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Abstract

In this paper, gain scheduled Hs controller for ac-
tive magnetic bearing (AMB) system is designed. A
rotor has gyroscopic effect, imbalance and resonance.
The gyroscopic effect and imbalance depend on angu-
lar velocity. The robust stability for angular velocity is
guaranteed by using polytopic representation. Descrip-
tor representation and linear fractional transformation
(LFT) are adopted to obtain an equivalent polytopic
representation of AMB system which has multi-affine.
Frequency weight is introduced to suppress vibration by
resonance. The problem is formulated as solving a finite
set of linear matrix inequalities (LMIs). The effective-
ness of the proposed method is illustrated by simulation.

1 Introduction

Active magnetic bearing (AMB) system levitates rotor
with contact-free by electromagnetic force. It is possible
for AMB to rotate at high rotation velocity. However,
when the rotor rotates, the gyroscopic effect is gener-
ated. The rotor is vibrated by precession caused by it.
Since it depends on the angular velocity of the rotor,
as the angular velocity of the rotor increases, the vibra-
tion becomes large. Gain scheduled (GS) controller[1]
and GS controller via parameter depending Lyapunov
function[2] for gyroscopic effect have been reported.

If there exists imbalance of the rotor, the rotor vi-
brates. The imbalances are two types, which are static
imbalance and couple imbalance. The static imbalance
occurs because the center of gravity shifts from the cen-
ter of the rotor. The couple imbalance occurs because
inertial axis shifts from rotation axis. The imbalances
also depend on the angular velocity and are represented
as periodic disturbances[3]. Therefore, the control for
AMB is required to consider the vibration caused by
not only the gyroscopic effect but also these imbalances.
Some literatures for AMB with imbalance have been re-
ported. The H,, disturbance and an initial state un-
certainty attenuation (DIA) controller for imbalance re-
garded as frequency disturbance has been reported[4].
The GS sliding mode controller for the static imbalance
has been designed[5]. 2-DOF controller based on MIMO
decoupling technique, adaptive feedforward algorithm
and Notch filter has been designed[6]. The rotor has res-
onance. This vibrates the rotor when natural frequency
is the same as the rotation velocity of the rotor. Some
studies for the resonance using flexible rotor model have
been reported|7].

In this study, GS H> controller via parameter depen-
dent Lyapunov function for AMB is designed. The rotor
has the gyroscopic effect, the static and the couple im-
balance and the resonance. The object of this study is
to suppress vibrations caused by them. The frequency
weight is introduced to suppress the vibration caused
by the resonance. The dynamics of AMB dependents
on angular velocity of the rotor. The robust stability
for this parameter is guaranteed theoretically by using
polytopic representation. Descriptor representation and

linear fractional transformation (LFT) are adopted to
obtain an equivalent polytopic representation of AMB
system which has the only first-order terms of the vary-
ing parameter. The problem is formulated as solving
a finite set of linear matrix inequalities (LMIs). The
effectiveness of the proposed method is illustrated by
simulation comparing with LQ controller.

2 Modeling
2.1 Motion equations

An experimental device used in this study is a 4-axis
controlled type AMB with symmetrical structure. Four
pairs of electromagnets are located in the horizontal and
the vertical of both ends of the rotor. Gap sensors are
also located in the horizontal and the vertical of both
ends of the rotor. They can measure distance between
the electromagnet and the rotor. Coordinates X, Y and
7Z are introduced to obtain equations of motion as shown
Fig. 1. Let p[rad/s], f;[N] and g,[m] be rotational ve-
locity of the rotor, levitation force of the electromagnets
and displacement from the equilibrium point of the ro-
tor, respectively.  Here, subscript j € {lv,rv,lh,rh}.

Fig. 1 Coordinates X, Y and Z

These subscripts [, 7, v, h mean the left-hand side, right-
hand side, vertical direction and horizontal direction, re-
spectively. The imbalances of this study are the static
imbalance and the couple imbalance. Here, € and 7 are
distance between the center of gravity and the center
of the rotor and angle between the inertial axis and the
rotation axis. Physical parameters of AMB are shown
in Table. 1. The following assumptions are assumed to

Table 1 Physical parameters

Parameter Symbol Unit
Mass of rotor m [kg]
Acceleration of gravity g [m/s?]
Distance between center of gravity Il [m]
and the left-had side of rotor

Distance between center of gravity lmr [m]
and the left-had side of rotor

Distance between rotor and sensor in 9o [m]
the equilibrium state

Moment of X axis Jx Nm
Moment of Y axis Jy Nm
Suction force coefficient k

Constant current of vertical direction L1y Iry A
Constant current of horizontal direction | Ij,,, I, A




derive the equations of motion.
e The rotor is a rigid body.
o All electromagnets have the same electrical charac-
teristic.
e The center of the gravity shifts in a radical direction
from the center of the rotor.

