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Abstract

The polyhedral split decomposition, introduced by Hirai, is a decomposition of a
polyhedral convex function into a sum of split functions and the residue, where a split
function is a polyhedral convex function whose value at a point is defined to be the
distance between the point and a hyperplane. The polyhedral split decomposition,
applied to the convex extension of a metric, is known to obtain Buneman’s decom-
position of a metric geometrically. In this paper we shed a light on this fact from
discrete convex analysis, by observing that this is a decomposition of an M-convex
function into a sum of M-convex functions, whereas a sum of M-convex functions is
not necessarily M-convex in general. We discuss the reason why the M-convexity is
preserved in this polyhedral split decomposition. By applying the polyhedral split
decomposition to a quadratic M-convex function, we also observe that a quadratic
M-convex function induces a lattice dicing or, equivalently, a zonotope which fills
the space facet-to-facet by its translations. Inspired by a result on lattice dicings,
we propose another canonical representation of a quadratic M-convex function as a
positive combination of rank one forms.

Keywords: M-convex function, polyhedral split decomposition, tree metric,
split-decomposability, lattice dicing.

1 Introduction

A tree metric is known to be representable as a sum of split metrics. In [7], this classical
result is reobtained geometrically via the polyhedral split decomposition of a metric. In
this paper we intend to shed light on this decomposition from discrete convex analysis
advocated by Murota [9].

To review the previous results, we begin by classifying a distance, metric, tree metric
and split metric on a finite set X. A distance is defined as a function d : X x X — R
such that d(i,i) = 0 for all ¢ € X and d(i,5) < d(i, k) + d(k,j) for all i,5,k € X.
A metric d is a symmetric and nonnegative distance, that is, a distance d such that
d(i,5) =d(j,i) > 0 for alli,j € X. A metric d is called a tree metric if there exits a tree
with nonnegative edge lengths such that d(i, j) is equal to the length of the path in the
tree between the vertices indexed by 4 and j for all 4,7 € X. An X-split is a partition
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of X into two nonempty sets, i.e., a pair {4, B} of A and B such that § # A C X,
0#BC X, AnB =0 and AUB = X. The split metric {{4 p} : X x X — {0,1}
associated with an X-split {A, B} is defined by

(i 0 if i,jeAori,jE€ B,
Sa.my (0, J) 1 otherwise,
for all 4,5 € X.

The polyhedral split decomposition of polyhedral convex functions is introduced by
Hirai [5]. By the polyhedral split decomposition, a polyhedral convex function is decom-
posed into a sum of split functions and the residue, where a split function is a polyhedral
convex function whose value at a point is defined to be the distance between the point
and a hyperplane. Furthermore, the polyhedral split decomposition is applicable to a
discrete function thorough its convex extension.

In [1], Buneman introduced an index of fundamental importance, called the Buneman
inder, to extract a split metric from a metric d, and showed that, if d is a tree metric,
d can be represented as the sum of the extracted split metrics. A distance d on X can
be regarded as a discrete function on {x; — x; | 4,5 € X} by setting d(x; — x;) = d(i, 7).
In [7], the polyhedral split decomposition is applied to the convex extension of d and the
result by Buneman is recovered in a purely geometric way.

In discrete convex analysis, the convex extension of a distance is known to be a posi-
tively homogeneous M-convex function. The notion of M-convex functions is introduced
by Murota [8] as a generalization of valuated matroids by Dress and Wenzel [2]. Posi-
tively homogeneous M-convex functions form a most fundamental subclass of M-convex
functions.

An interesting fact about the polyhedral split decomposition of a distance is that
it gives a decomposition of a polyhedral M-convex function into a sum of polyhedral
M-convex functions. This is a remarkable fact indeed because, in general, a sum of
M-convex functions is not necessarily M-convex. As the polyhedral split decomposition
is a geometric notion, we aim at giving a geometric explanation to the reason why
the M-convexity is preserved in this decomposition, in particular, in terms of polyhedral
subdivisions induced by M-convex functions. Those polyhedral subdivisions must consist
of M-convex polyhedra.

