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Abstract. When the observations may be contaminated in the linear model
with the intercept, a certain large class of robust regression estimates includ-
ing S-estimates, T-estimates and CM-estimates is considered. The (c,~)-
contamination neighborhood, which is a generalization of the neighborhoods
defined in terms of e-contamination and total variation, is used for describing
the contamination of the observations. Lower and upper bounds for the max-
imum asymptotic bias of the regression estimates over (c,~y)-contamination
neighborhoods are derived without imposing elliptical regressors. As impor-
tant special cases, the lower and upper bounds for S-estimates, T-estimates
and C'M-estimates under the Gaussian model are obtained.
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1. Introduction

In the case where the observations may be contaminated in the location model,
Huber (1964) introduced the maximum asymptotic bias Br(e) of a location estimate
T over the e-contamination neighborhood. The Br(e) is one of the most informative
global quantitative measures to assess robustness of T', because Br(¢) shows the whole
performance of 7" from € = 0 (the central model distribution) to the breakdown point and
its derivative B/.(0) equals the gross error sensitivity under some regularity conditions.
Huber (1964) established that the median minimizes Br(e) among translation equivariant
location estimates. Martin and Zamer (1989, 1993) obtained minimax bias robust scale
estimates. Adrover (1998) derived minimax bias robust dispersion matrix estimates.

As for the linear regression model, in the case of the zero-intercept and elliptical re-
gressors, Martin, Yohai and Zamer (1989) obtained the minimax bias estimates in the
respective classes of M-estimates with general scale and GM- estimates of regression. In
particular, they showed that the least median of square estimate (LAS) introduced by
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Rousseeuw (1984) is nearly minimax. Yohai and Zamer (1993) extended this result to
the larger class of residual admissible estimates. Berrendero and Zamer (2001) obtained
maximum asymptotic bias of robust regression estimates in a broad class, which includes
S-estimates, T-estimates and R-estimates, without requiring zero-intercept and/or ellip-
tical regressors. Berrendero, Mendes and Tyler (2007) derived the maximum asymptotic
bias of M M-estimates and the constrained M-estimates (C'M-estimates) of regression,
and compared them to those of S-estimates and 7 -estimates in detail. All the authors
mentioned above adopt the e-contamination neighborhood to describe deviation from the
central model.

On the other hand, in order to describe deviation from the central model Ando and
Kimura (2003) introduced the (¢, ) - contamination neighborhood (the (¢, ) - neighbor-
hood, for short) , which is a generalization of Rieder’s (¢, §) -neighborhood and includes
the neighborhoods defined in terms of € - contamination and total variation. They gave
a characterization of the (¢, 7) - neighborhood and applied it to bias-robustness study of
estimates. Among their achievements, there are the extensions of Huber’s (1964) and He
and Simpson’s (1993) results. The former states that the median minimizes the maximum
asymptotic bias Br(c, ) over (¢,7) - neighborhoods among translation equivariant loca-
tion estimates. Ando and Kimura (2004) derived the lower and upper bounds for Bs(c, )
of regression S-estimates over (¢,7) - neighborhoods in the zero-intercept linear model
with elliptical regressors, and showed that in the case of Rieder’s (g,6) - neighborhood
the lower and upper bounds coincide and become Bg(c,7). Ando, Kakiuchi and Kimura
(2009) gave the applications of the (¢,v) - neighborhoods to nonparametric confidence
intervals and tests for the median.

In this paper, following Berrendero and Zamer (2001), without imposing the zero-
intercept and/or elliptical regressors , we derive the lower and upper bounds for Br(c, )
of estimates T in the large class. In the case of e-contamination neighborhoods, the lower
and upper bounds coincide and the results are reduced to Theorems 1 and 2 of Berrendero
and Zamar (2001). As important special cases, we obtain the lower and upper bounds
for the maximum asymptotic bias Bs(c,v), B:(c,v) and Bea(c,y) of S-estimates, 7-
estimates and C'M-estimates under the Gaussian model. We give some tables of the lower
and upper bounds for B;(c,~) of T-estimates based on Huber score function and show a
selective graph to visualize the difference between the two bounds. We should emphasize
that the characterization (Proposition 2.1) of the (¢, v)-neighborhoods is indispensable to
the derivation of our results in the paper.

The paper is organized as follows. Section 2 presents basic definitions and preliminary
results. Section 3 gives the lower and upper bounds for Br(c,~) which are our main
results. Section 4 shows the lower and upper bounds for Bg(c,7), B;(¢,7) and Be(c, )
of under the Gaussian model. The tables and a graph of the lower and upper bounds
for B, (c,7) of the T-estimate based on Huber score functions are also exhibited. All the
proofs of lemmas and theorems are collected in section 5.