Equations of the translational motion of the directions
Y and Z and equations of the rotational motion of the
axes Y and X are given by Eq.(1)-(4).

miji = fin + frn + mep? cos(pt + k) (1)
mz = —mg + fio + fro +mep®sin(pt +r)  (2)
Jy0 = Jopt + bt fro — Loy fro

+(Jy — Jo)Tp? sin(pt + \) (3)

Jyl/f = - :cpe - lmlflh + lmrfrh
+(Jy — Ju)7p? cos(pt + N) (4)

Here, y and z are displacement of the directions Y and
Z. 0 and 1 are rotation angle around the axes Y and
Z. k and X are the initial values of the phase. The dis-
placement y and z and the rotation angle # and v are
represented as Eq.(5)-(6) by using g;.

(grh - glh)lml (grv - glv)lmr
= qin , 2 = Qv ~— (5
Y i * lml + lmr ‘ g * lml + lmr ( )
Jiv — Grv 9rh — gih
0~ IR 6
lml + lmr lml + lmr ( )

The levitation force of the electromagnetic is given by
Eq.(7)

fi =

k(IO+Ij +ij)2 B (I()—Ij—ij)z (7)
(95 — 90)? (95 + 90)°

Here, Iy, I; and i; are bias current, steady-state current

and control input, respectively. Since the position of the

rotor does not change significantly, Eq.(7) is linearized
at the equilibrium point as follows.

41y1;
f] =k—35— 0 + Kac]gj + KZJZJ (8)
0
412 +I? 4]
Kyj = ky K =k— 0 (9)
94 9

Eq.(10)-(13) are obtained by Eq.(1)-(9).

g'l.v = ale’Uglv + CKzrvgrv - pdlmlglh +pdlmlg7‘h

+aKiwit + cKipyiry + pPor + p* LBy (10)
Gro = cKzivgro + bKorvGro — pdlimrgin + pdlmrgrn

F+cKiipite + 0Kyt + 041p2 - p2lmr61 (11)
gin = aKungin + cKorngrn + pdlmigiv — pdlmigro

+aKanim + cKipnipn +pPag — pPlufa - (12)

g;".h = CKzlhglh + szrhgrh - pdlmrgiv +pdlmrgrv

+cKanin + 0Kipnirn + pPog + PPl B2 (13)
a=— “ml b_f mr)C:i_,li
m o J,’ m Jy m Jy
I
d= ————+—
Jy(lml + lmr)
Jo
ag =esin(pt+ k), 01 = (1 — J—)T sin(pt + A)
y
I
ag =ecos(pt+ k), B2 = (1 — J—)T cos(pt + A)
y

2.2 State space representation

From Eq.(10)-(13), state space representation is ob-
tained by as follows.

{'0 Az(t) + Biw(t) + Bayul(t)
( ) 0233( )
z(t) = [Gio Gro Gin Grh Giv Giv Giv Giv]"

U(t) = [ilvirv s irh]T
esin(pt + k)

(14)

| Tsin(pt+ ) | O I
w(t) = ecos(pt + k) |7 [ A1 pAs
Tcos(pt + )
_| 0 _| O _
B, = [ »*By, } By = [ Boy } ,C = Igxs

Here, matrices A1, As, Bi1 and Bsp are constant ma-
trices obtained by Eq.(10)-(13).

3 Frequency weight

The frequency weight that has the peak of a gain at
the natural frequency is introduced for the state vari-
able to suppress the vibration that is caused by the
resonance. A frequency weight function for the state
variable W (.S) is given as follow.

Wi(s) = IsxsW(s), W(s) = We(Is — Wa) ' Wg (15)
The frequency weight function W;(S) is represented as
the state space representation (16).