This paper also deals with quadratic M-convex functions. It is known that there is a
one-to-one correspondence between tree metrics and quadratic M-convex functions [6].
For a quadratic M-convex function, a positively homogeneous M-convex function can
be defined at each point of its domain. We show that such a positively homogeneous
M-convex function is representable as the sum of a tree metric and a linear function;
namely, a quadratic M-convex function is split-decomposable at every point, where a
discrete function is said to be split-decomposable if its convex extension is decomposed
into a sum of split functions and a linear function by the polyhedral split decomposition.
Moreover, this fact indicates that a quadratic M-convex function induces a lattice dicing,
or equivalently, a zonotope which fills the space facet-to-facet by its translations. As a
well-known result on lattice dicings, there is a routine for constructing a quadratic func-
tion that induces a lattice dicing [3, 4]. Inspired by this, we propose another canonical
form of a quadratic M-convex function. The form is written as a positive combination
of rank one forms.

This paper is organized as follows. Section 2 briefly describes the polyhedral and
discrete split decompositions on the basis of [5]. In Section 3, we introduce basic termi-
nology in discrete convex analysis and apply the polyhedral split decomposition to the
convex extension of a distance according to [7]. We give in subsection 3.4 a geometric



explanation for the M-convexity in the decomposition. In Section 4, we apply the poly-
hedral split decomposition to a quadratic M-convex function and discuss the induced
lattice dicing.

2 Polyhedral and discrete split decomposition

This section describes the polyhedral split decomposition of polyhedral convex func-
tions and the discrete split decomposition of discrete functions on the basis of [5]. The
discrete split decomposition of a discrete function is nothing but the polyhedral split
decomposition of the convex extension of the discrete function.

2.1 Preliminaries

Let R,R4, and R be the set of real numbers, nonnegative real numbers, and positive
real numbers, respectively. We denote by R™ the n dimensional Euclidean space with
the standard inner product (-,-). Let 0 and 1 be the all-zero and all-one vectors in R",
respectively.

For z,y € R", let [z,y]| denote the closed line segment between = and y. We refer
to an (n — 1) dimensional affine subspace of R™ as a hyperplane. In particular, for
(a,7) € R" x R, we define a hyperplane H,, = {x € R" | (a,z) = r}, closed half spaces
H,, ={r € R"[({a,z) <} and Hj’r ={zeR"|{(a,x) >r}.

For a set S C R"™, we denote by cone.S the conical hull of S, i.e.,

cone S = {Z)\tt | T C S : a finite set, A = (N\) € RJTF}

teT

The indicator function of a set S C R" is the function dg : R — RU {400} defined
by ds(x) =1 if x € S and dg(x) = 0 otherwise.

For a function f: R™ — RU {400}, the effective domain of f, denoted by dom f, is
the set defined by dom f = {z € R" | f(z) < +0o0}, and the epigraph of f, denoted by
epi f, is the set given by epi f = {(z,8) e R" xR | 8 > f(z)}.

A polyhedral complex C is a finite collection of polyhedra such that

(1) if P € C, all the faces of P are also in C, and
(2) the nonempty intersection P N Q of two polyhedra P,Q € C is a face of P and Q.

The underlying set of C is the set [C| = (Jpce P- A polyhedral subdivision of a polyhedron
P is a polyhedral complex C with |C| = P.

A convex function f is said to be polyhedral if its epigraph epi f is a polyhedron. Let
f be a polyhedral convex function. By defining, for each proper face F of epi f, a set
F’" of points in dom f as F/ = {z € dom f | (z, f(xz)) € F}, we obtain a collection of
subsets of dom f. One can easily see that each set F” in this collection is a polyhedron,
that is, the collection is a polyhedral subdivision of dom f, which we denote by 7 (f).
The following is a well-known fact.

Lemma 2.1. For a polyhedral convex function f, the polyhedral subdivision T (f) is
given by
T(f)={F CR" | F =argmin(f — (p,-)) for some p € R"}.



For two polyhedral subdivisions C; and Co, the common refinement C1 A Co is defined
by Cit ACo ={FNG|F €C,G€Coy, FNG # 0}. Note that C; A Cy is a polyhedral
subdivision of |C1]| N |Cz|. In particular, for a finite set of hyperplanes H, we define the
polyhedral subdivision A(H) of R" as

AM)= N\ {HH' H }.
HeH
That is, A(H) is the partition of R™ by hyperplanes in H.
The polyhedral subdivision by the sum of two polyhedral convex functions amounts

to the common refinement of the two polyhedral subdivisions associated with the given
polyhedral convex functions.

Lemma 2.2. For two polyhedral convex functions f,g with dom f Ndom g # 0, we have

T(f+9)=T(f)NT(9).

