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In this paper, we extend naturally Shannon type normal form expansion theorem of the
propositional logic to multi-modal logics, and treat the validity checking for these logics.
[I] A ramification of formulas on n-modal operators and the expansion structures

In the following, we fix the number n(=1) of modal operators K1,..,. K. ((1,...,[1n)

[1] For each m(=1) and k(=0), let ™ML be the set of formulas having at most m variables
{ p1,...pm} and having degree k, that is, having a least one k nesting of modal operators and not
having more large nesting than k of these.

[2] In order to give the normal form expansions of formulas for multi modal logics, for each m =

1, an expansion structure < ™W® (k=0,1,...),™ w, %> is defined on ™2 * (k=0,1,...), in the

following Definition 1,4 and 2, where ™W® called the expansion base set on ™ £ ® | consists of
the extended mini-terms of m-rank and k-degree, and ™w and *, are mappings relating to
expansions of formulas.

(Definition.1) For each m=1, the expansion base W% (k=0,1, ...) is defined k-inductively.

(1) ™WWO ={p1i1 o ppim| Eq,..., EmE{0,11(= @WW), (the logical meaning of -is/\)
@) WD ={ (y - (ITa=i=ngXcmww KilX]*X]) |ye@W®¥ ¢ixelo (1=i<n, XS @WY)},

where XC™Ww® means that X is an arbitrary one of N(m,k)=2 '®W®! gubsets of ™W® and
and [ITa=i<neX<ewe) Ki[X]¢iX) denotes the following * product of n X N(m,k) literals of the

form Ki[X]¢X (1=i<n, Xcoww ) :
Ki[S11 €151 oo« Ky [Snmpo] © 1SNm0

MW
. where 2 ={81,....SNmw}, S1=2, SNmw= "W and

Ko S 781 s K a[Snemo] © # SN ‘+ ’satisfies associative and commutative laws .

(Notation) For any formula AE™ % A°denotes A or 1 A, corresponding to 6 =1 or 0.
W

(Definition 2) *: 2 >0y {1}(m=1k=0) is the following mapping to assign any set of

mini-terms in ™W®, a formula in™ £® U { L}.
(1) For each S={fi, -, f4S™W® *S=*f;V---V*f, (1) (2) For S=2, *@ =1
(3) For each = p161.....pm6me (m)W(()), *f=p161/\"'/\pm6m6(m)ﬁ o
(4) Foreach f=<g - [[I1=i=n & Yomwe Ki[y] °1Y ] > €mwkD,
*f = *g A/N1=i=n & Yooww Ki(F(Y)mk) 3iY (e g )
(5) For each SC™W® gsuch that S#2, |*(S)mp=*8 (e g Oy
and, ‘*(@)(m,]&: L AF@WO (e ) 0

[Proposition 0] (1) SC™W¥ = deg(*(S)mb)=k.
(2) In the extended propositional logic PL, SS™W® = PL F*(S)mb=*§,
where PL is the propositional logic extended on £ (= Um=U =, ™ £ ® ),



MW (MWD (M Wk+D MW
- 2 - 2

(Definition3) ()': 2 and '(): 2 . (m=1,k=0) are as follows:

VU'={ (y - (ITQ=i=ng Xeowe) KilX]4X]) [yeU, gixelol (1=isn, XSoww )},
k-d
(2) For each VE™WW@(d=k), V& =V,

(3) For each VS (W&
V={y™W® | (y- (IT(=i=n&Xcomww) KilX]$X)) €V, &ixelol(=isn, XSoww )}

)
(Definition4) For each m=1, Mw:(™ g ® - 2 (k=0) is a mapping defined by induction

on the construction steps of A(€ U, -, ™ £ ® =) £)],

(DG w[ L]=2. (i) ®w[pi] =1p1& - e pird-1epil e pirditle o p &m| &L G-, iy, EnE10,15 )

(2) ForA=BVC € Mgl mw[BY Cl= mw[B]w U mw[C]dw

(3) ForA=BAC € Mgk ww[BAC]l= mw[B]dw Nmw[C]w

(4)  For A= BE ™MW mw[4B]= MWK — my[B]

