 and

(z,s) € ET, we have

E° [e_r(”_s)(I)(Ss,U(x), o)ls<r]

VAN
Q>

)10/\&<T]

a)l.

EO[e_r("A(}_S)CI)(SW,\(;.(x), oA
< Ee N D(S, pns (), 0 A

The last inequality follows since ®(Ss yps(2),0 A G)1lops—r > 0 holds a.s. if (x,s) € ET.
The last term is dominated by U(z, s). Then we get U < U on £F. We have thus shown
the equality U = U on E7.
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We want to show that the stopping time 6% = 72(£X) attains the maximum at (4.5).
Take 67 at (4.5). Then we get

Ulz,s) > E°le" V(S50 (), 07)] — 6B [ )]
= Vg(x,s) — 0E°[e "5 79),

where the last equality follows from (4.3). Now take any (z,s) from £4. If x # K, we
have

Ulz,s) = Ulzx,s) > ®(z, s)

because 0 < E%[e "(®=9)1,. 7] < 1, which contradicts to the fact (z,s) € E4. Therefore
we have x = K. We have thus shown £4 = £X.

We will next study the case where d > 0. We consider a new market where the
price process is given by 5'57,5(35) = ed(t=2) S, (), which has no longer dividend. The price
process is a martingale with respect to P°. Let f/(a:, s) be the value function of the game
call with respect to gsjt(x) with the exercise price K and the penalty 6. Then, it holds
V(z,s) > V(x.s) for any (z,s). Let £4 be the cancellation region of the writer. Then
we have €4 C £4. Since S,, has no dividend, £2 is equal to £¥ = {(K,s);s < (}.
Consequently £4 should be of the form EX. O

5 Derivatives of the value function

It is known (e.g. Karatzas and Shreve (1998)) that the value function V(z,s) is of C*!
class in the domain C, i.e., it is twice continuously differentiable with respect to x and

once continuously differentiable with respect to s. Define the partial differential operator
L by

ou 1 0?U ou
1 _OU L2 20U _a:Y o
(5.1) LU 5s T T et (r—d)x 5 rU
Then V satisfies
(5.2) LV (xz,s) =0, inC.

The following lemma will be useful in later discussions.

Lemma 5.1. Let D be a convexr domain in R x [0,T). Let U(x,s) be of C*! class
function on D satisfying LU(x,s) = 0 for any (x,s) € D, where L is the differential
operator of (5.1).

Suppose that U(z, s) is positive, nonincreasing with respect to s. Suppose further that
it is either nonincreasing or nondecreasing with respect to x. Then for each s, U(x,s) is

strictly convex with respect to x in Dy = {x;(z,s) € D}, i.e & U(z,s) > 0 holds for

*) 81‘2
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any r € Dy so that ‘Z—g is strictly increasing. In particular, U(z,s) is strictly increasing
or strictly decreasing for x € Dy, according as U(x, s) is nondecreasing or nonincreasing,

respectively.

Proof. Note that U satisfies the equality

1, , U U oU
S22 P e eD
S 5 R (r—d)x o +rU, VY(z,s)€
by (5.1). Suppose first that » < d and —gg > 0. Then we have — 2% >0, —(r — d)x—‘?)g >0

and U > 0. Therefore %(w, s) > 0. Then U(z, s) is strictly convex.
Suppose next that r > d and g—g > 0. Set U(z,s) = U(—=,s) for z < 0. Then,
1, ,0°U U oU

SR ot 5y —(r—d)z——rU

We can repeat the similar argument as the above to the function U, and we find that the
function U is a strictly convex function. Then U is also a strictly convex function.

We can prove the assertion of the lemma in the case where %—g < 0, similarly. O

In the remainder of this section, we will complete the proof of Theorem 2.2. If s > (3,
V(z,s) coincides with the value function of the European call or American call. Then

assertion (3) is known. So we will restrict our attention to the case s < f3.

