Bimodal Logicswith Irreflexive Modality

Katsuhiko SANO
ksano@sings. jp
Department of Philosophy and History of Science,
Graduate School of Letters, Kyoto University, Sakyo, Kyoto, 606-8501, Japan.

As is well known, standard modal propositional logic cannot define al the natural assumptions related to
ordered set: irreflexivity, antisymmetry and etc. In order to overcome this lack of expressive power, various
additional tools have been proposed, e.g., difference operator D [6, 7], nominals and satisfaction operator @ [1,
ch. 7.3]. In this paper, we propose a new extension of standard modal logic. Our extension consists in adding
an operator m whose semantics is based on the intersection of inequality # and accessibility relation R. In our
language, mp > mmp corresponds to transitivity and antisymmetry of R and mp > Dop to strict partial order
(SPO). As space is limited, however, we are not concerned with frame definability in this paper. Here we will
concentrate on proving our two results in our new extension. First, we propose a forma system K 4 and prove
Kripke completeness for K . plus Lemmon-Scott Axioms: ¢™a"A > ol oKA. Second, we show that some logics of
K oa + 0™3"A > Ol0*A enjoy the finite model property.

1 Preiminaries

The language £(o, m) is defined using (i) the set of propositional variables: Prop = {pi|i € w}, (ii) the propo-
sitional connectives: ~, D and (iii) the unary modal operators. O, m. The well-formed formulas of £(0, m) are
defined as usual.

A bimodal frameisatriple & = (W, R, S), where W is a non-empty set and R, Sare binary relationson W. A
bimodal model is apair M = (F,V ), where § is abimodal frame and V afunctionV : Prop — P(W). For any
bimodal mode 9t = (W.R, SV ), any w e W and any formula A of £(x, m), the relation I+ is defined indectively:

D, Wik p iff  weV(p).

M Wi~ A iff  Mwr A

MwrA>B iff M,wr Aord,wi B.

M, wi- OA iff (YW € W)[wRwW implies9t, w I A].

D, wi- mA iff (YW e W)[wSw impliesit, w i A].
A bimodal frame satisfying S= (RN #) iscaled £(O, m)-frame, where w(RN #)w’ means that wRw and w # w'.
L(o, m)-model isdefined similarly. In £(o, m)-model,

N, wi- mA iff (YW e W)[w(RN £)wW impliesdt, w I A].
Remark that £(o, m)-frame (or model) can be regarded as unimodal frame (or model, respectively).
A formulaAisvalid in amodel 9t (notation: Wi - A) if M, w - A, for any w e W. A formulaAis satisfiablein

amodel M if M ¥~ A. A formulaAisvalidinaframe F (notation: § - A) if (F,V),w - A, forany w e § and
any valuation V.

Definition 1 (Bimodal p-morphism). Let § = (W R S), § = (W',R,S) be bimodal frames. A mapping
f: W — W isabimodal p-morphismif it satisfies the following conditions:

(i) (Y w1, Wo € W) [wiRw, impliesf (w1)R'f (ws)],
(i) (Ywy e W) (VV € W) [f(wp)RV implies (Aw, € W) (w;Rw, and f(wy) = V)],
and the similar conditionsabout S, S'.

Fact 2. Let §, & be bimodal frameand f : § — &’ be surjective bimodal p-morphism. For any formula A of
L(o,m), Fr A implies §  A.



2 Kripke Completeness

Definition 3. Hilbert Calculus K og consists of the following axiom schemata and rules:

(A) A>(B>A (ml) m(A>B)>(mA>mB)
(A2 (A>(B2C)>((A>B)o(A>C) (M) AAmADCOA
(A3) (~A>~B)>(BoA (M2) DAo>mA

(MP)  From A > BandA, we may infer B
(0l) ©o(A>B)>(@mA>OB)
(O-rule) From A, we may infer oA

Hilbert CalculusK g + szn’j,k) consists of the above all schemata, rules and the Lemmon-Scott Axioms G

_ (mnjk’
OMONA 5 Tl okA. + isdefined as usual.

Theorem 4. Let F betheclass of all £(o, m)-frames. For any formula A, & + Afor any & € F, implies+ «_, A.

Proof. Supposethat ~ Ais consistent. It follows from Lindenbaum’s Lemma [1, p.197] that there is a maximal
consistent set A suchthat ~ A € A. Let M = (&, V) be the canonical modd of K .a. Note that this canonica
mode isahbimodal model. From Truth Lemma [1, p.199], we may infer that Mi, A - ~ A. Thus, § ¥ A. Itisto be
noted that Mt satisfies (RN #) c Sdueto (M1) and Sc Rto (M2).