2.2 Polyhedral split decomposition

For a hyperplane H, ,, the split function ly,, : R" — R associated with H,, is defined
to be the function such that the value lg, , (x) of each point z in R" is ||a| times the
distance between the point x and the hyperplane H, ., i.e., Iy, is given by

lh,,(x) = [(a;x) = 7] (z € R").

For a polyhedral convex function f: R™ — R and a hyperplane H, ,, we define the
quotient cy, . (f) of f by lu,, as

CHa,'r (f) = Sup{t S R—|- | f - tlHa,'r is COnVeX}.

Let (a,r) and (a’,7") be vectors in R™ x R such that (a,r) = k(d’,r’) for some k € R
with k # 0. Since, for t € Ry, f —tlg,, is convex if and only if f — |k[tlg , , is convex,
we have cy, (f) = |kleq,, ,(f)- Hence, cg(f)ly is independent of the equation of a
hyperplane H. From now dn, unless otherwise stated, a hyperplane H is assumed to be
represented as H = H,, for a normal vector a with ||a|| = 1, and so Iy (z) amounts to
the distance between x and H.

We define the set of hyperplanes H(f) as

H(f) = {H : hyperplane | 0 < cg(f) < 4+00}.

The basic idea for the polyhedral split decomposition of a polyhedral convex function f
is to subtract split functions associated with hyperplanes in H(f) from f successively.
In fact, if the effective domain of f is full-dimensional, this idea directly applies to f
thanks to the following fact.

Lemma 2.3 ([5, Lemma 2.5]). Let f: R — RU{+00} be a polyhedral convex function
with dimdom f = n. Suppose that H, H' € H(f) and t € [0,cy(f)]. Then, we have

CH/(f)—t if H=H'
e (f) otherwise.

cr (f = tly) = {



If dom f is not full-dimensional, there exist infinitely many hyperplanes having the
same intersection with dom f. For this, and only for this, dom f is assumed to be
full-dimensional.

Theorem 2.4 ([5, Theorem 2.2]). A polyhedral convex function f : R" — R U {400}
with dimdom f = n is uniquely decomposable as

f= > calPla+f, (2.1)

HeH(f)

where f': R" — RU{+oc} is a polyhedral convex function with cy/(f') € {0,+o0} for
any hyperplane H'.

Obviously, we have T (aly) = {H,H", H™} for any a € R4 ;. Hence, by Lemma 2.2,
the decomposition (2.1) produces a subdivision as in (2.2) below.

Lemma 2.5. For a polyhedral convex function f : R™ — R, the polyhedral subdivision
T(f) is represented as

T(f) = AH(£) AT (f). (2.2)

2.3 Discrete split decomposition

In this paper, a discrete function means a function defined on a finite set of points in
R"™. Let K be a finite set of points in R"™. If K contains the origin 0, we assume that
£(0) = 0.

For a discrete function f : K — R, the homogeneous conver closure of f is defined

by

@) =imf I3 N FW) | Y Ay =20 =0 (y € K) p + bconck(z) (2 € R?). (2.3)
yeK yeK

Since K is a finite set, f is a polyhedral convex function with dom f = cone K.
Furthermore, by definition, f is positively homogeneous, i.e., f(ax) = af(x) holds for
a>0and z € R".

For a function f : R” — R, we denote the restriction of f to K by fX. A discrete
function ¢ : K — R is said to be convez-extensible if it satisfies g% = g. If f is convex-
extensible, we call f the homogeneous conver extension of f (the extension of f for
short).

The discrete split decomposition is based on the next lemma; see the proof of Theo-
rem 3.2 in [5].

Lemma 2.6. Letj : K — R be a discrete fimctz'on on K wz’tﬁ dimcone K = n.
For the extension f of f, suppose that H € H(f) and t € [0,cy(f)]. Then, we have

f—tlg = f—tjk.

Applying the polyhedral split decomposition to the extension of a discrete function,
we obtain the discrete split decomposition.



Theorem 2.7 ([5, Theorem 3.2]). Let f : K — R be a discrete function on K with
dimcone K =n. Then, f is uniquely decomposable as

F=> cea(Dif + 1,

HEH(F)
where f' 1 K — R satisfies cp/(f') € {0,400} for any linear hyperplane H'. Further-
more, we have

F=> cealDm+7"

HeH(f)

If, in addition, f is convexr-extensible, then f’ is also convex-extensible.