(5) ForA=BDOC € MW  mw[BDC]=(mMWk —mw[B] &)U mw[C] &

(6) For A=Ki(B) € ™®, where k>1,

ww[KiB)] ={ {y - (116G 0e(malx(2 ™) (G, wwB) ) Kj X4 - Kil owlB]]') |

yE@W®A (A (1. Xe([Lnlx (2 ™) (G, @wB)}) &ix€i0,1})}

[Theorem 1] For an arbitrary US ™W®, ™ w[*U] = U (m=1,k=0). [Thatis, ™ w is the

inverse mapping of *.] (Proof) By Induction on the degree k of U (™ W " for each m=1.

[Proposition 2] On the extended propositional logic PL, the following are shown clearly.
1 fge™W® f+g = PLF *fA*g=1
(2 Uvemwwo, Unv=s = PLIF *UA*V=L
3 uUvemww = PLF *(UUV)=*UV*V
(4 UvVe®mw® =  PLF *(UNV)=*UA*V
(6) UVe®™W®, UCV=PLFU>*V.
[Theorem 3] @#k) PL | *™W®  (m=1k=0)
(Proof) For an arbitrary m=1, we prove # k) by Induction on k.
(The basic step) The result is clear, as *™W is the disjunction of all m variable
mini-terms in PLo [the propositional logic in the narrow sense].
(The inductive step) The following holds in PL by the distributives of A forV .
FWEktD=\/y emw®V £,6,{0,1} V-V £i5j<10,1}-- V & nSNmwpei0,1}

(Fy AR (8D ) BSTA - A (Ki(F(S | )ma)) 8IS +ov A (K (S N o) ) §7SNmk0)
=(V y emw® *y)A (Vasieo, Ki(*S)mo)8s) A--A (VEgjelo,n Ki(*(S ) )mw))7~isi)
JAREERe AV Ensnmp a0, (K, (*(Snmp)mk) §rS NmW) where 2 MW ={§; ... Sy,

All the formulas except of the first formula in Aconnections are tautologies, because
these are of the formB V4 B. Then PL | *™W+D =(\/ y emw® *y)=*(WW® | Thus , by the
induction hypothesis, PL | *™W(+ holds.

[Proposition 4]  For an arbitrary UC™W® PL | *(U" =*U. (m=1k=0)
(Proof) The result is given by replacing ™W&+D and ™W® in the preceding proof, with U' and U.



[II] Expansion theorems in the extended base sequence and mappings system
(Definition 5) The following multi-modal logics (or deduction systems) are defined by adding

modal rules and modal axioms to the extended propositional logic PL on £=Umz; U™ ® ., |

Kc=PL+modus ponens+{ @=¥ | ¢, wEL, deglp)=deg(y) (1<i<n) }
Ki(p) =Ki(y)
Ki=PL+modus ponens+{ _®@_ |peL(<in)+{ __P2W | weL, deglo) =

Ki(op) Ki(p) DKi(y) =deg(y) (1<i<n) }
K™ =PL+modus ponens + {Ki(p D) 2 (Kilp) D Ki(y)) | 9,wE L, deg(p)=deg(y) (1<i<n) }.
Kc, K1 and K™ are called respectively the congruent logic restricted to equi- degree, the
quasi-normal logic restricted to equi- degree and the normal logic restricted to equi- degree.
K =Ko+ {Kilp2 ) > (Kilg) 2Ki(w)) | ,wE £,(1<i<n)} .
K s the logic given by extending the smallest normal logic to n modality
We can verify that the following strength order relations hold:, PL < K¢ < Ki <K <K .
[Theorem 5] For any logic L > Kc, the following extended expansion theorem holds
Foreachm=1,#® L F *(™w[A])= A, for an arbitrary AS™ £ (= Uy, ®),
(Proof) When L=Kc, for each m=1, (#) is proved by induction on the construction of A.
(1) The basic cases (i) when A= 1, *™w[L]=*©@)= L; (ii) whenA =pi, the treatment is the
same as the propositional logic PLo in the narrow sence.
(2) The inductive cases : when A= BVC, BAC,7Bor BOCE®™ £® | by using the definition of

