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dx

dt
= γ − dx − βxp

dy

dt
= βxp − ay

dp

dt
= ray − bp − βxp − µpz

dz

dt
= κpz − cz
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x̂ =
γκ

κd + βc
, ŷ =

βcx̂

κa

p̂ =
c

κ
, ẑ =

β(r − 1)x̂ − b

µ

(2)

ygò�w ªóY Fuj W0ªB^ +N,�® S4¯4° y{��FE|{5Nz , ï ð�ñS@ô (E¸ ° õ v�w{x + [2] öGyE�{FG|G5 ^`Ç [GD�F`jï ð�ñ (2)
^:�G� F (1) /`÷�ø]/4ù�ú{û-ü�ý�z
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−d − βp̂ 0 J13 0

βp̂ −a J23 0

−βp̂ ar J33 −µp̂

0 0 κẑ 0


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5ó� W`Y FUjh|{|gy + J13 = −(µẑ + b)/(r − 1), J23 =

(µẑ + b)/(r− 1), J33 = −r(µẑ + b)/(r− 1) y{��Fujgï ð

ñ
(2)
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[2]
+~} /�i�þ�/g�h���:�G� ^�� D�F ��� z + �������� R û�����/ °*O õ v0w�x + [4], p. 361 ö ^ c Â�� þ{F{|5 S y�=:F`j¯
� / ��� M��:M µ*¶:· ^�� DGF °4O y���F������ � �R û��!��/ °�O ? 4 " µ�¶�· /u£�¤ ^ È{t�f
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λ4 + a1λ
3 + a2λ

2 + a3λ + a4 = 0 (4)
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D1 = a1 > 0

D2 = a1a2 − a3 > 0

D3 = a1a2a3 − a2
1a4 − a2

3 > 0

D4 = a4 > 0
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S
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(5)
^�1�Y F D3 z +32�4 ^!576 K · 5IK Â +@} /��:�y�z!8�t79 ª t@j } |2y + [3] y{z + r, b :<;~/`�����4���?
{

γ = 1.0, d = 0.00833, β = 0.1

a = 0.5, µ = 0.1, κ = 0.5, c = 0.05
(6)

^ � ° �Nf + r, b
^�� D�F ��� ? � þ*f�tGF`j��h���:��-Ë (6) z + [1] y�=0�?>�@N1*3�/ P�Q@R 5:�BfUë�m WNYf*t{F�n`/@y���FNj�|`/2���*�U�{�«Ë�/Gn�5 + D3 > 0 z +

r, b / 3 "�,�- · f(r, b) ?umGt�f f(r, b) > 0 /�c dN^� ¼ W2Y F`j
3 Maxima &BA¥à?C DE7F /(G�H]/ Maxima

^ c4F2ì�Í ^ È{t�fUCGÏ~F`jNïð�ñ
(2) z

(%i1) f0:gamma-d*x-beta*x*p$
(%i2) f1:beta*x*p-a*y$
(%i3) f2:r*a*y-b*p-beta*x*p-mu*p*z$
(%i4) f3:kappa*p*z-c*z$
(%i5) solve([f0=0,f1=0,f2=0,f3=0],[x,y,p,z]);

/�c dN^`q�I D�F�5 � þ ª Y F`jKJ I G�H]z
b

(%o5) [[x = -------------,
beta r - beta

(beta r - beta) gamma - b d
y = ---------------------------,

a beta r - a beta



(beta r - beta) gamma - b d
p = ---------------------------, z = 0],

b beta
gamma

[x = -----, y = 0, p = 0, z = 0],
d
kappa gamma beta c gamma

[x = ----------------, y = --------------------,
d kappa + beta c a d kappa + a beta c
c (beta kappa r - beta kappa) gamma

p = -----, z = ----------------------------------
kappa
- b d kappa - b beta c

---------------------------]]
(d kappa + beta c) mu

5BK Â +uµ*¶*· (1) /`ï ð�ñ z + (2) :<; ^ 2 ÈE��FE|E5S@© É0F`j
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dx

dt
= f(t, x) (t0 ≤ t ≤ tF ), x(t0) = x0 (7)

/2M�Ë*»�^ ^ È�t:fgCEÏ�FujU��_ ± M x(t) z Rd
^ Ëh?5uF � M + f z [t0, tF ]×Rd É ª Rd ` / � M ( a�b ) y�{F`jc�d

[t0, tF ] ? � c�d�^`©�e � +7f *�± M]/�g�h ñ ?
t0 < t1 < · · · < tn < tn+1 < · · · < tN = tF

/0c dI^ 5uFuj tn ?i��jP�!k ñ + d7l hn = tn+1 − tn ?��jm�ik@rÕ53n d j7o�p d�l /���jm�ik ñ S m0t ª«Y F£{¤Ún4�EF S +
q�r W n@�Gegf + p d�l /���jm�ik ñ nc�� ë{m W2Y F`j
:�s�yEz + ��jt�(kUrGz n
^ c ª K�t¯*° Ë h = (tF − t0)/N yE�{F�5-D�F`j

Z�º�Ëu[!]�/u» x(t)
^ È�t*f +�v n ��jP�!k ñ ^4�E�F2Ë x(tn) / (�w Ë>? xn 5-D�F�5@= +�(�w Ë xn (n =

1, 2, ... ) ? +�x ª É�/�y )�\ K!z7{ ^ c Â|� þ�F µ ^]? +¯��h^ + g�h ± M�^ (discrete variable method) 5}n d j~ n q�� K(g�h ± M�^�z +��������
� (Euler method)

xn+1 = xn + hf(tn, xn) (8)

yG�EFUj@ò]w ª«Y iiZ{º�Ë x0 É ª + ô�² · (8) ?gm0tf +�� " x1, x2, . . .
S Ì*Í W2Y F`j

k1 = f(tn, xn)

k2 = f
(
tn +

h

2
, xn +

h

2
k1

)

k3 = f
(
tn +

h

2
, xn +

h

2
k2

)

k4 = f
(
tn + h, xn + hk3

)

xn+1 = xn +
h

6

(
k1 + 2k2 + 2k3 + k4

)

/�� · S cG� ë ¼ Y f:t@f +$�
���<�����������3��� (clas-

sical Runge-Kutta method) �*Fgt*z +�� ^ + R?�}� ���7���^¥5��{x Y f�tGF`j
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r, b :�;h/U�>���*���NË]z (6)

^ � ° � + r, b
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^ G�Hh?G�2þ4Dgj£ ¢ S r = 1.2, b = 0.6(
ô (�¸ ° 5BK{F ��� ?i �iUD ) /£{¤]/iG�H + s�¢ S r = 1.1, b = 0.368(
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