What is worth discussing is a relation between K and H(f) for a convex-extensible
discrete function f on K. Since f(0) = 0, each hyperplane H € H(f) is linear, i.e.,
H = H,q for some a € R". By the definition of f, an extremal ray of a cone in 7T (f)
is written as av for some vector v in K and a € Ry. Since T(f) = A(H(f)) AT (f),
the hyperplanes in H(f) are limited by the point set K. In fact, H(f) must satisfy the
K-admissibility defined as follows. A set of linear hyperplanes H is called K -admissible

if ‘H satisfies the following.

(Al) For each H € H, H intersects with the relative interior of cone K.
(A2) For each F € A(H), cone(F N K) = F Ncone K.

For simplicity, a hyperplane H is called K -admissible if the set {H} is K-admissible.
We define the set of linear hyperplanes Hg as

Hix ={H | H : a K-admissible linear hyperplane}.

Since H(f) is K-admissible, we have H(f) C Hx for any discrete function f : K — R.
The K-admissibility also relates to the split-decomposability. A function f on a finite
set K with dimcone K = n is said to be split-decomposable if the residue f' given by
f'=r-> Hen(F) e (f)LE is equal to the restriction of a linear function.
An addition of the restriction of a linear function to a discrete function f does not
change the quotient for f and hence does not affect the split-decomposability of f,
which follows from the next lemma. Note that the quotient cz((g, -)) equals zero for any

hyperplane H.

Lemma 2.8. Let f be a discrete function on K with dimcone K = n. For any factor
a € Ryt and any vector ¢ € R™, we have af + ({q, )X = af + (q,-)

Moreover, according to the following proposition, every split-decomposable function
is constructed from a K-admissible set of hyperplanes. Thus, split-decomposable func-
tions are also determined by K through the K-admissible sets of hyperplanes since the
K-admissibility depends on K.

Proposition 2.9 ([5, Proposition 3.5]). Let K be a finite set such that dim cone K = n.
For a subset H of hyperplanes Hy and positive weights {ag € Ry | H € H} on the
hyperplanes in H, let f =3 ey aml/y. Then the following conditions (a), (b) and (c)
are equivalent.

(a) 7 = ZHE'H agly + dcone K -

(b) H="H(f) and ag = cu(f) for every H € H.
(¢c) H is K-admissible.



3 M-convex function and polyhedral split decomposition

3.1 M-convex functions

The aim of this subsection is to introduce M-convex functions. For a point z € R", we
define supptz = {i | x(i) > 0,i € X} and supp” z = {i | (i) < 0,4 € X}. A function
f:Z" - RU{+oo} with dom f # () is said to be M-convez if it satisfies the following
exchange property:

(M-EXC|Z]) For z,y € dom f and u € supp™ (z —y), there exists v € supp™ (z —y)
such that

f@)+ fy) = flx = xu+x0) + FW+ Xu— X0)-

The M-convexity is generalized to a polyhedral convex function as follows. A poly-
hedral convex function f: R"™ — RU {400} with dom f # () is said to be M-convex if it
satisfies the following exchange property:

(M-EXCJR]) For z,y € dom f and u € supp™ (z — y), there exist v € supp™ (z — y)
and a positive number ag € R4y such that

f@) + fy) > flz — alxu — xw) + Fy + alxu — x0))

for all a € [0, o).

The effective domain of a polyhedral M-convex function is an M-convex polyhedron,
which is defined as follows. A nonempty polyhedron B C R” is defined to be an M-
convez polyhedron if it satisfies the following:

(B-EXCJR]) For z,y € B and u € supp™ (z —y), there exist v € supp™ (z — y) and
a positive number oy € Ry such that x — a(xu, — xv) € B and y + a(xy — xv) € B
for all a € [0, a].

In fact, a polyhedral convex function f whose subdivision 7 (f) consists of M-convex
polyhedra is M-convex, which is a consequence of Lemma 2.1 and the following theorem.

Theorem 3.1 ([10, Theorem 5.2]). For a polyhedral convex function f :R"™ — R U
{+00} with dom f # 0, the following two conditions (1) and (2) are equivalent.

(1) f is a polyhedral M-convex function.

(2) argmin(f—(p,-)) is an M-convex polyhedron for every p € R™ with inf(f —(p,-)) >
—00.