mappings ®™w and % , Proposition 4 and Theorem 3, the following are obtained in PL.
(ii1)*mw[BV C] (iv) *mw[BAC] (v)*mw[4 Bl (vi) *mw[ BDC]
= *mw[B]V *mw([C] =*mw[B] \*mw[C] | =4 *mw[B] =*mw([B] > *mw[C]

Therefore, for each case, the following is shown in K¢, by the induction hypothesis.
*mw[BVCI=BVC, | *ww[BACI=BAC, | *mwwlqBI=qB,| *®w[BSCI=BOC.

(vi) When A=Ki(B)e™g ® k>1 ww[B]=Sd(S™W& D) for some 1<d< N(m, k —1). Then,
applying a similar way to the proof of Theorem 3, for *™w[Ki(B)], all literals in the matrix part,
except of Ki[S d ]! (=Ki[mw[B]]'), are erased by *.Thus PL | *@w[Ki(B)]=Ki(*(w[B]) mk-1)
--(D. In other hand, by Proposition0(2), PL | *(mw[B])m k1= *(mw[B]).

So, by the induction hypothesis, K¢ |*(m(w[B])mk 1) =B,

In the other hand, by Proposition 0(1), deg(*(m(w[B])mx~1))=k-1=deg(B).
o=y
- c I_

Thus, by the typical inference of K¢ with the condition (deg(p)=deg(y)): p—
i(y

Ki(*(ww[B]) mk-1))=Ki(B).--@. So, K¢ F*®w[Ki(B) ]=Ki(B), by @ arllidi(%%.z

[IIT] Characterization sequences of multi-modal logics and decision problems
(Definition 6) For an arbitrary logic L, the following double sequence is called the characterization

sequence of Li: MWW ={ye™W¥| not L } — *y} (C™W¥) (m=1,2,... ; k=0,1,..) %



[Theorem 6] When L > K, for each Ac™ g% |
LFA & Wk, CcMg[A] (m=1k=0)
(Proof) For any Ac™ c® L | *(™w[A] )= A, by Theorem5. Thus, this theorem holds, since
the following Lemma6-1 can be easily shown by using Theorem3 and Proposition 2.
Lemma 6-1 For any L > PL, for an arbitrary US™W®,

L U & oWk, cU - # (m=1k=0)

(Definition 7) A finite set X is said to be element wise definable, if all elements of X can be listed.

[Theorem 7] For any logic L > K, the decision problem of L, is affirmatively solvable, if each
characterization set ™W®L(m=1;k=0) is element wise definable.

(Proof) By Theorem 6, the decision problem for L is affirmatively solvable, when, for each m=1k
=0, both finite sets MW®r, and ™wl[A] are element wise definable. In the other hand, the
element wise definability of ™w([A] can be shown by the induction on the construction of A.

[Theorem 8] For the congruent logic restricted to equi-degree Kc and the normal logic restricted
to equi-degree K™, their decision problems are affirmatively solvable.

(Proof) We can verify by using Theorem 1, 6 and Propositions that their characterization

sequences MW®xgc (m=1k=0) and ™MW®g-(m=1k=0) are respectively the sequence ™MW®(m=1,

k=0) and the following sequence ™R®(m=1k=0).
MRO) =(mWyo .
MRED={ < x, (IM1=i=n((IT xicyc @w®) Ki[Y]' IT (zigye »w®) Ki[Y]%))] > | x e™R® and
Xi€ ™MRW (1=i=n)}.
[IV] On characterization sequences and decision problems for more strong logics than K~
For any logic L>K~, if we use the above ™R® as the common base sets, then treatments
for characterization sequences and the decision problems for those logics, become more simple than

the treatments corresponding for using ™W® in this paper. Several relating results are in [2] - [3].
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