Ty (t) = Aoy (t) + Bya(t)
Z(t) = Cpay(t) (16)

Here, x,(t) is the state of the frequency weight func-
tion Wy (s). Let z;(t) be a new state variable z;(t) =
[z(t)T x,(t)T]T. Then generalized plant for a extended
system including the frequency weight is as follows.

{ ip(t) = Ap(p)zs(t) + B (p*)w(t )+Bf2u(t)(17)
zp(t) = Crrzs(t) + Dyrou(t)
A 0] 1 By
a= i & ]| ] e & ]
w, O 0]
Cfl = O Cy ,Df12 = 0
0] O

u

Here, zf, W, = 0 and W,, > 0 are a evaluated output,
weight matrices for the state variable and the input.

4 Transformation into multi-affine

Since the state space representation of the plant model
has the first-order and second-order terms of varying
parameter, it is difficult to use polytopic representation
directly. The system is transformed to an equivalent
system that is multi-affine for p by using descriptor rep-
resentation and linear fractional transformation (LFT).

4.1 Descriptor representation

Matrix By of Eq.(17) has the second-order terms of
the angular velocity of the rotor. All varying parame-
ter are put into one matrix by expanding dimension of



matrices to apply LET. The varying parameter p is put
into matrix Ayq by defining z4(t) = [z(t) w(t)]’.

Eyaifa(t) = Apa(p®)zpa(t) + Braiw(t) + Bragu(t)(18)
Efq = [(I) g} Aga(p) = {A’b( P) Bfi(}QQ) }

0] B
de1=[ I },de2={ 52}

4.2 Linear fractional transformation

LFT is adapted to eliminate the products of p. Ma-
trix Agq can be represented as Eq.(19). Here Agq, is a
constant matrix in Ayq, and BsACs is a matrix which
contains the first and second-order terms of p in Ayq by
choosing appropriate A¢gy,, Bs, Cs and A as follows.

Afa(p) = Agan + BsA(p)Cs(p) (19)
Ay O O Bso
Afdn = B, A, O ,Bs = )
0] o I 0]
I
Cs(p)=[ A4 O PBH]’BéO:{O]

A(p) = diag(p p p p)

Note that Cs have first-order terms of p. A4y, and Bs is
constant matrix. Let 274 be the new descriptor variable
Zq = [2T 2I17. Descriptor equation is obtained as
follows.

Etaiza(t) = Aga(p)sa(t) + Brayw(t) + Brazu(t)(20)

~ E @) ~ Argn BsA

Epq = { Ofd O } s Aga(p) = { C(;f(ia) 671'( g }
~ B

Btar = { (f)dl ,Braz = { 512 } 25 = Csxpq(t)

5 Control design

In this section, the GS controller via parameter depen-
dent Lyapunov function is synthesized. The scheduling
parameter is angular velocity of the rotor p. The stabil-
ity of the closed system should be guaranteed theoret-
ically for variation of the angular velocity of the rotor.
The robust stability for the time varying parameter p
is guaranteed by using polytopic representation. The
range of the time varying parameter p is defined by up-
per and lower bound. The objective of this study is to
guarantee the robustness in the following range.

p € [p.D] = [p1,p2] (21)
From Eq.(21), matrix flfd is represented by polytopic
representation Eq.(22)
Aga= algalpr) + (1= a)Asa(p).a €0,1] (22)
Eq.(22) shows that Ar4(p) = Asa(p1) when p is mini-
mum and Azq(p) = Ayqe(p1) when p is maximum. For
Eq.(20), H; norm from the disturbance w(t) to the eval-
uated output z(t) is given as Eq.(23)

leii= | )T (e (23)

In order to minimize the H; norm, minimum ~ that
satisfy the following conditions are derived. Here, state

feedback controller u = K t4(p)#sq and feedback gain

Kra(p) = Yia() X ra(p) "
HelAza(p)X pa(p) + BrazYra(p)] — Efdj(fd( ) + deledl =<0 (24)
EraX1a(p) = (BaXa(p))” = 0(25)
Clef Cfl <Z (26)
trace(Z (27)

In view of structure of the matrix E'fd, candidates of
Lyapunov matrix Xq(p), variable matrix Y;q(p) and

E4X t4(p) are restricted as follow.