In general, a sum of polyhedral M-convex functions is not necessarily M-convex. M-
convexity of the sum depends on whether the polyhedral subdivision induced by the sum
consists of M-convex polyhedra.

3.2 Homogeneous convex extension of a distance
Let X ={1,2,...,n}, and let Q be the finite set defined by
Q={xi—xjli,jeX}
A distance d on X can be regarded as a discrete function defined on the set 2 by setting
dixi —xj) =d(i,7) (1,5 € X).

It is important that d is a distance since the convex-extensibility on 2 is guaranteed by
the triangle inequality.



Lemma 3.2. A discrete function f : Q — R with f(0) = 0 is convez-extensible if and
only if f satisfies f(xi —x;) < f(xi — xx) + fOxre — x35) for all i, j,k € X.

In discrete convex analysis, it is known that a positively homogeneous M-convex
function is given by the homogeneous convex extension of a distance on 2. However,
since dim cone ) = n — 1, we cannot directly apply the polyhedral split decomposition
to the homogeneous convex extension. To cope with this difficulty, we extend €2 to
0 = QU{1, -1}, and define d(1) = d(—1) = 0. Then, cone 2y = R". The homogeneous
convex extension of d on §2; is given, for each x in R, by

- . Yijex (i = x5) + M1+ A (-1) =z,

d(@) = inf Z Aiydxi = x;) ])\El] >0(,je€X), A1 >0, 2120

i,j€X

For any point x € R", z is represented as x = 2/ + A1 with Y " | 2/(i) = 0. In fact,
since d(1) = d(—1) = 0, we have d(z) = d(2'), which allows us to identify the extension
of d on Q2 with that on €24.

Figure 1 (c) illustrates the homogeneous convex extension on € of a metric d on
X = {i,j,k}. Since a point in Q is on a linear hyperplane as in Figure 1 (a), we can
project {(xi — xj,d(i,7)) | i,j € X} to a 3-dimensional space as shown in Figure 1 (b).

k d(k, 1)
A 4

Xk = Xj

(a) (b)

Figure 1: The homogeneous convex extension on 2 of a metric d on X = {i,j, k}.

3.3 Discrete split decomposition of a distance

To apply the the polyhedral split decomposition, we need the set Hgq, of (2;-admissible
hyperplanes. For an X-split {A, B}, we denote by Hy4 py the hyperplane Hayy gy 0 with

[Al1B| <XA XB>

“ABY = AT+ 1B] \JA] B

For the simplicity of the quotients for d, we use aga,py though [ags gyl # 1.

Proposition 3.3 ([7, Proposition 9.3]). The set of Q1-admissible hyperplanes is given
by
HQI = {H{A,B} ‘ {A,B} pan X—Split} U {Hl’g}.

Furthermore, for each Hy4 g}, the quotient CHiu (d) for a split function ZH{A,B} is

given by cp, 5, (d) = max{0,¢n, 5, (d)}, where ¢y, , is represented as

1 d(i, k) +d(l, 5) — d(i,j) — d(l, k),
{ )i )

Ciiamy (D) =5, WIS d(l) + d(k ) — (i, g) — d(k, )



If, in particular, d is a metric, we have ¢y, 5 (d) = bf{lA py» Where bf{lA py s called the
Buneman index defined by

d 1

Wap =5 min  {d(i.k)+d(j,1) —d(i,j) — d(k,1)}.

2 ij€eA, kleB

Theorem 3.4 ([7, Theorem 9.6]). Let d : X x X — R be a distance. Then d can be
decomposed as
—\7 Q
d= Z CH (Dl ) + d, (3.1)
{A,B}ex(d)
where 3(d) = {{A, B} | {4, B} : an X-split with cg, ,,(d) >0} andd’ : X x X — R
is a distance with cp, g, (d') =0 for any X -split {A, B}. Furthermore, we have

d=" >y Dl +d. (3.2)
{A,B}eX(d)

The Q7-admissibility of a set of hyperplanes can be translated to the compatibility
of X-splits. Two X-splits {A, B} and {C, D} are called compatible if at least one of the
sets ANC,AND,BNC and BN D is the empty set. A collection of X-splits is called
pairwise compatible if any two X-splits in the collection are compatible. For a subset H
of Hq,, we denote

Yy = {{A, B} | {A, B} : an X-split with Hy4 gy € H}.