Lemma 5.2. Supposed = 0. Let s < 3. a) The first derivative %—Z(m, s) is continuous
in x except x = K. It is strictly increasing, satisfies %(O—I—,S) =0,0< aav (x,s) <1
n (0, K) U (K,o00) and limm_,oo%(x,s) =1. b) At x = K we have (2.15). ¢) It holds
V(z,s) < Vg(x,s) for any x. d) V(z,s) is a convex function of x € R for any s.

Proof. We shall consider the function U(z,s) = Vg(x,s) — V(x,s). It satisfies (4.3),

where the supremum is attained by the stopping time 6% = 77(€4). Therefore

Ulz,s) = E°e" %~ NHVp(S,s1(2),6%) = (Sspg(x) — K)* = 0}lgrcr]

(5.3) _ B V(K 67) — g)low]

It is a bounded positive function since Vg(K,67) — 0 > 0 holds if 67 < T'. It is nonde-
creasing with respect to x for ¢ < K. Indeed, noting that 67 | as z | for z < K and 67

as x | for x > K, then the family of random variables

R* = e_r(&g_s)(VE(Ka 0y) —0)lsecr
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are nondecreasing with respect to x if # < K and is nonincreasing with respect to z if

r > K. Then the expected value U(x,s) = E°[R?] is nondecreasing if x+ < K and is

nonincreasing if x < K. Consequently we have %—g >0if r < K and g—g <0ifr> K.
We will prove (a). The strict increasing property of %—‘; follows from Lemma 5.1.

Observe the equality

oU Vg ov
%(O—F,S) =5 —(0+,s) — a—(0+ s).

Each term is nonnegative. We know 22(0+, s) = 0. Therefore we have 9(0+,s) = 0.
We will next show that c(s) = lim, .. 3 (2,s) is equal to 1. If it is not the case,
we have limmﬁm%—‘;(x,s) = 1—c¢(s) > 0. Then, since lim, %(m,s) = 1, we have
lim, . U(z,s) = oo holds. But this is a contradiction since U(z, s) is a bounded function.

We will next prove (b). Note that U(z, s) is nonincreasing with respect to s for any
x in view of (4.3), since T, C Ty r holds if s < s. Furthermore it satisfies LU = 0 in
two convex domains (0, K) x [0,7) and (K,00) x [0,T). We can apply Lemma 5.1 to
each domain and we can conclude that U(z, s) is strictly convex with respect to = both in
the intervals (0, K) and (K, 00). Consequently, 9Z(z, s) is positive and strlctly increasing
with respect to z € (0, K), which implies 2% (K —, s) > 0. Also if z € (K, 00) 97 is strictly
increasing. It converges to 0 as x — oo, since both of %( s) and W(w s) converges to 1
as © — oo. Therefore we get 2% (K+, s) < 0. Since Vi (z, s) is continuously differentiable

at x = K, we obtain at x = K,

?‘)Z(K_’ 9 < aa‘;E(

We have thus proved (2.15) in the case s < f3.
We will next show (c). The function U(z, s) = Vg(x,s) — V(x, s) is strictly increasing
in (0, K). Since Vg(0+,s) = V(0+,s) = 0, we have Vg(z,s) > V(z, s) for any = € (0, K).
For z € (K, 00), %Y is strictly increasing and %2 (400, s) = 0. Then 9% (z,s) < 0 for any

Vg

v
K
o +,5).

K=.s) = (9x(

— (K4, 8) <

€ (K,00). Since U(400,s) = 0 holds, we get U(zx,s) > 0 for any = € (K, 00), proving
Ve(z,s) > V(x,s) for z € (K, 00).
So far we have shown that 2“(z,s) is increasing with respect to z € R*. Therefore

the function V(z, s) is a convex function of z € R™ for any s < (3, proving (d). O

We will next consider the case where d > 0.
Lemma 5.3. Assume d > 0. Then 9% is continuous at x = b(s). We have (2.17).

