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Sano[1] gives the completeness results for bimodal logics with irreflexive modality. In this note, we show
that these results can be also proved by making use of labelled sequent calculi.

Kripke model: M = (W, R,T)

W: non-empty set
R C WxW
T : W x {propositional variables} — {True, False}

Truth value of a formula X at a world w € W:

M(w,p) = Z(w,p). (p is a propositional variable)

(w,—A) = True <= M(w, A) = False.

(w, AAB) = True <— M(w,A)=True and M(w, B)=True.
(w,0A4) = True <= M(z, A) = True for any z s.t. wRx.
(w,BA) = True <= M(x, A) = True for any z s.t.

(wRx and w # x).

Logic Kom (Hilbert style):

Tautologies + O(A—B)—(0A—0OB) + % + D—ﬁ

+ NA-B)—(HA-EB) + U0OA-EA + (ANEA)-DOA
For many logics over Kpm, Sano[1] proves the completeness theorems via canonical models. We can prove
these completeness results via labelled sequent calculi. For example:

Kom F X iff X is valid in any model.
Kom+4mF X iff X is valid in any transitive-antisymmetric model.

Kom +S5gF X iff X is valid in any reflexive-transitive-symmetric model.

where 4g = BA—HEBA, and S5 = 0A—A + OA-0O04 + 0A—OQA.

Definitions
a is a label iff @ = (ay,...,a,) (finite sequence of natural numbers). If @ = (ay,...,a,), the label
(ay,...,an,b) is denoted by « - b. « is a predecessor of 3 (5 is a successor of «) iff § = « - n for some

n. L is a tree iff £ is a set of labels s.t. () € £, and (- n € £ implies a € £). « : A is a labelled

formula iff o is a label and A is a formula. I' = A is a labelled sequent iff I" and A are finite sets of
labelled formulas, L is a tree, and each label in I'; A is an element of L.

Translation of labelled sequent into formulas



I'n = {A] a:A € I'} (the set of formulas in I" whose label is ).
[r4 4, = \/(fa, Ay, W[ 5 Alg,,... W[ & A]]Bk)

where {01,..., 0k} is the set of successors of o in L.

Labelled sequent calculus 7 Kgm

Initial sequent:

a:A,FéA,a:A

Inference rules:

L L
r=A c A AT = A
:>—7a£ (—left) O‘ﬁ’—é (—right)
a:—A T'sS A I'=sA «a:-A
a:A a:B, I'EA r&£aA a:A4 TE5A a:B, .
- (Aleft) - (Aright)
a:ANB, I'= A I'=s A «a: ANB
L
n:A I'SA
(=1
a:0A, 'S A
Fﬁug'n}A,own:A oz:H,F:%A,a:A .
- (O right)*
o000, 'S A o:04
L LU{a-n}
n:A I'SA r A a-n: A
GRS TS (k) = S D (gt
o:WBA T'= A I'=A o:RA

(1) proviso: «-n does not appear in the lower sequent.

Completeness theorem for 7TKom/Kom
(1) If X is True at any world in any model, then 7Kg F {g} ():X.
(2) T TKomF W ():X, then Kom - X.

Proof of (2)
Prove “if TKpm + I’ £ A, then Kom [ £ A]y” by induction.

Definition: I' = A is 7TKpm-saturated iff
e TKmt/ I é; A’ for any finite subsets I C I', A’ C A, and L' C L;
e a:—A € I' implies a:A € A;
e a:mA € A implies a:A € [
o w:AAB € I' implies a:A € I' and a:B € I';

a:ANB € A implies a:A € A or a:B € A;

a:0A € I' implies B:A € I' for any successor 3 of a in L;

a:0A € A implies
— (:A € A for some successor § of a in L; or

— s reflexive in I' = A and a:A € A;

o:BA € ' implies #:A € I' for any successor (3 of o in £; and

o:lA € A implies 5:A € A for some successor (3 of a in L.



Proof of (1)

Suppose 7TKpm t/ {g} ():X. We expand this sequent into a 7Kpm-saturated sequent I’ £ A; then we
construct a model M = (W, R, Z):

W =L

aRB iff ((« is a predecessor of ) or (« is reflexive in I’ £ Aand a = B)), where « is
reflexive in I' = A iff VA {a:DA € I implies a:A € F]

IZ(a,p) = True iff acp € I
In this model,

a:A € T implies M(«, A) = True; and
a:A € A implies M(a, A) = False.

Therefore, M((), X) = False.
Labelled sequent calculus 7Km4m

TKom +
a-n:0OA4 a-n:A, r&a

a:04, T'E A

(O left transitive)

a-n: WA, a-n: A, rsA
o:BA T £ A
Completeness theorem for 7TKqg4m/Kom+4m

(M left transitive)

(1) If X is True at any world in any transitive-antisymmetric model, then 7Kpm4m - W ():X.
(2) I TKpm4m - {g} <>:X, then Kpm + 4@ - X.
Labelled sequent calculus 7 KogS55
TKom +
£
A T'= A
'6’—:2 (O left universal)
a:0A, T'= A
r*8™aan:a 54 a:4
rsA a:04

(1) proviso: «-n does not appear in the lower sequent.

(O right reflexive)*

B:A, T 5 A a0, B:5, T E A, a:A, B:IT
a:BA X, (:0, F:%A, oIl B:A

(M left universal)

Completeness theorem for 7KomS55/Kom+S50
(1) If X is True at any world in any S5 model, then 7TKomS54 + W ():X.
(2) If TKomS50 F & ():X, then Krm + S50 F X.

Concluding remarks
Compared with the canonical model method, labelled sequent calculus method is simpler in some cases,
e.g., Kom + 4m and predicate extensions.
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