Proposition 3.5 ([7, Proposition 9.8]). A set of hyperplanes H C Hq, is Q1-admissible
if and only if Yy is pairwise compatible.

Furthermore, the decomposition (3.1) can be interpreted as a decomposition of d
into a sum of split metrics and some distance d’. It is easily seen that, for a split
function lp, , 5,, we have Iy, ,, (xi —x;) = Lif {¢,j}NA[ =1 and lg, 5 (xi—x;) =0

otherwise. Hence, [,$*  can be identified with the split metric &4 1. Since Hya gy is
H{A B { ) } { ’ }

}

Q1-admissible, the extension of [ P?{Z,B coincides with lg, 4, by Proposition 2.9.

}

Proposition 3.6. For an X-split { A, B}, the split function lH{A 5y U the homogeneous
conver extension of the split metric {14 py with respect to {A, B}.

It is known that a metric d is a tree metric if and only if d is represented as a sum
of split metrics for pairwise compatible X-splits.

Proposition 3.7 ([7, Proposition 9.7]). A metric d is a tree metric if and only if the
extension of d is decomposed as

d= Z CHp (Dl gy -

By Proposition 3.7, a split-decomposable function f on 3 (with f(1) = f(—=1) =0)
corresponds to a sum of a tree metric and a linear function.

Figure 2 illustrates the polyhedral split decomposition of a metric on X with | X| = 3.
It is known that every 3-point metric can be represented as a sum of split metrics, i.e.,
d" =0 in the decomposition (3.1).



Figure 2: The polyhedral split decomposition of a metric on X = {i, j, k}.

3.4 M-convexity of split functions

As in Proposition 3.6, the split function [ Hiap 18 the homogeneous convex extension
of the split metric {{4 gy, which immediately implies that [ Hyap 15 a positively homo-
geneous M-convex function (if Hia py 18 restricted on the hyperplane Hy). Then, we
are led to the following statement that reveals a remarkable phenomenon for M-convex
functions. Recall that, in general, the sum of M-convex functions is not necessarily
M-convex.

Theorem 3.8. The polyhedral split decomposition of a positively homogeneous M-convex
function as in (3.2) is a decomposition of a polyhedral M-convex function into a sum of
polyhedral M-convex functions.

The rest of this subsection is devoted to unraveling why the M-convexity is preserved
in the polyhedral split decomposition of the extension of a distance. Since the polyhedral
split decomposition is a geometric notion, we explain it especially in terms of geometry.
To this end, we study the polyhedral subdivision induced by split functions since, by
Theorem 3.1 and Lemma 2.1, the M-convexity of d is equivalent to the M-convexity of

all cones in 7 (d). B
Consider that we add a split function lf, ,, to the extension d' of d in (3.1). Since

the polyhedral split decomposition is designed on the basis of Lemma 2.6, [ Hiapy T d
coincides with the extension of [ 1521 +d', that is,
{A,B}

5 Q
Ui + @ =177, +d. (3.3)

Since the right-hand side of (3.3) is the extension of a discrete function on €y, the
equality requires that

cone(F'N Q) = F NconeQ for each cone F € T (lp, 5, + d). (3.4)

By interpreting the decomposition (3.2) as successive additions of split functions to d’,
such a property must hold at each of the additions. Since each addition of a split
function produces a common refinement of 7 (I, 5,) = {H{4 By, lLI{J;LB}7 H{_A,B}} and
the present polyhedral subdivision, a cone appearing in the addition has a form as
HiypyNF, H?A,B} NF, or E{_A»B} NF for a cone F. As d' is M-convex, (the intersections
with cone 2 of) cones in 7 (d’) is M-convex. Hence, according to the interpretation above,
the following observation points out that the preservation of M-convexity in the additions
of split functions is due to a property as in (3.4).

Proposition 3.9. Let F' be an M-convex cone, and let { A, B} be an X -split. Then the
following (1), (2) and (3) hold.
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(1) cone((Hya,pyNF)NQ) = (Hyapy NF)NconeQ if and only if (Hys pyNE)Ncone
is an M-convex cone.

(2) cone((H {A B}OF)HQ) (H (A, B}ﬂF)ﬂconeQ if and only if ( {A7B}OF)ﬂconeQ
is an M-convez cone.

(3) cone((H{_AvB}ﬂF)ﬂQ) =(H (A, B}ﬂF)ﬂconeQ if and only if ( {AvB}ﬁF)ﬂconeQ
is an M-convez cone.