Proof. We have clearly 2% (b(s)+, s) = 1. Further it holds 2% (b(s)—, s) < 1, by Lemma
3.1. We want to show that the equality holds. The following argument is consulted with
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Karatzas and Shreve (1998). For a given (z,s) and € > 0, set 727¢ = 727¢(EB) .= inf{t €
[s,T); Ss4(x —€) > b(t)} AT. In the following we consider the case x = b(s) (> K). Let
€ > 0 be such that  — e > K. Then 777¢ is nondecreasing in € and 77 = s a.s. Further

777¢ | as € | 0 a.s. Observe the inequality

Vie—es) = Vie,s) < J7(65,777) = J305,707°),

where 6% := 72(£4). Tt holds by (2.5),

Jie(6r, 757 = E° |:e—r(&§/\%§_e—s){<5 o—e(z—€) — K)" + 41 Aac—e}j| :

s S,0LN\Tg 0L < T
JHE, 7Y = B[O (S, e (2) = K)o 6l e}

Since  —€ > K, we have S, ;. so-c(x—€) > K and S, 4, so-<(7) > K if 777 < 5. Then,

(Ss,&g/\f-f*é(a: - 6) - K)+ - (S Azfé(l') - K)+ - _GH(S,&f /\ ,f_f—e)’

S,6%N\Tg

it 777¢ < of. Further,

(Supnsael@ =€) = K) = (S, pypseela) = K)* < eH(s,T)

S,6LN\Tg
on the set 777 > o%. Therefore we have

V(e —es)—V(r,s) < —eE°le 0N H(s,6% A 7o ) pae

+eEe T H(s,T) Lio—cssul.

7L
<%

Divide the above inequality by —e < 0 and let € tend to 0. Then we obtain
V(z—es)—V(x,s)

lim inf
€l0 —€
> lim ECle "N O H (5,67 AFET) Laae ]
€ s s
- 11%1 Ele T [ (s, 05 ) sa—es sl

The first term of the right hand side is equal to 1, since 7%7¢ — s a.s. P% as e | 0. The
last term of the above is 0, since P°(727¢ > 6%) tends to 0 as € | 0. The above liminf is

greater than or equal to 1. Therefore we get %—‘;(b(s)—, s) > 1. O

As an application of Lemmas 5.1 and 5.3, we show the following.

Lemma 5.4. Suppose d > 0. Let EP = [b(s), 00) be the exercise region of the holder.
Then, b(s) satisfies (2.11) and (2.12).
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Proof. We saw the inequality b(s) > K already. We will prove dz—rK > 0 if 2 > b(s).
We will first prove
LV (b(s)+,s) <0, Vs.

We have LV (b(s)—,s) = 0 since LV = 0 holds in C. Since V is strictly convex with
respect to = € C; by Lemma 5.1, we have 2% (b(s)—, s) > 0. On the other hand we have

Oz2

OV (b(s)+, s) = 0, because V (z,s) = & — K for x > b(s). Therefore,

Oz2

0*V 0*V
w(b(s)‘hs) < @(b(s)—;s)-
Since 2% and V' are continuous at (b(s), s), we get LV (b(s)+,s) < LV (b(s)—, s) = 0.

Now, since V (z,s) = x — K holds for = > b(s), we have
(5.4) LV (x,s) =—(de —rK), x> b(s)

by a direct computation. Therefore we have LV (b(s)+,s) = —(db(s) —rK) < 0. We have
thus proved the inequality of (2.11).

Now if s > (3, V(z,s) = Va(x,s) holds. Then b(s), s > [ coincides with the boundary
of the exercise region of the American option. Therefore we have (2.12). See e.g. Karatzas

and Shreve (1998). O

Lemma 5.5. Supposed > 0. Lets < . a) The first derivative 2 (z, s) is continuous

in x except v = K. It is strictly increasing, satisfies %(O—l—,s) =0,0< %—Z(m,s) <1
in (0,K) U (K,b(s)) and $-(z,s) = 1 in (b(s),00). b) At z = K we have (2.15). c)

V(z,s) < Va(z,s) holds valid for any x. d) V(x,s) is a convex function of x for any s.

Proof. Define
(5.5) f/A(x, s) = Eo[e_m;_s)(sw (x) — K)*].

