Extensions of Glivenko’s theorem to non-commutative
substructural logics

Extended abstract

Nikolaos Galatos
School of Information Science, Japan Advanced Institute of Science and Technology
galatos@jaist.ac. jp

1 Glivenko’s theorem and substructural logics

Glivenko’s theorem states that a formula ¢ is provable in classical propositional logic iff its double
negation is provable in intuitionistic logic, in symbols F¢p ¢ iff g 7—¢. Nevertheless, Fing is not
the only relation that has this property relative to -¢1, nor is ¢ the only relation that admits a double
negation interpretation in another logic. For example, it is shown in [1] that, for every formula ¢, ¢y @
iff kg ——¢, and that, for every formula ¢, Fyp, ¢ iff Fgr ——¢, where SBL is the extension of
Hajek basic logic BL by the axiom 1 A—) = 1 and Lu is Lukasiewicz infinite valued logic. All the logics
discussed so far are substructural logics. In what follows, we discuss pairs of substructural logics for
which a double negation translation (in one of four different forms) holds. The contents of this extended
abstract are part of joint work, [2] and [3], with H. Ono.

We assume familiarity with the Gentzen-style sequent calculus FL over sequents in the language
{NV, -, /,\,1,0}; for the definition, see for example [2]. Because of the lack of the rule of exchange
in GL, the language includes two implications \ and /. This gives rise to two negation connectives
~¢ = ¢\0 and — ¢ = 0/¢ that will be involved in the definition of a Glivenko property between two
logics.

If ®U{e} is a set of formulas and the sequent = 1 is provable in GL from assumptions { = ¢|¢ €
®}, then we write ® Fpr, . If § Fpy, ¢, then we say that ¢ is provable in FL. We abuse notation and
denote the set of all provable formulas in FL also by FL. A set of formulas is said to be a substructural
logic, if it is closed under substitution and under Fgy,. The next theorem shows that modus ponens (mpy)
is not enough for capturing deducibility in FL.

Theorem 1.1. A set of formulas L is a substructural logic iff it is closed under substitution and under
the following rules

(/1) FLCL.

(mpe) If o, 0\ € L, then o) € L.

(adju) If ¢ € L, then p A1 € L.

(pn)  If ¢ €L, then Y\¢v,v¢/¢ € L.

Given a substructural logic L we define ® y, ¢ iff @ UL g, 9.

A (pointed) residuated lattice, is an algebra A = (A, A,V,-,\,/,1,0) such that (A, A, V) is a lattice,
(A,-,1) is a monoid and multiplication is residuated with respect to the order by the division operations
\, /; i.e, for all a,b,c € A, a-b<c¢ & a<c¢/b & b<a\c. Note that 0 is an arbitrary element of A.
The class of all residuated lattices forms a variety, which we denote by RL.

If K is a class of algebras, E = {s; = t;|i € I} is a set of equations and s ~ ¢ is an equation, we define
E =k s~ t, iff, for all A € K and every assignment @ in A for the variables z, if A = s;(a) = t;(a), for
all i € I, then A = s(a) = t(a).

For every class K of pointed residuated lattices and for every set ® of formulas, let L(K) = {¢ | K
1< ¢} and V(®) = Mod({1 < ¢| ¢ € ®}). Moreover, if ¥ is a set of formulas and E is a set of equations,



we define the set of equations Eq(X) = {1 < ¢|¢ € £}, and the set of formulas Fm(E) = {t\sAs\t| (t =
s) € E}.

Theorem 1.2.

1. For every K C RL, L(K) is a substructural logic and for every set of formulas ®, V(®) is a
subvariety of RL. Moreover, the maps L : S(RL) — SL and V : SL — S(RL) are mutually
inverse, dual lattice isomorphisms between the lattice S(RL) of varieties of residuated lattices and
the lattice SL of substructural logics.

2. If a substructural logic L is aziomatized by a set of formulas ®, then the variety V(L) is aziomatized
by the set of equations Eq(®). Also, if a subvariety V of RL is axiomatized by a set of equations
E, then the substructural logic L(V) is axiomatized by the set of formulas Fm(E).

3. If S U{¢} is a set of formulas and L is a substructural logic, then
Yk ¢ iff Eq(X) Fyw) 1 < ¢; also ¢ H-1 1\¢ A $\1.
4. If EU{t =~ s} is a set of equations and V is a subvariety of RL, then
E 'y t~siff Fm(E) Froy t\s As\t; also s =t =|l=y s\t At\s = 1.

An iterated conjugate is a composition of polynomials of the form A, (z) = a\zaAl and py(z) = bx/bAL,
for various values of a and b. For example, v(z) = a\(b\(cx/c A1)b A 1)a A1l is an iterated conjugate.
The following theorem is a weak version of the classical deduction theorem and is called parameterized
local deduction theorem. We make use of it in the proofs of subsequent theorems.

Theorem 1.3. If X U AU {¢} is a set of formulas and L is a substructural logic, then ¥, A by, ¢ iff
S (IT, (i) \@, for some non-negative integer n, iterated conjugates ; and 1; € A, i < n.

2 Glivenko properties and Glivenko equivalence
Let L and K be substructural logics. We consider the following properties for K relative to L.
e Glivenko property: For all formulas ¢, by, ¢ iff Fx — ~ ¢ iff Fx ~— ¢.
e Deductive Glivenko property: For all sets of formulas ¥ U {¢} (for —~3X ={—~0c |0 € ¥}),
Yrpoiff —~YFg —~gp il ~—X kg ~—¢.

e Equational Glivenko property: For all equations s = t.

