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W Background and problem formulation
'® Nonlinear optimal control

v' Approximation methods for HJ equations
v’ Stable manifold approach

W Simulation / Experiment results
v" Non-uniqueness of solution in HJ equations

® Concluding remarks
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Background/problem statement NACOYAL 72
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Inverted pendulum

v’ Strong nonlinearity

v' Under actuated system

v' Benchmark problem of nonlinear controller design

Swing up and stabilization of inverted pendulum

v’ Switching of swing up and stabilization controllers (Astrom &
Furua '00)

v’ Topological issues / (Angeli ‘01, Astrom et.al ‘08)

This talk:
v" Single optimal state feedback control
v' Enhancement of valid approximation range for HJ eq.



Inverted pendulum system NAGOYA

X=f(X)+9g(x)-sat(u)  x=[x,%, %, X1 =[6,0,%X]"

X2
212 o 2 .
—ml cos x,C,x, —m*I” sin x, cos X, - X,” + (m+ M )mgl sin x,
J(M +m)+Mml®+m?l?sin? x,

f(x)=
(x) X, |
(J +ml?)C.x, + (I +ml?)ml sin x, - x,” —m?1?g sin x, cos X, -
i J(M +m)+Mml?*+m??sin? x, |
- 0 . Input limitation:
—ml cos x,C,
J(M +m)+Mml2 +m?2sin? x, U =18[V]
g(x)= 0 umin :_18[\/]
(3 +ml?)C,
| J(M +m)+Mml?+m?1?sin? x, |

v e A
[g){f(x)+g(x).sat[—§R g(x) (&j J}+x Qx

1, (VYY) 1 5 (v ]
+sat(—§R g(x) (&j ] -R-sat(—ER g(x) (&j ]_0

Hamilton-Jacobi:
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* Taylor approximation method:
(X) Cannot handle non-analytic nonlinearities
(X) Computationally inefficient

(%) Small domain of convergence

* Stable manifold approach . (N.Sakamoto and A.J.van der Schaft, IEEE TAC, 2008)

(O) (‘Z—U is directly computed

(O) iterative method suitable for computer implementation
(O) Larger domain of convergence etc...
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Stable manifold method for HJ eq. 0%, =257 ;

U|v'

%x1-x2-p 1{Nth approximation : CUT)
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m Closed loop trajectories for different iteration number

H=p(x)' { f(X)+ g(x) -sat(—l R7g(x)’ p(x)j} + X" Qx
2 (HJ eq.)

+sat(— % R*g(x)" p(x)] ‘R -sat(— % R*g(x)" p(x)) =0

1.5 i . . |
e k=0(linear) . g k=0
1 k=6 . k=6
e k=10 . / — k:10
k=25 .

—
S

2
° 'U I e |
0.5 = © k=25
//, Initial value =S
3)
3 s
o ~ Ue
<
-0.5 =
&
. = O
-1-4
-1 5
§4 -3 -2 -1 0 -2 -1 0
pendulum angle(rad) pendulum angle(rad)

Hamiltonian Trajectories in the (6,d8/dt)-space
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Simulation/Experiment results RN s
o ATTV] \
_ —0[radl
—d6/dtlrad/s]
"""""""""""""" —x[ml] I
— dx/dt[m/s]
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, input[\-r]

L S S
15! :
0 0.5 1 1.5 2 2.5 3

t-im;e-[s]

Responses (simulation)

v Input voltage is under the limitation 18[V]
v' Swing up with 2 swings —

Moviel I

v' Robustness for parameter variations 20% —



Swing_up_in_two_swings.wmv
Robustness_check2.wmv

2
/,3\\»/

NAGOYA ;‘114‘/ »

Effect of saturation function e, P

W What do saturation functions do?

— . o e
Simulation by HJ eq without ﬁ ; ; ; B[ll,“d][l o
saturation function B de/dtlradisl

i ; ; : e ¢ [111]
30';’4: """"" e dx/dt[m/s] ]
- Swing up control with 1 swing '

- Input voltage is far beyond 18[V]

. . . . timels]
Hamilton-Jacobi eqg with saturations
Responses (simulation)

oV P, VAL ;
(axj{f(xhg(x).sat{—%R g(x) (&j J}+x Qx

1 ., , (Vv 1 5 (VY )
+sat[—§R g(x) (&) j -R-sa{—ER g(x) (&j j_o

The solution solves the original H] eq as well??
Saturation is an identity function inside of limitation
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Uniqueness of solution
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m Analysis for a 2-dimensional model

Computed stable manifold without
saturations A

oy
a. T -4 Lo

de/dt{rad/s)

300 200 ‘100 O 100 200 30
t{deg)

Closed loop trajectories
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Uniqueness of solution Univ, %o

m Analysis for a 2-dimensional model

Computed stable manifold with
saturations

de/dtlrad/s) -300

de/dt{rad/s)

@anifold i@

300 200 ‘100 O 100 200 300
t{deg)

Closed loop trajectories
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With smaller input constraint--- NAGOYR, Jrsid &
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2() I I I I L
U =18[V] U, =12[V] —6[radl
|:> | —av/ilvads]
Ui = —18[\/] Ui = —12[\/] 51 —x[m] i
: — dx/dt[m/s]
' = e input[V]

S . S

Apply 40 iterations of the stable A
manifold algorithm S A Y T T 1

l

Feedback function is expressed
with polynomials

™

10! i | | |
0 0.5 1 L5 2

t-illl'e;[s]

Responses (simulation)
v' Swing up with 3 swings _
v’ Efficient strategy with low voltage

v Third stable manifold — infinite layers
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m Optimal swing up and stabilization of inverted pendulum

m Single feedback by solving a Hamilton-Jacobi equation
m Large domain of validity to include the pending position
m Explicitly include saturation functions in the HJ equation

m 1 swing, 2 swing and 3 swing controllers by changing the value of
input limitation

W An example of non-unique solutions to HJ equation
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Thank you for your attention
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Stable manifold algorithm
N.Sakamoto and A.J.van der Schaft, 2008

A Hamiltoinan system

{ X' = Fx' + $(X, ')

Univ. 7 <

(%)
p'=—F'p' +o(X,p)

Stable F, smooth nonlineariies ~ ¢(X, p'), (X, p')

X(t é)—e“é po(t 5)—0

Xea(t,£) =72 + [ e"p(x; (s) pi(s)ds  (k=01.2,-)
B2 -] T x5S (K-012,-)

X, (1,£), pe(t, &) converge to a solution on [0,0),k — oo

-
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Limitation of the Taylor method

1-dimensional optimal control problem s

041 0.01

0.005

. 3 o0
X=Xx—X>+u, J =j0 x2 + udt

03[

H=p(X—X3)—£p2+1X2=O 021 -0.005
2 2 =

D =xX—x3+ X (X2 —1)% +1

-0.01

01
0

01 F

0.2

Series solutions cannot approximate for
x>1.19

1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4

(z-1)* +1 has complex zeros at |Z[=1.19
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Inverted pendulum setup NAGOYR, Jrsid &
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