2. Preliminaries

We consider the linear regression model
y = ap+0yr+u,

where = (z1,...,2,) is a random vector in RP, 8y = (019, ..., 0,) is the vector in RP
of the true regression parameters, «y is the true intercept parameter in R and the error
u is a random variable independent of @. Let Fy be the nominal distribution function of
u and GGy the nominal distribution function of . Then the nominal distribution function

Hy of (y,x) is
H(](y, 15) = / s / Fg(y — Oy — OBS)dGQ(S) (21)

Let M be the set of all distribution functions H on (RP™! BP*1) where B! is the Borel
o-field on RP*!. Let T be a RP-valued functional defined on M. Given a sample of inde-
pendent observations (yi, ®1), -+, (Yn, Ty) of size n from H, we define the corresponding
estimate of 8y as T'(H,), where H,, is the empirical distribution of the sample.

The asymptotic bias of T' at H is defined by

bA(T,H) = [(T(H) — 6,) A(T(H) — 6,)]2,

where A is an affine equivariant covariance functional of & under Gy. Since we only
work with regression and affine equivariant estimates and b 4 (T', H) is invariant under
regression and affine transformations, we can assume without loss of generality that 8, = 0
and A = I, (the identity matrix). Therefore the asymptotic bias b 4 (T', H) is given by

O(T, H) = || T(H)], (2.2)

where || - || denotes the Euclidean norm. We assume that T is Fisher consistent at H,
i.e., T(HQ) =0.

In order to describe deviation from the nominal distribution Hy we adopt the following
neighborhood of Hy, which was introduced by Ando and Kimura (2003):

Pu,(c,y) ={H M : H(B)<cHyB)+~,"B e B}, (2.3)

where 0 < v <1l and 1 —v < ¢ < oo. Note that Hy(H) is used as both a distribution
function and a probability measure for convenience. The neighborhood Py, (c, ), which
is called a (¢, ) -contamination neighborhood ((¢, v)-neighborhood, for short), is a gen-
eralization of Rieder’s (1977) (g, d)-neighborhood and includes e-contamination and total
variation neighborhoods: Let ¢ and ¢ be some given constants such that € > 0,0 > 0 and
€+ 6 < 1. Then we have the e-contamination neighborhood Pg,(1 —¢,¢) for c =1 —¢
and v = ¢, the total variation neighborhood Py, (1, ) for ¢ = 1 and v = 4, and Rieder’s
(1977) (g, )-neighborhood Py, (1 —¢, e +0) for c =1—¢ and v = e + . We can see that
Pu,(c,7) is generated by a special capacity v defined as

[ min{cHo(B)+~, 1} if B#¢, BeBt,
U(B)—{o, ’ it B=g.



This means that the (¢, v)-neighborhood Py, (¢, v) has nice properties for developing min-
imax theory in robust inference (see Bednarski, 1981). Ando and Kimura (2003) gave the
following useful characterization of Py, (c, 7).

Proposition 2.1. For0 <~y <1 and1l—v < c < oo it holds that
PHO(C, ”y) = {H = C(HO — W) +vK : We WHO,)\a K e M},

where Wy, » is the set of all measures W such that W(B) < Hy(B) holds for B € BP*!
and W(RPH) =X = (c+~v—1)/c.

The maximum asymptotic bias of T' over Pp,(c,7) is defined as

Bp(c,v) = sup{|T(H)|| : H € Puy(c,7)}- (2.4)
We consider the following class of robust estimates defined as

(To(H). T(H)) = axgmin J(F, . g). (25)

«,

where J(+) is a robust loss functional defined on the set of all distributions on the real line
and Fy . ¢ is the distribution of the absolute residual |y —a — 6'x| under H. This class of
estimates includes the well-known robust estimates such as S-estimates, T-estimates, C' M-
estimates and R-estimates. We assume that J, Fy and G satisfy the following conditions
A1 and A2 corresponding to Berrendero and Zamar (2001).

Let £* be the set of all distributions on [0, 00) and let £} be the subset of LT of all
continuous distributions on (0, c0).

Al. (a) Let Fe Lt and G € L. If F(v) < G(v) (F(v) < G(v)) for every v > 0, then
J(F) = J(G) (J(F) > J(G)).

(b) Let {F,} and {G,} be sequences of F,, € L} and G,, € LI (n = 1,2,--+)
such that F,(v) — F(v) and G,(v) — G(v), where F and G are possibly
sub-stochastic and continuous on (0,00) with G(co) > 1 — . If G(v) >
F(v) (G(v) > F(v)) for every v > 0, then lim,, . J(F,) > lim, o J(G,)
(limy, 00 J(F) > limy, 00 J(GL)).

