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Here we discuss a relation between the provability of Grzegorczyk logic Grz and the provability of
provability logic GL. It was defined a function f satisfying, for any formula A, A € Grz if and only if
f(A) € GL (cf. Boolos [Boo93] and Goldblatt [Gol78]). While we define a function g satisfying, for any
formula A having no propositional variable, g(A) € Grz if and only if A € GL.

1 Introduction

We use lower case Latin letters p, g, - - - for propositional variables. Formulas are defined inductively, as
usual, from the propositional variables and L (contradiction) by using logical connectives A (conjunction),
V (disjunction), D (implication) and O (necessitation).

Deﬁnition 1.1. The depth d(A) of a formula A is defined inductively as follows:
(1) d(D) = 0, for an atomic formula D,

(2) d(BANC)=d(B \/ C) d(B D> C) = max{d(B),d(C)},

(3) ( B) = (B)

Let D be an atomic formula in {p, L }. By S(D), we mean the set of formulas constructed from D by
using A, V, D and O. We put S"(D) = {B € S(D) | d(B) < n}.

By Grz, we mean the smallest set of formulas containing all the tautologies and the axioms

K:0(ADB)D(0ADOB),

T:0ADA,

grz:0(0(AD0OA) D A) DOA  (Grzegorczyk axiom),
and closed under modus ponens and necessitation. By GL, we mean the smallest set of formulas con-
taining all the tautologies, K and the axiom

L:0(0AD>A)D>DOA (Lob’s axiom),
and closed under modus ponens and necessitation.

Definition 1.2. A list Fy, FY, - - - of formulas are defined inductively as follows:
(1) Fo = p,
(2) Fios1 = Fy, O OF.

Definition 1.3. A list go, g1, - of functions from S(L) to S(p) are defined inductively as follows:
(1) gi(L) = OF,

(2) g:(BAC) = gi(B) A gi(C)
(3) gi (B \/C) = gz(B) \/gz( )a
(4) 9:(B > C) =gi(B) > gi(C),
(5) :(0B) = Ogi11(B).

)

The function gg transforms the formula O(0L D 1) D 01, a instance of the axiom L, into a formula

go(O0(0L D 1)>01)=0(00(F D>D0OF)D0OF)D>00F).



Here we note that the image is similar to O(O(F; D OF;) D Fy) D OF, an instance of the axiom grz,
and that the image and the instance are equivalent in Grz.

The main result is

Theorem 1.4. For any formula A € S(1),
A € GL if and only if ¢;(A) € Grz.

To prove the theorem, we use properties of the structures (S"(p)/ =arz, <arz) and (S"(1)/ =qar,
<gL), where for L € {Grz, GL},

A=g Bifandonlyif (ADB)A(BDA)eL,

[A] <r, [B] if and only if B> A € L.

In the next section, we construct a representative of each equivalent class of the above two structures
following [Boo93] and [Sas04]. In section 3, we show an outline of a proof of the theorem using the lemmas
in section 2.

2 Construction of representatives

Here we construct a representative of each equivalent class in the quotient sets S™(p)/ =qgrz and
S"(L)/ =eL. It is known, however, two structures (S™(p)/ =crz, <crz) and (S"(L1)/ =cL,<gL)
are boolean(cf. Chagrov and Zakharyaschev [CZ97]). So, we have only to construct representatives of
generators of these two booleans. Representatives of generators of the structure for Grz was given in
[Sas04] and those for GL, we can refer [Boo93].

Definition 2.1. For a formula A, 0"A (n =0, 1,--+) are defined inductively as follows:
(1)O%A = A,
(2)0k+1 A = OOk A.

Definition 2.2. The sets G,, (n =0,1,2,---) of formulas are defined as follows:
Go = {Fo},

G = {Fo, 1},

G2 = {Fry1, Fryo, OFp41 D OF,---,0F; D OF}

Lemma 2.3.

(1) 8"(p)/ =crz = {[/\ Al|SC G}
(2) For subsets Sq andAgj of Gp,

(2.1) 81 C Sy if and only if [ \ Al <ara [ \ Al

A€eSy A€S;
(2.2) S1 =Sy if and only if | \ Al=[ /\ Al
AES, A€S,

Definition 2.4. The sets G}, (n =0,1,2,--) of formulas are defined as follows:
Gy = {J‘}ﬂ
Gi,={0F'L o1 o0k, .0LD 1}

Lemma 2.5.

(1) 8"(1)/ =aL = {[\ Al|SCG;}.
(2) For subsets Sy andAgs of GI,

(2.1) 81 C Sy if and only if [ \ Al <ar [ /\ A,

A€eS; A€ESy



(2.2) S; =Sy if and only if | /\ Al =] /\ Al.