We consider the function U(z,s) = Va(z,s) — V(z,s). It enjoys properties similar to
those of U(x,s) in the previous lemma. Then we can show (a)-(d) similarly as in lemma
5.2. [

6 Early exercise premiums

The value function V(z, s) is locally Lipschitz continuous in R* x [0, 7)) and of C*!-class
in the domain C = (EAUEB). At (z,5) = (K, s) € EA, V is differentiable with respect
to s except the point s = 3 and the derivative is bounded for s € (0,3) U (3,T). On the
other hand, V' (z,s) is not differentiable with respect to x at + = K if s < (3, since the
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right derivative and the left derivative do not coincide. However the function V(z,s) is
convex with respect to x for any s. Then Ito-Tanaka-Meyer’s formula for convex function
can be extended to time depending convex function V' (x,t). The formula can be written
using the local time of the price process. Let L(t) = L% (t) be the local time of the
semimartingale {Ss(x),t > s} at the point K. Then we have
e TEIV(S, 1 (x), 1) — V(x, s)
! —r(u—s) ov 0
- /e 5S4 () 5 (Ssal), u)dW° ()
5 4 i
_l’_
_l’_

(6.1) e LV (S, (), u)du

t ov ov
—r(u—s) ) YV Yy .
/s e {8:6 (K+,u) e (K ,u)} dL(u).
(e.g. Karatzas and Shreve (1991)).

Theorem 6.1. The value function V (z,s) is represented by
V(ZL‘,S) = VE(SEa 3)
T
+E0 [/ e_r(“_s)(dS&u(m) — TK>ISS,u(x)>b(u)du]

—Ew[lﬁeww S(gZ(K+HM——gZ(K—JQ>dLWﬂ

(6.2)

if d >0, and by

(6.3) vx%s):\@x@s)_zwllif;mh@<2£(K43uy—2Z(K—ﬂo>dL@ﬂ

ifd=0.

Proof. Suppose first d > 0. If (S, ,(x),u) € C or equivalently if S; ,(x) < b(u), we have

LV (Ssu(z),u) =0, and if S, (z) > b(u), we have LV (S, (x),u) = —(dSsu(z) —7K) <0

ov
Oz

tng oV oV
—r(u—s) o .
/8 e { 5 (K+,u) e (K ,u)} dL(u).

by Lemma 5.4. Since % is continuous at = K if v > . Then the last term of (6.1) is

equal to

AB
Consequently we obtain

eIV (S, (@), t) = Vz,s)
+/ —r(u=s) . g )87‘/(5 (z),u)dW°(u)
S'LL ax S
_/ —r(u—s (dSs u( ) - TK)ISS u(x)>b(u)d

_'_/t/\ﬁ (e S){g‘x/U(jL’u)_W(K_,u)}dL(u).

(6.4)
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Now set t =T in (6.4) and take the expectation. Since V(z,T) = (z — K)*, we obtain
Bl (S (2) — K)*] =

T
Vi) = B [ 0 Sunl) =IO, o

S

B stﬁ r(u=s) {?;(K+7u) - ?)Z(K—,u)} dL(u)] .

This proves (6.2).

Suppose next that d = 0. Then there is no holder’s exercise region. Then LV (x,s) =0
holds for any (z,s) € C. Then the second term of the right hand side of (6.1) is equal to
0 a.s. Then the corresponding term disappear in (6.2) and we obtain (6.3). O

Remark. The last term of (6.2) is the writer’s early exercise premium. Let u < £3.
Let hy(z,dt) be the hitting distribution of 6% = 7%(£4), i.e., h,(z,dt) = P°(6% € dt).
Then in view of (5.3),

B
Uz, u) = / e (Vi (K, ) — 6)ha(z, dt).

u

We can define a positive measure m,,(dt) on [u, 5] by

m.,(dt) = (‘fgch“(x’dt) — aaxhu(w,dt)

r=K— =K+
Then,
oV oV oUu oUu
%(K—hu) - %(K_vu) - _%(K_I_au) + %(K_JL)

-/ 7 e (Vi (K1) — S)ma(dt).

Therefore the writer’s early exercise premium is written by
B B
(6.5) E° [ / ( / e (Vi (K, ) — 5)mu(dt)> dL(u)] ,
SAS u
Here we note that the measure m,(dt) and the local time L; are computed from the price

process S;.