(c) If F e Ll and G € LT, then
(1 =7) F 4 70s) = lim J((1L =) F +7U,) = J((1 = 7) F +7G),

where U, stands for the uniform distribution function on [n — =, n + 1].

A2. Fj, has an even and strictly unimodal density fo with fy(v) > 0 for every v € R,
and Pg,(0'x = a) < 1, for every @ € R? (0 # 0) and a € R.
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Remark 2.1 The e-monotonicity condition Al(b) guarantees that the corresponding
estimate T is residual admissible (see Yohai and Zamar, 1993, for the definition of residual
admissible estimates). We should emphasize that A2 does not require ellipticity nor
continuity of regressor’s distribution.

3. Main results

We give three lemmas and two main theorems , whose proofs are collected in Section
5. First we introduce the family of measures (improper distributions) . Let { = {W_g :
o € R,0 € RP} be a family of W_g € Wy, » and let

F§0<U> =(Hy—W_g)(ly—a—0z|<v), "v>0. (3.1)
Also, let
dg = J(c Fy )+ 70x) (3.2)
and
me(t) = inf inf J(cF* 4+ ~vdy), 3.3
()= gt inf J(eES g +0) (33)

where &g and J,, are the point mass distributions at 0 and oo, respectively. Note that
F* P is used as both distribution function and measure on (R, B).
@,

We consider the following conditions of Fj o

A3. (a) F]fa ke(v) is strictly decreasing in k > 0 for 0 < F’fa ke(v) <(1—=7)/ec.

(b) F*©

" g satisfies 0 < Fja(v) < Féo(v), Vv > 0.

Let two families £ = {Wa g and & = {W; 9} be defined as follows:

WQ’O(B) = H, (B N {|y —a-0zl>a,9 (=) }) , "B e Brtt (3.4)

Weo(B) = Hy (B N {|y —a-0z|<ag (1*77)}) , YBe B, (3.5)

[0}

where a_ g(n) (0 < n < 1) denotes the upper 100n% point of the distribution of |y—a—6'x|
under H, such that

Ho (ly— o -0 > a,g(m) = 7.
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Let Fy be the set of all { = {W_g:«a € R,0 € RP} satisfying A3. Here we note that

€ belongs to Fy but £* does not belong to Fy (&* does not satisfy A3(b)). Then we obtain
the following three lemmas, which correspond to Lemmas 4, 5 and 6 in Berrendero and
Zamar (2001).

Lemma 3.1.  Under A1(b) and A2, for any { = {W_g} € Fy there exists a(0) € R
such that

J(ch(‘g)"9 +vdp) = Oitlelg(](CFj’e + vdp).

Moreover, for any t > 0 there exists Ky > 0 such that |a(0)] < K; for every 8 € {0 :
16]] = t}.

Lemma 3.2. Under A2, Ffa ke(v) and F]fa ke(v) are strictly decreasing in k > 0 for

0< F¢

ka,k0<v) <(I=9)/cand0 < Flfake(v) < (1 =) /e, respectively.

Lemma 3.3.  Let mg(t) be as in (3.3). Then, under AI1(b) and A2, for any & =
{W_ g} € Fx the following results hold:

(a) There exist 8, € RP and o(0;) € R such that ||0|| =t and me(t) = J(c Fj
V60)-

(b) me(t) is strictly increasing.

0.),0, +

Using these lemmas, we can derive the following theorem which gives lower and upper
bounds for the maximum asymptotic bias Byp(c, v) of T'.

Theorem 3.1. Let T be a regression estimate defined by (2.5). Assume Al and A2.
Then it holds that

Br(c,v) < Bp(e, v) < Bpl(c, ), (3.6)

where

Br(e, 1) = supmg(de) and Brp(c, 7) = mg (de:)
SN



The function me(t) is simplified under symmetry and unimodality assumptions on the
regressors distribution.

Theorem 3.2.  Let T be a regression estimate defined by (2.5). Assume Al and A2,
and that under Gy the distribution of 8'x is symmetric, unimodal and only depends on
16| for all @ # 0. Then, for any & ={W_g} € Fy it holds that

inf J(CFE,H + vdo) = J(cF(ie + 760) = me(]|0])).

a€ER «

and the inequlities (3.6) are simplified.

Remark 3.1 When ¢ =1—¢ and v = ¢ (i.e., the e-contamination case) , Theorems
3.1 and 3.2 reduce to Theorems 1 and 2 of Berrendero and Zamar (2001), respectively. In
this case, we have A = 0 and § = £*, and hence Bp(c, v) = Brp(c, 7).