Proof. In this proof, we use the fact that a cone is M-convex if and only if every ray of
the cone has the direction x; — x; for some 7, j € X.

We show (1). The only-if part is obvious since the set (Hy4 gy N F') N €2 consists of
vectors x; — x; for 4, j € X. By the characterization of M-convex cones, (H{A,B} NF)N
cone {2 is M-convex.

Next, we show the if part. Clearly, cone((Hyq,py N F)NQ) C (Ha,py NF)Ncone L.
Then, we show the reverse inclusion. We need to consider only the rays of (H (a,By N
F)Ncone ). Since (Hyg gy N F)Ncone( is M-convex, its ray has the direction x; — x;

for 4,5 € X. Obviously, xi — x; € Q. Hence, x; — x; € (Hyap NF)NQ, and thus
cone((Hyapy N F)NQ) = (Hyapy NFE)Nconeld.
The assertions (2) and (3) are shown similarly. O

4 Quadratic M-convex functions and lattice dicings

In this section, we apply the polyhedral split decomposition to a quadratic M-convex
function. Then, quadratic M-convex function turns out to be a function that is split-
decomposable around each point in its domain. Furthermore, this result indicates that
there is a lattice dicing or, equivalently, a zonotope which fills the space facet-to-facet
by its translation copies [3, 4]. Inspired by a result for lattice dicings, we obtain another
canonical representation of quadratic M-convex functions.

We start with the property of M-convex functions as described in the next theorem;
see also [9, Theorem 6.61].

Theorem 4.1 ([10, Theorem 4.15]). For an M-convex function f : Z"™ — R and z €
dom f, define vf,(u,v) = f(x 4+ Xu — Xo) — f(x) (u,v € X). Then v¢, is a distance.

For each x € dom f, we regard vy, as a discrete function on {23 by setting

Yra(Xi = X5) = V5200, 7) (4,5 € X),  7p2(1) =v72(=1) =0.

Then, by Lemma 3.2 and Theorem 4.1, 7, is convex-extensible on €2;. In addition, the
discrete split decomposition is applicable to vy ..

We are particularly interested in the case that f is a quadratic M-convex function
on Z" N conef), i.e., f can be represented as f(x) = %azTAx for all z € Z™ N cone {2
with some coefficient matrix A. The interest is because a quadratic M-convex function
is available from a tree metric, i.e., a split-decomposable function on {2;. For a distance
d: X xX — Ry, amatrix D = (d;;) is defined by d;; = d(,7) for all i,j € X and

called the distance matriz of d.

11



Theorem 4.2 ([6, Theorem 3.1]). A quadratic form f(z) defined on Z"™ N cone is
M-convez if and only if there exists a tree metric d : X x X — R4 such that

1
flx) = —§$TD$ (x € Z" Ncone(?),

where D is the distance matriz of d.

Let f be a quadratic M-convex function on Z"™ N cone{). Then, by Theorem 4.2,
f is represented as f(z) = —3z' Dz with the distance matrix D of a tree metric d.
Moreover, ~y . for f and x € Z" N cone(} is given by

Vra(u,v) = f(x+xu—Xo) — ()
1 1
= —i(x + Xu = Xo) " D(T 4 Xu — Xo) + §xTDx
1 1
= _xTDXu+xTDXv_§XIDXu+XUTDXu+§XUTDXU

= (=2'D,xu — x0) +d(u,0) (u,0€ X).
Therefore, v, can be regarded as a discrete function on {2y as follows:

Yra(-) = d(-) + (=2 D, ).

By Lemma 2.8, we have 75, = d 4+ (—2'D,-). Since cg, ,(V5z) for Hyy py de-

pends only on d, the quotient cy, ,(7fz) coincides with cp, ,(d) = maX{O,b‘fAjB}}.
Furthermore, since d is a tree metric, we have the following by Proposition 3.7.

Theorem 4.3. For a quadratic M-convex function f on Z™ N cone{) and any point
x € Z" Ncone ), the function vs(-) is split-decomposable.