In the case where d > 0, the writer’s early exercise premium is written by

E° [ / ’ ( /u P e ([ (1) — 5)mu(dt)> dL(u)] .

where V4 is defined by (5.5).
The second term of the right hand side of (6.2) is positive if d > 0. It is called
the holder’s early exercise premium. It increases when the price process Ss(z) is in the

exercise region [b(t), 00), since dSs,(z) —rK > 0.

20



7 Hedgings of game call options

In this section we shall discuss the hedging problem of the game call option. Let S;,t €
[0,7) be a price process starting from Sy at time 0. Let z > 0, let 7 = (B(t),~(¢)),t €
[0,7) be a predictable process and let C(t),t € [0,7) be a continuous predictable in-
creasing process. These are called the initial wealth, the self-financing portfolio and the

cumulative consumption process, respectively. The wealth process is defined by
Zmﬁm:z+4%@m&+43@m&—0@.

Let R(u,v) be the pay-off function of the game call:

(7.1) R(u,v) = ((Sy — K)" + 0)1lycy + (S, — K) T 1y<y.

Let o be a stopping time. A triple (o, 7, C) is called the writer’s upper hedging portfolio
of the pay-off function R(u,v) if

(7.2) R(o,t) < Z7™C(t No), Vt a.s.
is satisfied. The upper hedging price of the game call is defined by
(7.3) hup := inf{z; (o, m,C) such that R(o,t) < Z*™C(t Ao) Vta.s.}.

We will call the triple (o*, 7*, C*) the writer’s optimal upper hedging portfolio if it attains
h

up-*
Now let 7 be a stopping time. A triple (7,7, C") is called the holder’s hedging portfolio
if it satisfies

(7.4) R(t,7) > -2 (tAT), VYt as.

The lower hedging price is defined by
(7.5)  hiow = sup{z; 3(r, 7', C") such that R(t,7) > —X > (t A1) Vta.s.}.

We will call (7, 7., Cy) the holder’s optimal hedging portfolio if it attains hye,.
Kifer (2000) defined the hedging price h by the infimum of z such that there exists
(o,,0) satisfying R(o,t) < Z5=° for any t. Then we have

(7.6) h = hup > hig-

He shows h = V (.S, 0).
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Theorem 7.1. Both hy, and hi, coincide with the value function V(Sp,0). Set

(7.7) ot = T(&Y),
g = {Sy”{V(St,t)—St%‘;(St,t)}, Zi i;:gji
= F00 iz
) = {Oéf“*(dsu—rK)15u>b(u)du, g Zig

where 7(E4) is the hitting time of the process S; to the set EA. Then (o*, 7 = (5*,7%), C*)

is an optimal portfolio of the writer. It holds R(c*,t) = Zf;(ff’c* for any t, where z* =

V(So,0).
Set
(7.8) T, = T(SB),
o —e_rt{V(St,t) — Sta%<5t,t)}, Zf t < T((‘:B),
o { 0, a if t>7(EP),
—(St), if t<T(EP),
ull) = { 0, if t>7(E0),

C’*(t) _ /Ot/\ﬁ/\‘r* {(Z‘;(K—hu) - ?;;(K—,u)} dL(u),

where T(EP) is the hitting time of the process S; to the set EB. Then (1., m = (Bs, Vi), Cs)
is an optimal hedging portfolio of the holder. It holds R(t,7*) = Zt]i**’”*’c* for any t.

Remark 1. The writer’s optimal consumption C*(f) may be interpreted as the
amount that he receives without any risk, provided that the holder does not ask the
payment until time ¢. On the contrary if the holder ask the payment at the time 7, the
amount of the consumption is 0. The holder’s optimal consumption C,(¢) may be inter-
preted as the amount that the holder receives without any risk provided that the writer
does not cancel the option until time ¢. But the amount will be 0 if the writer cancel the
option at the proper time o*.