4. S-, T-and C'M-estimates under the Gaussian model

As important special cases, we consider S-estimates, T-estimates and C M-estimates in
the case that Hy is the multivariate normal distribution N (0, I,,;1) with mean vector 0 and
covariance matrix I,;1. We denote by ¢ the density of the standard normal distribution
N(0, 1). For any £ = {W_g} € F) let QPZO denote the density of Fje. Let F} be the

set of all £ = {W_g} € F, such that gpg g is expressed in the form of

3 _ 1 v v
Frolt) = 1+uen2¢5< 1+||e||2>’ r=t oy

where ¢¢ (0 < ¢¢ < 2¢) is some measurable function defined on [0, 00) such that

/Ooogf)g(v)dv 1=

C

We can easily see that & = {Wa g belongs to F3.

Let p; and ps be score functions satisfying the following conditions:

A4. (a) The functions p; and py are even, bounded, monotone on [0,00), continuous
at 0 with 0 = p;(0) < pi(c0) =1, i = 1,2 and with at most a finite number of
discontinuities.



(b) The function p, is differentiable with 2p5(v) — ph(v)v > 0.

The S-estimate (Rousseeuw and Yohai,1984) is defined with J(F) = S(F), where
v
S(F) mf{s>o o [,;1(5)} _b}, 0<b<l. (4.2)

For any £ = {W g} € F let

gei(s) = EFé,o [Pz‘ (g)} = /OOO Pi (g) gog,o(v)dv, 1=1,2.

The following theorem gives the lower and upper bounds for the maximum asymptotic
bias Bg(c,y) of S-estimates based on p;.

Theorem 4.1.  Assume that Hy is the multivariate normal distribution N(0,1,4q).
Then

ES(Q 7) < BS(C7 7) < ES(Q 7)7 if 7 < min(b, 1 - b)7

Bgs(c, v) = o0, if v > min(b, 1 —b),
where

Bg(e,7) = s ({95,11 (17_77) /gg% (g)}Q - 1) (4.3)

and
Bs(e,7) = ({%il(gil)/ﬁ£i(§)}2‘l> | .

The 7-estimate (Yohai and Zamar, 1988) is defined with J(F) = 72(F), where

0 = $UE)Er |12 (g )] (45)



As shown in Yohai and Zamar (1988), T-estimates inherit the breakdown point of the
initial S-estimate defined by p; and their efficiencies are mainly determined by ps. The
following theorem gives the lower and upper bounds for the maximum asymptotic bias
B, (e, ) of T-estimates which shows how B; (¢, y) relates to the maximum asymptotic bias
Bg(c,y) of the initial S-estimates based on p;.

Theorem 4.2.  Assume that Hy is the multivariate normal distribution N(0,I,.1).
Then o
B.(e, ) < B:(e, 7) < Br(e, v),
where
12 1/2
_ gé’)l( C )
57(67 7) = Sup 1 b\ H§7f(c7 ’7) -1 ) (46)
§E73 9.1 (2)
— —2
Br(c,v) = {[1+ Bslc, 7)]H§*,é(ca v) — 1}1/2’ (4.7)

Haaten) = g () + 2] 19 () and 90 = gealog o

The C'M estimate (Mendes and Tyler, 1996) is defined by J(F) = CM(F'), where

CM(F) = inf_ {akr oy (g)] +logs } (4.8)

a is a tuning constant, and S(F) is given by (4.2). We let

b—~ b
€ _ -1 € _ -1
Rey = 9ea ( - ) v Moy = 95,1(5)'

and
AL, (s) = acgeq(s) + log s. (4.9)

a,c,”y
The following theorem gives the lower and upper bounds for the maximum asymptotic
bias Bea(c,7y) of C'M-estimates based on p;.

Theorem 4.3. Assume that Hy is the normal distribution N(0,1I,.1). Then

Bes(e, v) < Bewmle, v) < Bewml(e, 7).



where

Bow(e,) = sup fesp2ay +2Dggale, )] =1}, (4.10)
SV
Boule,7) = {expl2ay +2Dq. ¢, (e,7)] — 112, (4.11)

Dél,éz,a(c>7> = inf A ,'7(3)_ inf Ag?c,'y(s)'

8$2Me,~

Remark 4.1. When ¢ =1—¢ and v = ¢, Theorems 4.1, 4.2 and 4.3 are reduced to
(3.24) of Martin et al. (1989), Theorem 3 of Berrendero and Zamar (2001) and Theorem
4.1 of Bererendero et al. (2007), respectively.

