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5.5 Short DFT Algorithms 145

The operations are executed in the order ¢, m,, s,, X,, with indices in natural
order. For DFTs of lengths 5, 7, 9, 16, the operations can also be executed using
the form shown in Sects. 5.6.4, 5, 7, 8 which embeds the various polynomial
products.

The figures between parentheses indicate trivial multiplications by +1, 4j

At the end of each of algorithm description for N = 3, 5, 7, 9, we give the num-
ber of operations for the corresponding algorithm in which the number of non-
trivial multiplications is minimized and the output is scaled by a constant factor.

N-l
5.5.1 2-Point DFT T -1 % WM:{(: o
2 multiplications (2), 2 additions m>0 i
my = 1-(xo + xy) my = 1+(xo — x1) W= Q‘MVN ’ (:V/:_l
X, = my
X =m

5.5.2 3-Point DFT

u = 2n/3, 3 multiplications (1), 6 additions

h=x + X

my = le(xo + t;) m; = (cos u — 1)1,
m, = j sin u+(x; — x,)

sy =my+m

X, = m,

Xx =5 +m

X,=5 —m,

Corresponding algorithm with scaled output:
3 multiplications (2), 8 additions, scaling factor: 2

5.5.3 4-Point DFT

4 multiplications (4), 8 additions

h =X+ x; =X + X
my=1:(t + 1) my=1:(ty — 1))
m, = 1+(xo — x,) ms = j(x; — x)
X, =my

X =my + m,

—~

-]




146 5. Linear Filtering Computation of Discrete Fourier Transforms

X2=m,

Xs=mz—m3

5.5.4 5-Point DFT

u = 2nfs, 6 multiplications (1), 17 additions
h=Xx1+ x4 =X+ X3 I3 = X1 — X, ly = X3 — X,
Ls=4+1

my = 1+(xo + t5)

m, = [(cos u + cos 2u)/2 — 1]t,

m, = [(cos u — cos 2u)/2](t; — t,)
Polynomial product modulo (z2 + 1)

my = —j(sin u)(t; + t,)
m, = —j(sin ¥ + sin 2u)-t,

ms = j(sin ¥ — sin 2u)t,

s3=m3'—m4

S5 = m; + my

A—’o=mo X3=34—ss
Xl=s2+s3 X4=52"‘33
X2=S4+ss

Corresponding algorithm with scaled output:
6 multiplications (2), 21 additions, scaling factor: 4

5.5.5 7-Point DFT

u=2n/1, 9 multiplications (1), 36 additions

=X + X ty = X, + X;s b= X3+ X,
=104+ t,+ 1 ts = X — Xg Is = X3 — Xs
I = X4 — X3 =44 —1 ty=1t; — 1
ho=1t+t:+ 1, h =1t — s hy=1ts— 4,

my = 1+(x, + t,)



5.5 Short DFT Algorithms 147

m,; = [(cos u + cos 2u + cos 3u)/3 — 1]¢,

hy= —tg— 1

m, = [(2cos u — cos 2u — cos 3u)/3] t,
m; = [(cos u — 2cos 2u + cos 3u)/3] ¢,
m, = [(cos u + cos 2u — 2cos 3u)/3] t;,

So = —Mmy — my Polynomial product

S1= —my, — m, modulo (22 + z + 1)

ms = —j[(sin ¥ + sin 2u — sin 3u)/3]t,,

hey = —tn — I

ms = j[(2 sin u — sin 2u + sin 3u)/3]t),
m, = j[sin u — 2 sin 2u — sin 3u)/3]t,,
my = j[(sin u + sin 2u + 2 sin 3u)/3]t,,

Sy = —mg — m, Polynomial product

§3 = mg + my modulo (z2 — z + 1)
Sy =my + m Ss =84 — So Ss =S4 + 5
§7=254 + S — 5 Sg =ms — 5 Sg =Ms — 83

Sio=mMms + 5, + 5

Xo=m, X1=Ss+sa Xz=ss+39 Xz=s7—slo
Xe =54 510 Xy = 56— 59 X =55 — 54
Corresponding algorithm with scaled output:

9 multiplications (2), 43 additions, scaling factor: 6

5.5.6 8-Point DFT

u = 2n/8, 8 multiplications (6), 26 additions

ty =X+ X, I, = X; + Xs =X + X5
y = X) — X;s ts = X3 + X, Is = X3 — X,
L=ttt s =15+ 15

my = 1:(t; + t5) my = 1-(t; — ;)

my = 1+(t; — t;) my = Le(xo — Xx4)
mg = CoS u+(ty — tg) ms = j(ts — ;)
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mg =
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i(xs — x2)

s1=my+ m,

§q =Mg — M,

Xo=
X3=
‘Y6=

5.5.7

u = 2n/9,

my
Sy — 84

mz -‘ms

9-Point DFT

=X + X
ty = X4 + X5

Ly =X; —X;

S, =M3 — M,

l, =X, + X,

=4+t -+t

Iy = X3 — Xg

m7 = _j Sin u'(t4 + ts)

S3 = mgs + m,

X2=mz+ms
Xs=sz+34

11 multiplications (1), 44 additions

= X3 + X5
t6=x]—xs

t9=x4—x5

ho=ts+ L+ hm=hL— 08 ha =1t — I
=1t — 1 hea=1;— I
my = 1:(xog 4+ t; + t5)
my = (3/2)t,
mz == —t5/2
s = —hy — In

. m; = [(2 cos u — cos 2u — cos 4u)/3]t),

m, = [(cos u+ cos 2u — 2 cos 4u)/3]t;,

ms = [(cos u — 2 cos 2u + cos 4u)/3]t,s

So = —M3; — My

Sl=m5_m4

Polynomial product
modulo (z2 + z+ 1)

mg = —jsin 3u-ty,
m, = —jsin 3u-t,
he= —tis + ts
mg =jSin u'tu
m9=jSin 4u't|4

My = J sin 2u- L

S = —Mg — My

§3 = Mg — My

Polynomial product
modulo (z> — z + 1)




Se=mo+my; +m,

Sy = S + S5

5S¢ =S4+ m, §7 =85 — So

Sjg =M — 8

S12=m7+sg+ss

Xo=mo X1=S7+Slo
X, = 56 + mg Xi=5+ 512
Xs =56 — Mg X, =5+ 51y

Corresponding algorith with scaled output:
11 multiplications (3), 45 additions, scaling factor: 2

5.5.8 16-Point DFT
u = 2n/16,

t= Xo + X3
ty = X3 — X0

t; =X+ X

18 multiplications (8), 74 additions
L =x4+ X1z
ts = Xs + X14

t8=x1_X9

to = X3 — Xn ty = X5 + Xi3
his = X7 + Xi5 hy = Xq — X5
hs=1+1 ti, =ts + lis
=1, —In Lo =1ty + 113
Ly = tig + to Ly =1ty + liy
s =t + l2 be =ty — Il

my = 1+(t1; + t33)
my = 1+(tis — t14)
my = 1+(xo — Xg)

Mme = Ccos 2u‘(t4 - tG)

5.5 Short DFT Algorithms

t; = X; + X1
ts = X — X14
ty = X3 + X1,

hy = X5 — X3

hs=tH+1t
Ly =1t; + ty
I =1ty — I3

by == tg — Iy

my = 1e(ti; — t;3)
my = 1+(t; —t3)

ms = cos 2us+(t,y — t31)
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my = €08 3u«(t14 + ti)
mg = (cos u + cos 3u)-1,,
my = (COS 3u — coS u)+1y4

S =Mg — M, Sg =My — M,

Polynomial product
modulo (22 4 1)

My = j*(tz0 — tg) my = je(ts — t3)

myy = jo(X12 — Xy)

mys == —'j sin 2u-(t19 - 121)
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my, = —jsin 2u-(t, + t4)

mys = —j sin 3u«(ty; + t55)
mys = j (sin 3u — sin )+,

my; = —j(sin u + sin 3u)«t,;

Si1s = Mys + My

Sig = Mys — My,

Polynomial product
modulo(z? + 1)

S1 = my 4+ mq
84 == M3 — my,;
So = 85 + &,

12 = S — 83
S13 = Myy + my,

S18 = S13 — S15

X, =m,

Xy =51, — 8520
fs =5 + 5,
1?9 = 8109 + S1g

XIZ =my; — My

Xis =50 — 51

S, = M3 — ms
S5=m4+m6

s10=s5_S7

Sl4 = mlz - m14

SS9 = AP + S16

X, =50 + 51
Xe=my + my
Xy =510 — 853
Xlo =8 — 5

Xl3 = Slz + S20

S3=my + my;
S5=m‘-m6

Sll =s6 +S3

S17 = 813 + slS

S20 = 814 — S16

XZ =s] +S3
X’s =5 + Sy
Xa=m1

211 = 511 — Se

Xl4 =85 — 8