Remark 2. The American call may be identified with the game call with sufficiently
big penalty 0 (See Theorem 2.2). Then by our definition, the upper hedging price of the

American call with the exercise price K is equal to the infimum of z such that
(S, — K)" < X=™Y(t), Wt,

since 0* = K holds a.s. Therefore it is equal to the definition of the upper hedging price
of the American option given by Karatzas (1997). On the other hand, our definition of
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the lower hedging price seems to be new and it is different from his definition, where the
endowment is involved. In our case, both consumptions and endowments are 0, so that
the holder will not receive or loose any money without risk, provided that he stops the
game option at 7.

Proof. Let o* be the stopping time in (7.7). Then the inequality
(79) R(O'*,t) < V(St/\o*,t/\(f*), Vi
holds valid. Indeed, if ¢ < o* we have R(c*,t) = (S; — K)* < V(S;,t), and if t > o* we
have R(c*,t) = § = V(S,+,0"), proving (7.9).

On the other hand, we have by It6 -Tanaka-Meyer’s formula
V(Sta t) - V(SO7 )

t ov o
= / RSu—(Su, w)dW" (u +/ LoV (Sy, u)du

(7.10) e
oV
[ Gt - S0 bz,
where
o, za v, oU
= rU—l—EU

and L(t) is the local time of S; at K. Therefore we have

t t t
/ LoV (S, w)du = / PV (S, w)du — / (S, — 1K) s, (o)<t .
0 0 0

Consequently we have

V(S,t) = V(So,0) +/ (Suvu) {rSudu + rS,dW(w))}
oV
+/{ (Su,u) — e (Su,u)Su}rdu
_ /0 (dSy — 7I) 5, 5y du
LV oV
+/ {(K+,u) - &C(K—,u)}dL(u)
== SOa +/ Suau
oV B,
+/{ (Suyw) = 5 (Su,u)S} 5
_ /0 (dS, — 1K) g, 500 du

+/: {?;<K+’u> _ ?x/([(_,u)}dl)(u).
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Now suppose d > 0 and set t = t Ao*. Then the last term of the above is 0 since the local

time L(t) increases only at ¢ such that S; = K. Therefore we have
the* AV

VSt AGY) = VIS, 0)+ [ (S0 upds,
0 x

tAc* oV dB,
+/0 {v<su,u)—@x(su,u>su} 5

tAo*
_ / (S, — 1I) 5,5y du.
0

If d = 0, the last term of the above is 0, since b(u) = co. The right hand side is written
as Z:5 ¢ where z* = V(S,0) and the triple (0%, 7%, C*) is given by (7.7). Then it is an
optimal upper hedging portfolio of the writer. We have further R(c*,t) = X*™¢ for
any t.

We next consider the lower hedging problem. Let 7* be the stopping time of (7.8).
Since z coincides with V' (Sp,0) = hyy, it is an optimal hedging portfolio of the writer.
Then the inequality

R(t, 1) > V(Sipr,, t A7), Vi

holds. Indeed, if t < 7* we have R(t,7*) > V(S;,t) and if t > 7* we have R(t,7*) =
V(Sy+, 7). We have further,

tATe OV
ViSuast A7) = V(So,0)+ [ S0 (Su,wdS,

tAr* oV B,
+/O {V(Su,u)—ax(Su,u)Su} 5

+/OWM* {ZZ(JG,U) - ?;(K—,u)} dL(w).

The right hand side is written as —Z =™ where z, = V(S,,0) and (7., C,) is given
by (7.8). It is a lower hedging wealth process with (7,7, C,) starting from V'(Sp,0).
This yields Ay > V(Sp,0). Then we have hjy, = V(Sp,0) and the triple (7, 7., Cy) is an
optimal hedging portfolio of the holder. We have further R(¢,7*) = —X ~*™C for any
t. ]

8 Summary for game put option

Finally we shall discuss briefly the game put option. The value function of the game put

option with the exercise price K and the penalty 0 is defined by

~

(8.1) Viz,s)=Vp(z,s) = inf sup J%(o,7).