Remark 4.2.  The upper bound Bg(c,v) in (4.4) is the same as (4.7) in Ando and
Kimura (2004). Note that he(7) in the equality (4.7) satisfies the relation he(7) = ge,1(3).

We notice that when p; is a jump function, Bg(c,7) = Bs(c,v) holds for ¢ < 1 (see
Theorem 4.1 of Ando and Kimura, 2004).

Remark 4.3. The arguments concerning the intercept estimates can be seen in Section
7 of Berrendero and Zamar (2001). Here, we should point out that the same arguments
also hold for our (¢, y)-neighborhood case.

Table 1 exhibits the upper bounds B, (c,7) for the 7-estimate based on Huber score
functions p; = py with ¢y = 1.041 and ps = py with ¢y = 2.832, where py(v) =
min{(v/cg)?,1}. The constants cy are chosen so that the T-estimate has 95% efficiency
and 0.5 breakdown point (i.e., b=0.5). We have B.(1 — v,7) = B,(1 — v,~) for v -
contamination case. When p; = ps, T-estimates reduce to S-estimates. See Ando and
Kimura (2004) for the values of Bg(c,v). On the other hand, it is difficult to find the
exact values of the lower bounds B_(c¢,v). In order to obtain their good approximate
values we need to find £ € F; which makes the inside of the supremum in (4.6) as large
as possible. Such ¢ depends on ¢ and 7. Table 2 presents lower bounds of B_(c,~). We
obtained their bounds using the set {&;, -+ , {12} which consists of various types of £ given
below. Acoording to (4.1), we define ¢g,, - - , ¢¢,, as follows: Let

2¢(v) if 0<v<q
Pe;(v) =10 if a; <V < Qg1
2¢(v) if a1 < v <00

where

1 1—
ai:®1(§+id), d = 27, i=0, 1, ---, 10,
C
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and @ denotes the distribution function of N(0,1). Let

be () = {2¢(a) if 0<wv<a

20(v) if a<v < oo,

where a is the constant such that

2c+v—1
O(a) — la) = T2
(@)~ 6(@) = 2ZET1,
21 —-7) : :
and let ¢¢,,(v) = ——=¢(v), v > 0. The lower bounds in Table 2 were obtained from
¢
1/2
1 (05—)72
max 9o (=) He,e(c,y) — 1 (4.12)
1<i<12 ge.5 (29) Gkl ' '

Here we note that & = &%, & = é and £* is not a member of F7. For the purpose of
getting good approximated values, we included different types of £ as candidates in taking
the maximum values ( £* hardly affects the maximum values).

Figure 1 gives a graph of B,(c,7) and the lower bounds in Table 2 for c=1.2. This
graph shows that the lower and upper bounds of B;(c,~) are useful .

Table 1: B,(c, «v) (Huber score function)

¢\~ | 000 | 0.01 | 0.02 | 0.03 | 0.05 | 0.10 | 0.15 | 0.20 | 0.25 | 0.35 0.45

0.55 — — — — — — — — — — 20.22
0.65 — — — — — — — — — 5.05 | 26.03
0.75 — — — — — — — — 2.63 | 6.54 | 32.17
0.80 — — — — — — — 200 | 311 | 731 | 3535
0.85 — — — — — — 152 | 244 | 3.62 | 8.09 | 38.58
0.90 — — — — — 1.10 | 192 | 287 | 413 | 8.89 | 41.87
0.95 — — — — 0.71 146 | 227 | 329 | 464 | 9.70 | 45.20
0.97 — — — 053 | 0.86 | 1.58 | 2.40 | 3.45| 4.84 | 10.03 | 46.55
0.98 — — 042 | 0.62| 093 | 1.64 | 247 | 3.53 | 4.94 | 10.19 | 47.22
0.99 — 029 | 053] 070 | 099 | 1.70 | 254 | 3.61 | 5.04 | 10.35 | 47.90

1.00 | 0.00| 042 | 061 | 0.76| 1.04| 1.76 | 2.60 | 3.69 | 5.14 | 10.52 | 48.58
1.10 | 084 | 097 | 1.11 1.24 | 1.52 | 229 | 3.25 | 448 | 6.14 | 12.19 | 5547
1.20 ) 120 | 134 | 148 | 163 | 193 | 280 | 3.88 | 528 | 7.15| 13.89 | 62.50
1.50 | 2.08 | 228 | 247 | 267 | 3.10| 430 | 579 | 7.69 | 10.22 | 19.16 | 84.36
200 | 347 | 3.7 | 407 | 438 | 502 | 6.84| 9.06 | 11.87 | 15.56 | 28.42 | 123.01
3.00 | 629 | 683 | 737 | 7.91| 9.05| 12.18 | 15.96 | 20.69 | 26.87 | 48.10 | 204.65
5.00 | 12.34 | 13.38 | 14.43 | 15.50 | 17.69 | 23.69 | 30.82 | 39.70 | 51.23 | 90.60 | 381.21
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maximum asymptotic bias