We have to eliminate each Sreflexive point from 9t. Remark that it follows from S c R that each S-reflexive
point is also R-reflexive point. Thus we replace each subframe ({c},{{c,c)},{(c,c)}) of F with the new sub-
frame consisting of two points ¢1, ¢, where Sis symmetric and R is symmetric and reflexive. By construction as
this, we can obtain ‘ bulldozed model’ M’ = (§’,V’ ). Thenwe can provethat S’ = (R'n %), whence M’ is £(O, m)-
mode. Finally, we can claim that f is surjective bimodal p- morphism. From Fact 2 thismeansthat &’ I Aimplies

&+ A. Thus, it follows from § ¥ Athat § ¥ A. We have thus proved the theorem. QED
Definition 5 (L emmon-Scott Properties). R" is defined inductively asfollows: wRW iff w=w/, R*!=R"oR,
where o is composition. The Lemmon-Scott Axioms G, .- o™a"A > oloKA corresponds to the following
properties.

(Cmnijk) (Y x,Y,2) [XR™y and xR'Z] imply (3 w) [yR"w and zZRw]],

wherem, j, n,k € w. Notethat (Cnnjk) contains equality inthecasen =k = 0.

In general, a bimodal model M = (W.R,SV) can be regarded as the first-order structure with signature
(R,S,{P;|i € w}) by thefollowing identification: |9t| = W, R = R, S™ = Sand P, = V(p), for any i € w.

In the Proof of Theorem 4, consider reduct structures (W, R) of the canonical moddl M and (W', R’ ) of the
transformed model Mi’. By construction, we can show that wR’v iff f(w)Rf(v). Thus, f is surjective homomor-
phism [2, p.94] of (W', R ) onto ( W R).

Lemma 6. For any sentence o not containing the equality symbol in the language with signature (R ), (W', R )
o iff (W.R) E o, where E isthefirst-order satisfaction relation.

Proof. For any formulain the language with signature ( R ), See [2, p.96, Homomorphism Theorem]. QED
From Theorem 4 and Lemma 6, we can deduce that:

Theorem 7. Exceptthecasen=k =0, K g + szn,j’k) are sound and complete with the class of £(o, m)-frames

3 Finite Model Property

Definition 8. £(, m) hasthefinite model property (with respect to the class of any models) if the following holds:
for any formula A, Ais satisfiable in some model, then it is satisfiable in afinite model.

Definition 9. A set X of £(0, m)-formulasis subformula closed if for al formulas A, B: if ~ A€ X thensoisA,; if
ADBeXthensoareA B;if 0Ae X thensoisA; if mAc X thensoisA.



Definition 10 (Filtrations). Let Mt = (W R,V ) be £(o, m)-model and X be subformula closed set of formulas.
Foranywe W, letX, = {Ae X |M,w i A}. Define the equivalence relationw ~y W' by ¥, = X,,. We denote the
equival ence class of a state w of 9t with respect to ~5 by [w].

Let W = { [w] |w € W}. Suppose .. is any model (W', R', V' ) such that:

(i) W' = W.

(ii) If wRw then [W]R'[w/].
(iii) If [W]R'[w] then [, w I OB implies M, w’  B] for any OB € X.
(iv) VI (p) = {[W] |, W p} forany p € X.

Then *JJ?; is called afiltration of 9t through X.
The Finest filtration R® is defined as follows: [W]RS[w'] iff (Ix e [w]) (Ty € [W])XRy.

Theorem 11. £(o, m) hasthe finite model property.

Proof. Supposethat M, w - A, wheret = (W R, V). Let ¥ bethe set of all subformulasof A. Anelement of Wy =
{[w] |lwe W} satisfies either () (Ju e [w]) (Ave W) u(RN #)vor (b) (Yue[w])(YVve[w])[uRvimpliesu =
v]. In the case (a), we choose the state viy; € [w] such that u(Rn #)vy. In the case (b), we choose an arbitrary
state vy € [wW]. Let D = { vy |[w] € Wk }. Fix one propositional variable d ¢ X and consider d-variant valuation
V’ such that V’(d) = D and V’(p) = V(p) for any p # d. WriteDt’ = (W, R, V" ). Obviously, for any formulaB €
andanyw e W, M, wi- B iff M, w i B. From M, w i A we may infer that M/, w - A.

Take the finest filtration i/ ;- Then, by induction, we can show that for any B € 2 U {d} andany w € W,

Tufd
M, w + B iff SIJt’ZfU{d}, w| I+ B, where |w| is the equivalence class of a state w with respect to ~xy;q; (As for
formulas of the form mC, we need the finest filtration). It follows from 9/, w I+ A that EUE'ZfUld}, [w] = A. Thus, we
can conclude that A is satisfiable in the finite model 9ty 4. QED

Fact 12. Thefinest filtration R® preserves the Lemmon-Scott Properties (Cmnjx), wherem,j < 1and (m,j) # (1, 1).
From Theorem 7, 11 and Fact 12, we can conclude that:

Coroallary 13. Withthecasem,j < 1, (m,j) # (1, 1) and except thecasen=k =0, K 5g + GEmn,,j,k) are sound and
complete with the class of finite £(0, m)-frames satisfying (Cmpn,jk)-

Corollary 14. Withthecasem,j <1, (m,j) # (1, 1) and except thecasen=k =0, K o + GEmn,,j,k) are decidable.
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