Xilp) O 0
Xya(p) { Xo1(p) Xaa(p) Xas(p) } (28)
Xa1(p) Xsa2(p) Xs3(p)
Yia(p) =[ Ys(p) O O] (29)
. Xi(p)— X O O
Fra ) { o 00 } (30)
0] O O

In Eq.(24), there exists product of scheduling param-
eter Ara(p)Xsa(p). Xpa(p) is restricted as Eq.(31).
Then Eq.(24) becomes multi-affine for varying parame-
ter. X¢(p), Yra(p) and Y} (p) are also assigned as follows.

. 3 5 i X5 0 0
Xra(p) = Xpao + pXfar, X = 0 09 (31)
Xi(p) = Xpo+ X1 (32)
Yra(p) = Yyao + pYrar, Ys(p) = Yo +pY1  (33)

LMI conditions that minimize Hs norm and stabilize the
system are as follows.

Lemma 1 If there exist Xjq(p) and Yyia(p)
satis fying this LMIs, the system is stabilized.

minimize :y2
subject to
Xs(pi) =0 (34)
M (p;) jEdefd(])i) Bfaw <0 (35)
BT, oI
Z (Cr1X5(pi) + Dy12Y5(pi) } 0
(Cr1 X5 (pi) + Dy12Y5(pi)” Xy(pi)
(36)
trace(Z) < ~*  (37)

M(p;) := He[Aza(pi) X ra(pi) + Bra2Ya(pi)), (i = 1,2)

Gain scheduled controller K;(p) = Y;(p)Xs(p)~! with
framework of the state space representation is obtained.

6 Simulation

In this section, the validity of the proposed method is
illustrated by comparing with LQ controller in simula-
tion. In this study, the range of the angular velocity is
assumed from O[rad/s] to 2618[rad/s]|(25,000[rpm]). The
rotor rotates as Fig. 2. The distance between the cen-
ter and the center of gravity of rotor € = 1.0 x 1075[m]
and the angle of rotation axis to inertia axis 7 = 1.75 x
10~°[rad]. The initial value of state of the rotor is z(0) =
[-1.5x1076 1.5x107% —1.0x107% 1.0x1076 0 0 0 0].
LQ controller is designed at 25,000[rpm]. The frequency
weight function W(s) is as follow.

100.05
W(s) =

38
s242.64 x 10725+ 1.75 x 106 (38)
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Fig. 3 and 4 show the force and the torque that are
caused by the static and the couple imbalance. The
simulation results of the displacements from the equi-
librium point on the vertical and horizontal direction
of the left hand side are shown in Fig. 5 and 6. The
convergence of the rotor controlled by Hsy controller is
later than LQ controller. However, Hs controller sup-
presses the vibration that is caused the static and the
couple imbalance than LQ controller.Since the rotor is
more suppressed at about 5 seconds, the effect of the fre-
quency weight is shown. The simulation results of the
input current on the vertical direction of the left hand
side and the right hand side are shown in Fig. 7 and
8. The simulation result of torques that are caused by
the gyroscopic effect are shown in Fig. 9 and 10. The
torques that are caused by the gyroscopic effect are also
suppressed by Hs controller than LQ controller.
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7 Conclusion

In this paper, the gain scheduled Hs controller for the
active magnetic bearing (AMB) is designed. The rotor
has the gyroscopic effect, the imbalances and the res-
onance. This controller is synthesized with parameter
dependent Lyapunov function. The robust stability for
the angular velocity is guaranteed theoretically by using
polytopic representation. Descriptor representation and
linear fractional transformation (LFT) are adopted to

Current[A]
Current[A]

" 2 4 & 8 0 2 0 2 4 6 & f0 1
Time[s] Time[s]

Control input ;1 Control input ;3

Toraque[Nm]
TorquelNm]

2 4 8 8 f0 1
Time[s]

Time[s]

Fig. 9 Torque caused by gy-Fig. 10 Torque caused by
roscopic effect of Y gyroscopic effect of Z

obtain an equivalent polytopic representation of AMB
system which has multi-affine. The frequency weight is
introduced to suppress the vibration caused by the reso-
nance. The problem is formulated as solving a finite set
of linear matrix inequalities (LMIs). The effectiveness
of the proposed method is illustrated by simulation by
comparing with LQ controller. The proposed method
suppresses the vibration of the rotor than LQ controller
and suppresses more at the natural frequency by the
frequency weight.
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