UE/TSJ" TET%T
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Here,
Ji(o,m) = B [e7 NI {(K = S, 0(2)) " + ) loer + (K = Sor(2)) e ]

and 7 r denotes the totality of stopping times with values in the interval [s, T'|. Then the

inequality
(8.2) (K —2)t <V(z,s) < (K—xz)t+6, Y(x,s)e R x[0,T)

holds. We will define subsets of R™ x [0,T) concerning the game put by

~

C = {(x,8) eRT x[0,T);(x — K)* <V(x,s) < (x—K)* +0},
(8.3) E4 = {(z,s) e R x [0,T); V(z,s) = (x — K)* + 6},
EB = {(z,s) e RT x [0,T);V(x,s) = (z — K)*}.

The set C is called the continuation region of the game put option, the set EB is called the
exercise region of the holder of the option and the set E4 is called the cancellation region
of the writer of the option. Then the infimum and the supremum of jf are attained by
the following two stopping times 6% = 7%(£4) and 7% = 7%(EP) of T, .

(8.4) Viz,s)=J%(6%,7%), Y(z,s)eRT x[0,T).

The upper hedging price and the lower hedging price of the game put are defined
similarly as those of the game call. A part of the following theorem is obtained by Kiithn
and Kyprianou (2004), where the game put option is called the Israeli put option. The
proof of the theorem can be done similarly as in the case of the game call option. Details
will be discussed elsewhere.

The theorem can be applied for both cases d = 0 and d > 0.

Theorem 8.1. 1) The holder’s exercise region EB is nonempty. Its section é'f s an
interval
(8.5) EB = {2:0 <z < b(s)},

where (b(s), s € [0,T)) is a nondecreasing function satisfying

(8.6) 0<b(s) < K.
(8.7) Sllrr%l;(s) =K

2) Let (3 be the infimum of t satisfying V(K ,t) < 6. Then it holds 0 < 3 < T. Sections

of the writer’s cancellation region EA are given by

SA {K}a Zf Sgéa
(8.8) & = { o, if s> 0.
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3) The value function V(x,s) is positive and locally Lipschitz continuous in (x,s).
For any s, V(x,s) 15 convex and strictly decreasing with respect to x. For any x, it is
nonincreasing with respect to s.

4) If s > B3, we have V(x,s) = Va(x, s) for any x, where Va(x, s) is the value function
of the American put with the exercise price K. If s < B, we have V(x,s) < VA(JJ,S) for
any x.

In particular, if VA(K, 0) <4, then B = 0 and the value of the game put option and
that of the American put option coincide each other.

5) The value function V (z, s) is twice continuously differentiable m (O b(s))U(b(s), K)U
(K,00). The derivative %‘; is strictly decreasing and satisfies —1 < 2 < 0 at (b(s), K)U
(K,00). Further, at the boundary points b( ), we have

oV - ov

(8.9) %(b@)—,s) o ——(b(s)+,s) = —1, Vsel0,T),

and at x = K, we have

—1<6V(K—,s) < 8V(K—|—,s)<0, if s <3,

T
_ —s) = f s> 0.
1 8x(K ,S) ax(K—i—,s)<O, if s>p

6) If s < [3, the function V(m, s) 1is represented by

N

R T

. Vﬁ s (?)Z(K—i—,u) - ?;(K—,M) dL(u)] ,

where VE(x, s) is the value function of the European put option with the exercise price K
and L is the local time of the price process.

7) The upper hedging price izup and the lower hedging price hiy, coincide with V(SO, 0).
Further the writer’s optimal hedging portfolio (6*, 7, é’*) s given by

o = T(EY),

(1) eV (Sy, 1) — S 2(S,, 1)}, if < 7(ER),
Lo if 12 H(EY,

(8.11) ) = W (S, t), if t<7(EY),
07 Zf t 2 7A'<(€'A)a
é* . tAG* KT d
(t) = /0 T L5, <b(u) Y-
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A

The holder’s optimal portfolio (7., 7, Cy) is given by

,f_* = T(SB)a
B (t) _ _eirt{v(sht) - St%%(st7t)}7 Zf t < T(éB),
' 0, if t>7(EP),
(8.12) ) —9(S, 1), if t<T(EP),
Yu(t) = , .
0, if t>71(EP),
R A8 OV oV
«(1 = (K ) - A K_, dL .
Ci(t) /0 {83:( 1) = 2 u)} (u)
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