As the set H(77;) is independent of a point x, by abuse of notation, we use H(f)
for H(77z)-

Let x be a point in Z" N cone{). Since 7y, is split-decomposable, the polyhedral
subdivision 7 (77) induced by 77, coincides with the polyhedral subdivision A(H(f))
given by the hyperplane arrangement H(f). Hence, if H(f) contains n hyperplanes with
linearly independent normal vectors, the point x amounts to the intersection point of
Hj o and translations of linear hyperplanes in H(f). Note that x is a point in the lattice
generated by 2. Hence, by appropriately translating Hy o too, every point of the lattice
generated by {27 appears as the intersection point of translations of linear hyperplanes in
H(f)U{H10}, which means that there is a lattice dicing, described below, with respect
to the lattice generated by €2;.

We here introduce the lattice dicing in R™. Let D be a finite set {D1, Do, ..., Dy}
of families of equispaced parallel hyperplanes in R™. A lattice dicing formed by D is
an arrangement of hyperplanes in the families in D that satisfies both the following two
properties:

(D1) Among hyperplanes in the families of D, there are n hyperplanes with linearly
independent normal vectors.

(D2) For each vertex of the arrangement, there is one hyperplane from each family.

By the condition (D2), the vertex set of a lattice dicing forms a lattice. Note that not
every central hyperplane arrangement provides a lattice dicing. For example, we can
choose at most three lines to make a lattice dicing in R?. Figure 3 (a) is a lattice dicing
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in R?, and (b) is not a lattice dicing. Figure 3 (a) also illustrates the subdivision of
cone () for X with | X| = 3 induced by a quadratic M-convex function. In addition, it is
known that a central hyperplane arrangement produces a zonotope that is the Minkowski
sum of the normal vectors of the hyperplanes in the arrangement. For a lattice dicing
of a space, by constructing a zonotope around each of the vertices of the lattice dicing,
the space is filled with facet-to-facet zonotopes.

NN NN/
AVAVAVAVA
NN NN\

AVAVAVAVA

NN
NN

(a) (b)

Figure 3: (a) a lattice dicing, (b) not a lattice dicing.

We now turn to the relation between lattice dicings and (2;-admissible sets of hy-
perplanes. Let H = {Hq, 0, Hay0,- - - s Ha,, 1,0, Ha,,,0} be an Qq-admissible set of hyper-
planes where a; = agq, g,y for each i = 1,...,m — 1 and a,,, = 1. For each Hy, o € H,
let D; be the set of equispaced parallel hyperplanes H,, j for each k € Z. Suppose that
‘H contains n hyperplanes with linearly independent normal vectors. Then, by the ar-
gument above, the set D(H) defined to be {Dy, Da, ..., Dy, } forms a lattice dicing with
respect to the lattice generated by 2.

Corollary 4.4. Let 'H be a subset of Hq, containing Hy o and n hyperplanes with linearly
independent normal vectors. If H is Qq-admissible, then the set D(H) forms a lattice
dicing with respect to the lattice generated by q.

Furthermore, as a result on the lattice dicings, it is known that, for a set H of
hyperplanes which provides a lattice dicing, there is a routine for obtaining a quadratic
function that induces the lattice dicing. Inspired by this, we propose another canonical
form for a quadratic M-convex function.

Let f be a quadratic M-convex function, i.e., f(z) = —%xTD:I: for a tree metric d.
Then, the set H(f) = {Ha,,0, Has,05-- -, Ha,, 0} of hyperplanes is {23-admissible, where
a; = agy, p;y for each : =1,...,m. We define a quadratic function g by

g(z) = Z bf{lAi,Bi}(<ai’ x))?

i=1
af
az

T . d d d
[al as - am]dlag[b{A17B1},b{A2732},...,b{Amme}] s

= X
T
Am

where diag[bf{l ALBL b b‘f Ao Ba}r ,b‘f A, Bm}] is a diagonal matrix whose diagonal entries
are b‘{iAhBl},bijQ’Bz}, e ,b‘{iAm’Bm}. Writing g(z) = = Qx, we have —%D # (). Never-
theless, a computation shows that f(z) = g(z) for each point x € Z™ N cone Q.
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Theorem 4.5. A quadratic form g(x) defined on Z™ N cone () is M-convex if and only
if there exist a pairwise compatible set of X-splits {{A1, B1},{A2, Ba},...,{Am, Bn}}

and positive numbers i, Aa, ..., Am such that g(z) = S, Ni({a;, x))? where a; is the
vector given by
0 = AillBil (XAi _ XBi) .
" A+ (Bl Al 1B

Obviously, the term ({a,z))? is a rank one form. Hence, g(z) = >_1"; \i({a;, x))? is
a positive combination of rank one forms.
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