':V(L) s~ tiff ':V(K) —~sr —~tiff ':V(K) ~—s~—1

e Deductive equational Glivenko property: For all sets of equations E'U {s ~ t} (we define — ~FE =
{—~um -~ (ur) € BY),

It will follow from Theorems 3.1, 3.2 and 3.3 that the last two properties are equivalent and they
imply the second property, which in turn implies the first.
We say that the substructural logics L and K are Glivenko equivalent if for all formulas ¢,
Fx ~ ¢ iff by, ~ ¢.

Obviously, Glivenko equivalence is an equivalence relation on the set of all substructural logics. The
following theorem shows that Glivenko equivalence is a notion that is stable and related to all four
Glivenko properties.



Theorem 2.1. Let L and K be substructural logics. The following statements are equivalent.

1. L and K are Glivenko equivalent

2. b —¢iff br, — ¢

3. Db ~P il Dby~

4. ~PFg ~piff ~P by, ~ ¢

5. Fv) ~ o=~y iff byap) ~p =~

6. EFyk) ~o~=~Yiff Ebyq)y ~o=~1

7. ~Ebyg) ~¢ R~ iff ~ B by ~ ¢ ~ 1)

It can be shown that each Glivenko equivalence class is convex. The next theorem shows that it is
actually a bounded interval in the lattice SL of all substructural logics.

Let L be a substructural logic and let I' denote the set of all iterated conjugates. We define the logics
G(L)=FL+{-~¢|¢peL} and M(L)=FL+ {¢| —~~(¢) € L, for every v € T'}.

Theorem 2.2. For every substructural logic L, the logic G(L) is the smallest and M(L) is the greatest
element of the Glivenko equivalence class of L.

Proposition 2.3. If an involutive logic L is aziomatized by a set of formulas ®, then G(L) is axiomatized

by the formulas {~— |6 € B} U {(~(6x )/ (~(=~ & x —~ 1))}, where x € {A,\, /,-}.

3 Involutiveness and correspondence with Glivenko properties

We define three degrees of involutiveness for a substructural logic L and show that these correspond
to the Glivenko properties.

e L is called involutive, if, for every ¢, by, (~ — ¢)\¢ and k1, (— ~ @)\ o.
o L is weakly involutive, if, for every ¢, (~— ¢) Fr, ¢ and (—~¢) k1, ¢.
e L is Glivenko involutive, if, for every ¢, b1, (~ — ¢) implies k1, ¢, and Fr, (— ~ ¢) implies b, ¢.

Clearly, involutiveness is the strongest and Glivenko involutiveness is the weakest among the three
properties. The three notions are distinct, as the logic FL. is Glivenko involutive, but not weakly
involutive, and FL, + (~ ~ p)? — p is weakly involutive, but not involutive.

Theorem 3.1. If L and K are substructural logics, then the following are equivalent.
1. The Glivenko property holds for K relative to L.
2. K and L are Glivenko equivalent and L is Glivenko involutive.
3. L =M(K) and M(K) is Glivenko involutive.

Theorem 3.2. If L and K are substructural logics and ® U {4} are formulas, then the following are
equivalent.

1. The deductive Glivenko property holds for K relative to L.
2. 0L Y iff Pk ~— Y iff P g — ~ .
3. K and L are Glivenko equivalent and L is weakly involutive.

4. L=M(K) and M(K) is weakly involutive.



Theorem 3.3. Let L and K be substructural logics Then, the following statements are equivalent.
1. The equational Glivenko property holds for K relative to L.
2. The deductive equational Glivenko property holds for K relative to L.
3. K and L are Glivenko equivalent and L is involutive.
4. L=M(K) and M(K) is involutive.

It follows from the discussion on involutiveness, that the Glivenko property holds for FL., but the de-
ductive Glivenko property fails; also the deductive Glivenko property holds for the logic FL. + (~ ~ p)? —
p, but the equational Glivenko property fails. For involutive logics, though, all three properties become
equivalent; i.e., if L is involutive, then some property holds for a logic K relative to L iff all properties
hold for K relative to L.

Let In(L) = L+ {(~—¢)\¢, (— ~¢)\¢} and G = G(In(FL)). The following theorem shows that
either all logics in a Glivenko equivalence class contain G or none does. The theorem provides a charac-
terization for the case when a Glivenko property holds for an logic relative to an involutive logic.

Theorem 3.4. The following are equivalent.

1. L is an extension of G.

G(L) is an extension of G.

M(L) is an extension of G.

M(L) is an extension of In(FL).

M(L) = In(L).

The (equational) Glivenko property holds for L relative to In(L).
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The equational Glivenko property holds for L relative to some logic.

4 The case of classical logic

Theorem 4.1. G(Cl) is axiomatized by the following formulas.

~(dAYP) = ~(99), ~(O\Y) = ~(= 9 VY, —(P\Y) & =(~o V),
~MO\Y) o (=~ P\ —~y) and ~(9/Y) o ~(=~ b/ =~ ).

Corollary 4.2. The logic G(Cl) does not admit any structural rule (exchange, contraction, weakening).

Proof. For every bounded residuated lattice A, consider the residuated lattice A’, that is obtained by
appending to A a new bottom element L and setting 0 = L. It is easy to see that A’ € V(G(CI)), but
A’ is neither commutative, nor contractive, nor integral. O

Corollary 4.3. The logic G(Cl)+FLeyw is aziomatized relative to FLeyw by the formula: ~~(~~ ¢ — ¢)
and either one of the formulas

~(@ ANp) = ~(¢Y), ~(¢ AN~ ¢) and ~(¢%) & ~ .
Corollary 4.4. The (equational) Glivenko property holds for Int relative to Cl.
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