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1 First problem (see [1] for detail)

Definitions

e Formulas (denoted by A, B, X,Y,...) are constructed from propositional variables (denoted by
a,b,z,y,...) and -0 AO VO L.

e Var(A) = the set of propositional variables appearing in A.

e A=< B <= 30(A% = B). (0 is a substitution of formulas for propositional variables.)
e A is a nonminimal tautology <= JAj:tautology (A9 = A and A A Ayp).

e INT = intuitionistic logic.

e INT[A] = INT + axiom schema A.

’Komori’s first problem in [3] (modified version) }

Prove or disprove:
If INT[A] is a proper intermediate logic (i.e., strictly stronger than intuitionistic logic, and strictly weaker
than classical logic), then A is a nonminimal tautology.

Example
A = (a—b)V(b—a), Ag = (a—b)V(c—a).

Sequent calculus LK,, (I, 4,... are multisets of formulas)

Initial sequents a=a 1=
Inference rules
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proviso:

(1) Var(A, I, A) N Var(B, I1, X)) = 0.

(2) a & Var(I', A).

(3) A? = BY = C, 6 is a most general unifier for (A, B), and Var(C) N Var(A4, B, I', A) = ().

Fact

VA : tautology,3JAg < A, (LK, F (= Ao)).

Problem 1

Prove or disprove:
If LK F (= A), then either

e INTHA, or

e INT - A%—(2Vv(z—y)) for some substitution 6.

Fact

(Positive proof of Problem 1) = (positive proof of Komori’s first problem).

Sequent calculus LK,,, is obtained from LK, by the restrictions:
e “1” does not occur.
e Contractions are admitted only for propositional variables:

a,b,I' = A

I'= Aa,b
e, I = A?

contraction L
( ) I’ = A% ¢

(contraction R)

where 6 = [a := ¢,b := ¢]|, and ¢ & Var(a,b, I, A).

’ Theorem — partial proof of Problem 1 }
If LKma - (= A), then either

o INTH A, or

e INT - A% —(2V(z—vy)) for some substitution 6.

2 Second problem (see [2] for detail)

Definitions
e “Y” = universal quantifier for propositional variables.
e Ala := B] = the formula obtained from A by replacing all the free occurrences of a by B.

e “B is not substitutable for a in A” <= 3b(b occurs free in B, and some free occurrence of a is in
a scope of Vb in A).



Sequent calculus LJ2 is obtained from propositional LJ by adding the inference rules:

Alx :=B|,I'=C
VA, I = C

(VL) where B is substitutable for z in A

I'= A

TS e A (VR) where z does not occur free in I’

Problem 2

Prove or disprove:
If A and B are {—}-formulas, and Var(4) = {aj,az,...,a,}, then the following two conditions are
equivalent:

o L2+ ((VaNag --Va,A) = B).

e INT[A] ;- B.

(F¢{—} = provability in {— }-fragment.)

’Komori’s second problem in [3] l

Prove or disprove:
If Ay, A; and B are {—}-formulas, then the following two conditions are equivalent:

° INT[Al\/AQ] |—{_>7\/} B.
¢ INT[(A1—2)—(Ay—x)—x] F—y B.

Fact

(Positive proof of Problem 2) = (positive proof of Komori’s second problem).

’Another form of Problem 2 l
Prove or disprove:

If A and B are {—}-formulas, and Var(A) = {a1,aq,...,a,}, then the following two conditions are
equivalent:

o LI2F+ ((VaNag --Va,A) = B).

o LI (A[a’ = X], Ala = X,..., Ala = X"] = B), for some {— }-formulas X, X", ..., X"

—

([@:= )Z] = simultaneous substitution [a; := X1, a2 := Xa,...,apn := X,].)
Without the condition “Var(A) = {ay,as,...,a,}”, the statement does not hold:
Counterexample

LJ2+ (Va((a%p)%(a%q)%r) = r).

LJ t/ ((X—>p)—>(X—>q)—>r7 (X'—=p)—=(X'—q)—r,...,(X'"—p)—=(X"—q)—r = r), for any
{—}-formulas X, X’ ..., X".



Using “A” in X, )5’, . 7)5”, the statement hold:

Theorem
If A and B are {—, A}-formulas, then the following two conditions are equivalent:

e LI2F ((VaNag --Va,A) = B).

e LI+ (A[U'i:: X, Ald = X"),..., Ald = X" = B), for some {—, A}-formulas X, X’,..., X".
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