Table 2: Lower bouunds of B_ (¢, ) (Huber score function)

¢\~ |0.00]001]0.02|0.03]|005]0.10 | 0.15 0.20 0.25 0.35 0.45
0.55 | — — — — — — — — — — 20.22
0.65 | — — — — — — — — — 5.05 25.45
0.75 | — — — — — — — — 2.63 5.82 31.09
0.80 | — — — — — — — 2.00 2.71 6.27 33.97
0.85 | — — — — — — 1.52 2.06 2.80 6.75 36.90
0.90 | — — — — — | 1.10 1.58 2.10 2.92 7.24 39.86
0.95 | — — — — | 0.71 ] 1.16 1.62 2.16 3.04 7.75 42.86
0.97 | — — — |1 053 | 0.72 | 1.18 1.63 2.18 3.09 7.96 44.07
098 | — — 1042 | 053 | 0.73 | 1.18 1.64 2.19 3.11 8.06 44.68
099 | — |0.29|0.43 | 0.54 | 0.74 | 1.19 1.64 2.20 3.14 8.17 45.29
1.00 | 0.00 | 0.30 | 0.43 | 0.55 | 0.75 | 1.20 1.65 2.22 3.16 8.27 | 45.90
1.10 | 0.00 | 0.32 | 0.46 | 0.58 | 0.78 | 1.23 1.68 2.36 3.47 | 9.36 52.07
1.20 | 0.00 | 0.33 | 0.48 | 0.60 | 0.80 | 1.25 1.76 2.58 3.87 | 1047 58.35
1.50 | 0.00 | 0.35 | 0.50 | 0.62 | 0.83 | 1.40 2.21 3.44 5.27 | 13.93 77.81
2.00 | 0.00 | 0.36 | 0.52 | 0.71 | 1.02 | 1.96 3.29 5.11 7.72 1 19.99 | 111.85
3.00 | 0.00 | 0.3 | 0.84 | 1.13 | 1.74 | 3.40 5.59 8.62 | 12.92 | 32.80 | 184.68
5.00 | 0.00 | 1.11 | 1.72 | 2.26 | 3.34 | 6.41 | 10.50 | 16.12 | 24.03 | 60.15 | 341.05

L -

c=1.2
S —
upper bounds
—— lower bounds

S -

g -

o -

T T T T T
0.0 0.1 0.2 0.3 0.4
gamma

Figure 1: Lower and upper bounds of B, (c,~) for ¢=1.2
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5 Proofs

Proof. of Lemma 3.1 First we note that by A2 J(c Fj 0 +7dyp) is a continuous function

of a and 6. Since, for any v > 0, limjq|—o0 Fje(v) < Fgo(v), it also follows from A1(Db)

that
lim J(cFS g +700) > J(c FE g +700).

|00 0,

Therefore, for any 6 € RP there exists Kg such that the infimum is attained in the
compact set [~Kg, Kg|. Denoting by «(@) the value of o which gives the infimum (= the
minimum), we obtain the first assertion of the lemma. We note that (@) and K; depend
on €.

Assume that the second assertion of the lemma is not true. Then, there exist some
t > 0 and a sequence {0,} € {0 : [|8] = t} such that lim, . |@(8,)| = oco. Suppose
without loss of generality that 8,, — 0. For any o > 0 and v > 0 we have

: & _ §
T [eF g g (0)+700(u)] = 7 S ¢ FX 5 (v) +90u(o).
Hence
. £ 3
nh_>r21o J(c Fa(On),On +dp) > J(c Fa,é + 7do)- (5.1)
On the other hand, the definition of a(@) implies that for any o € R,
. £ 3
nll_{rolo J(c Fa(Gn),On +760) < J(c Fa,é + 7do)- (5.2)

It follows from (5.1) and (5.2) that J(c F* 0 +7dp) does not depend on «. This contradicts

lim|q 00 J(c F*¢ 0 +7vd0) > J(c Fofé + 7vd0), which implies the second assertion. O

Proof of Lemma 3.2. We note that Flfa 0 and F]fa L9 e expressed in the form of

. ' -
F;fa,ke(“> = min (FHo,ka,ke(v)7 » ) ’ Yy > 0,

and 1
* c + '7 o
Flfa,ke (U) = max (FHO,kOé7k0 (U) - fa 0) 9 VU Z O’

where F, |, g(v) is the distribution function of |y — ko — k@'z| under Hy. By Lemma