A€S; A€S2

3 An outline of a proof

Here we give an outline of a proof of Theorem 1.4. We define functions h; and show two lemmas.

Definition 3.1. For S € P(G}), we put

hi(8) = {Futi | D" L € S} U{Fpyip1 | 0" L € S}U | J{OFks D OFyi |OF LD O 'L e 8}
k=1

Lemma 3.2. Let S and S; be subsets of G},. then
(Dhi(S) € Gryit,

(2) /\ gl(B) =Grz /\ B,

BeSs Beh;i(S)
(3)S # Sy implies N\ B#ca [\ B.
B€h7(S) Beh,;(Sl)

Lemma 3.3. Let A be a formula in S™(L) and let S be a subset of G. Then for any i,

A =q1, /\ B if and only if gi(A) =Grz /\ gi(B).
Bes BeS

Proof. We use an induction on A.
Basis(A = 1): Tt is not hard to see that

A=l=qL (O"A@E"LOO" ' )A---A(0LDL)= N B
BEG;,

and
gi(A) = gi(L) = OF; =Grz OFp4i A (OF,4; D OFhqi 1) A--- A (OF 4 D OF)

=Grz Fn-i—i A Fn—i—i—i—l A (DF71,+7Z D) DFn—i—i—l) ZANEREA (DE+1 D) DE) =Grz /\ C.

So, using Lemma 3.2, if S = G, then we have both of A =qL /\ B and g;(A) =Gr= /\ gi(B); if not,
BesS BeS
neither.

Induction step(A # L): We only show the case that A = OA;: By Lemma 2.3, there exists a subset
S1 of G} _; such that

A1 =QGL /\ B.

BeS,
Using the induction hypothesis, we have for any k,

gk(A1) Zarz \ gx(B).
BeS;

If S; C {0711}, then the lemma is not so difficult. Here we suppose that S; € {0"~! 1L}. Then we have
Sy —{O0" 'L} #0. Since S1 € Gj_;, we have § # Sy — {0~ 'L} C{o"~!'1L >O" 'l ... ,.0L> 1}
So, there exists the minimum & = min{¢ | 0L > 0" € S;}. Hence we have

A:DAlEGLD/\BEGL /\DBEGL /\ C
BeS, BeS, Ce{0B|B€S1}



=GL /\ C

Ce{o(@»-1l1)|o»—1Lles;u{O(@nr-11LOOn-21)|07-11D0"~21eS;}U---U{0(0LDL)|0LDLES }

=GL /\ C

CG{DHJJanllesl}U{anlL|D7L71LDD7L72L681}U...U{DLlDLDLGSl}

=QGL /\ C

Ce{onl|on-11eS;}u{on-11|Oon-11>07-21€S;}u---u{Ork L|Ok 1 DOkF-11 €S}
=GL /\ C =QGL /\ C
Ce{Ok L} Ce{onL,O0n1D>On-11 .. 0kt 1 DOk}

and

gi(A) = gi(0A1) = Ugit1(A1) =arz O /\ Gi+1(B) =Grz /\ Ogi+1(B)
BES, BESy

=Grz /\ C

Ce{0g;4+1(O0n—11)|On-11€S;}u{dg;4,(On~1LD0On-21)|O0n-11>0O7~21 €Sy }U---U{Og;41(0LDL)[OLDLES}

=Grz /\ c

Ce{00" Fp |01 1eS; yu{0(On Fpy; DO~ 1 Fp gy )07~ 11D0O"—21 €8S JU---U{O(02F; 12 D0F;1)|01LD1€S, }

=Grz /\ C

Ce{0F, ;|01 1eS;}U{0F,; 1|0n~11D07~21€8;}U---U{0F;,|0LD1€S:}

=Grz /\ C
Ce{0F,4;|07~1 1S }u{0F,1;_1|O0n~11D0O7~21 €S }U--U{OF4,;|0FLDOk11eS,}

=Grz /\ c =Grz /\ c

Ce{0Fkyi} Ce{Fnti,Frnyit1,0Fn i D0F,i_1,,0Fki41D0F, 1}

=Grz /\ C.

Ceh;({OnL,On1>0n-11 ... Ok+1 150k 1 })

So, by Lemma 3.2, if S = {O" 1,071 > 07! 1, ... 0OF1 1 5 0OFL}, then we have both of A =gr, /\ B
BeS
and g;(A) =arz /\ g:(B); if not, neither. 4
BeS

Considering the case that S = () in Lemma 3.3, we obtain Theorem 1.4.
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