5 of Berrendero and Zamar (2001), F, . g(v) is strictly decreasing in k > 0. Therefore,

Fje(v) and Fj*e (v) are strictly decreasing in & > 0. O

Proof of Lemma 3.3. By Lemma 3.1, we have

me(t) = inf Mg(0) = inf inf J(cF*,+~d),
¢(t) o ¢(0) o (¢ F> g +700)
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where J (cF ot 7dp) is uniformly continuous on the compact set {6 : ||0] = ¢} x
[— Ky, K. Therefore, M¢(0) is continuous on the compact set {6 : ||@|| = t} and there

exists ||0;]| =t such that M¢(0,) = inf g, _, M¢(6). This implies the assertion (a).

To show the assertion (b) let ¢; and ¢y be such that t; > t5. Define k = t5/t; < 1.
Applying the assertion (a), there exist 8, and 0, such that me(t1) = M¢(601) and me(ts) =
M¢(05). Since, by & € F),

3 3
Fa(01)701(v) < Fka(ol),kel(“>7
it follows from Al(a) and the definition of a/(@) that

me(th) > J(eFY g 19 +700) 2 J(FS g g +700). (5.3)

Also, by the definition of m¢(t) and ||k6,]| = 2
me(ty) < Me(k6,) = J(c F§<k01>,k91 + 7dp). (5.4)

The inequalities (5.3) and (5.4) imply the assertion (b). O

Proof of Theorem 3.1. Let t* be such that de« = mg(t*). First, we show Brp(c,v) < ¢*.

Let @ € RP be such that ||| = ¢ > t*. It is enough to show that for any H € Py, (c,~)
and any o € R we have
J(FH’O“@) > J(Fy00)- (5.5)

It is clear that for any H = ¢ (Hy — W) +vK € Py,(¢,7), a« € R and v > 0,

FH’aB(U) = che( )+7FK,Q,9( )<0F50( v) + v (v), (5.6)

where £ = {W_g} € F, is defined as W_g = W for any o € R and € € RP. From (5.6),
Al(a), the definition of me(t) and Lemma 3.3(b) it follows that for any H € Py, (c,7)

J(F, o) = J(ch -+ 700) = mg(t) > me(t). (5.7)
The condition dg- = mg(t*) and Al(c) imply
mg(t*) = nll_)IIOlOJ(CFgo +U,) > T}LIEOJ(CF% +7Un) = J(Fy0.0)- (5.8)
Noting t* = mg '(dg+), we obtain By(c,y) < Brp(c,7) from (5.7) and (5.8).
Next, we show Bp(c,v) > mgl(dg), "¢ € Fa Let ty = mg "(de) and let t < t;. We

find a distribution H € Py, (c, ) such that |T(H)|| > ¢t. By Lemma 3.3(a), there exist
0, and oy such that mg(t) = J(CF 0t v6o). Define H, = (y,,x,), Where x,, = n@, and
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Yy is uniformly distributed on the interval [, +nt* — =, oy +nt? + L]. If F), is the uniform
distribution function on [—%, %], then for any B € RP, v >0and o € R

Fﬁn,aﬂ(v) = F,(v+ta—a —nt*—-030,) (5.9)
—F.(~v+a—a —nt*—030,)).

For any £ = {W_g} € F) let H(a,0) = c¢(Hy— W _¢g) +~H, € Pu,l(c,v). Suppose that
sup, g IT(H5(«,0))|| < ¢ to find a contradiction. Then, for any @ € R and 6 € RP
there exists a convergent subsequence, {T'(HS(c, 8))}, such that

lim T(H(a, 8)) = lim 65(c,0) = 0°(a,0), where ||6°(a,0)| = i(a, 0) < t.

n—oo n—oo

Since t* — 6,0, = 0, it follows from (5.9) that

. ) _ v
nh—>nolo Fg 00,0)=1 Tv>0. (5.10)

We show that for any o € R and @ € RP the subsequence of intercepts corresponding
to 6% (a, 0), denoted by {Ty(HE(a, 8))} = {a(a, @)} converges to a finite a(a, 8). To
do this, assume lim,, . |a5(a*,0%)| = oo for some o* € R and 6 € RP. Then, it follows
from (5.10) that

limy, o0 FHﬁ(a*,0*),ai(a*,0*),0i(a*,0*)(U)

= v lim F_ f(a*,B*),Oi(a*,O*)(U)

n—oo Hn,ap
< CF(HO—W 0*)7at79t(v)+750(v) (5.11)

v

= lim FHﬁ(a*,O*),at,Ot(U)’ v > 0.

n—oo

Hence, by Al(b) we have

J(FHﬁ(a*,e*),ai(a*,0*),0i(a*,0*)) - ‘](FHﬁm*ﬂ*),at,Bt)

for large enough n. This fact contradicts the definition of (a4 (a*, %), 8% (o, 6)). There-

fore, for any o and @ we have lim,, o, |a4 (a, 0)| = a*(a, 8) < oo. Since t>— (0,0 (c, 0)| =
t2 — tt*(a, 0) > 0, it follows from (5.9) that

lim F'.

_ v
n—00 Hn,a%(a,O),Oi(a,O)(U> o O’ v > 0. (512)

Hence, by (5.12) and £ € F) we have

. _ §
N F e 0.0).05(0.0).050.0) V) = d%@mﬁmﬂ@)
< cFéO(v) (5.13)
= lim [c F5o(v) + U, (v)], o > 0.
n—00 ’
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By A1(b) and Al(c) we have

ST (F e 0,0) 05 0.0 050.0) = 1T Fio+7Tn) (5.14)
= dg = me(h).
From (5.10) it follows that
lim Fye o 9),,0,(0) =cF. g (v)+70(v) (5.15)
The equation (5.15) and Lemma 3.3(b) imply
T J(Fyt0.08,) = JCFS g +700) = me(t) < me(t). (5.16)

By (5.14) and (5.16), we have

J<FH$L(a,e),a%(a,e),ei(a,e)) = J(FHg(ave)vataet)

for large enough n. This inequality is a contradiction because of (a4 (e, 8), 65 (c,0)) =
arg min, g J(FHg(a 0)775). Thus, for any ¢ < t; we obtain sup__ g [|T(HS(«,0))| > t.
This completes the proof. O

Proof of Theorem 3.2. [t is easy to check that
ng(“) =(Hy—W, g)(—v+a<y—0z<v+a), "v>0.

By the symmetry and unimodality assumptions on Fy and G and the definition of Wa 0
we have for all o € R,

Fjﬂ(v) < (Hy— WO,B)(_“ <y—0z<v)= Féo(v), Yo >0,
and therefore, from Al(a), it follows that

J(CF§0+’V(50> > J(cFOéO—l—fyéo), Ya € R.

This implies the first equality of the lemma. It is easy to see that J(c F(f 0" 7vdp) only

depends on @ through the value of |||, because FOé g is so. U

Proof of Theorem 4.1. It follows from (4.2) and Theorem 3.2 that

* _ b_
d&* = S<CFOE,O + P)/éoo) = 96*1’1 ( - fy)

and

A b
mes(161) = S(e Fig-+90) = VIEToPs;; (7).
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Hence, solving my ¢(||0]|) = d¢+ in [|@]], we obtain (4.4). Similarly, we can obtain (4.3).

Assume b < 0.5. Then we have min(b, 1 — b) = b,
. b—n
1 — frd
Whglbg&1 ( . ) oo and hm g£° 1 < . ) 00,
where £ = {W?° g}, W° o =[(c+~ —1)/c] Hy. Therefore
lim Bg(c,v) = lim Bg(c,v) =
lim Bs(e,v) = lim By(c,y) = 00

This completes the proof. O

Proof of Theorem 4.2. It is seen from (4.5) and Theorem 3.2 that
de: = T(cFio+ Y0s)

- e ()] [ (07) ¢

me (|61) = T(cE; g+ %)
y—0'z
p —_—
*\mes(l01])

= o o (2)] eme ()
Solving my (|[€]]) = d¢-, we obtain.
101 = m 1 (de-) = {(1 + Bs(c,7)*) He. glc,7) — 13172

which implies (4.7). Simllarly, we can obtain (4.6). O

and that

2
= m2(0])-cE

0,

Proof of Theorem 4.3. It is easily seen from (4.8) and Theorem 3.2 that
dee = CM(cF§o+70s)

) v
— m*f ){aEcF&’;ﬂaw [pl (;)} + log s}

s>U(cF§O+'y5
= mf A5 (s) + a.

a,c,y
3>a'b
165

We also see that
me e (16l) = CM(cF; g +780)

s
= inf acg; (—) + log s}
5> (14+10)2)1/ 20 . { ST\ (1 +]l0]2)1>

1
= inf AS (s) + §log(1—|—|]9||2).

; a,c,”y
S>77b,cn/
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(5.18)

(5.19)



Therefore, it follows from mg ), ([|0]]) = de- that

18] = {exp[2ay + 2D,. ¢ ,(c,7)] — 1}*/*. (5.20)
which is (4.11).

Similarly, we obtain (4.10). O
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