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Abstract. Provability logic GL is one of the normal modal logics, which is obtained from the smallest
normal modal logic K by adding Lob’s axiom. The name “provability logic” derives from Solovay’s
theorem in Solovay [4]. He proved that GL is complete for the formal provability interpretation in Peano
arithmetic PA. By his theorem, we might as well say a formula OA asserts that A* is provable in PA,
where A* is an arithmetic sentence corresponding to A.

Smoryniski [3] considered bimodal provability logics by extending GL with another modal operator
V. An arithmetic interpretation of VA is a provability of another arithmetic theory. After that, bi-
modal provability logics for other arithmetic theories have been considered in several papers, especially
Beklemishev [2] gives a detailed survey of this topic.

Here we treat two bimodal provability logics MOS and PRL; among the logics in [3] and give cut-free
sequent systems for these two logics.

1. MOS and PRL;

In this section, we introduce bimodal provability logics MOS and PRL; and their Kripke seman-
tics(cf. [3]). The language of the bimodal provability logics consists of propositional variables, L, A, V,
D, O and V. Formulas are defined as usual. We use upper case Latin letters A, B, C,- - -, possibly with
suffixes, for formulas.

Definition 1.1. The modal logic MOS is the smallest set of formulas containing
all tautologies,
K: O(AD B) D> (0DADOB),
L: O(0AD A) D OA,
Al: VA D OVA,
A2: OA D VA and
A3: O(AD B) D> (VAD VB)
and closed under modus ponens and necessitation.

Definition 1.2. The modal logic PRL; is the smallest set of formulas containing all tautologies, K,
L, Al, A2 and

A4: V(AD B) D (VAD VB)
and closed under modus ponens and necessitation.

The following lemmas are useful for our investigations.

Lemma 1.3.([3])

(1) MOS C PRL,

(2) OA > O0A € MOS

(3) (BAADOB) D O(AA B) € MOS
(4) V(VAD A) D VA € MOS

Lemma 1.4.

(CiA---ANC, AOCL A---ANOC, AVDy A---AVD,,) D A€ MOS

implies
(OCL A---ANOC, AVDy A---ANVDy,) D OA € MOS.

Proof. By the assumption and necessitation,

O(CiA---AC,ANOCLA---ANOC, AVDy A---AVD,,) D A) € MOS



Using K,
O(CLA---ACy AOCLA---AOC, AVDL A--- AVD,,) D OA € MOS

Using Lemma 1.3(3),
(OCy A--- ADOC, ANOOC, A---AO0OC, AOVDy; A---AOVD,,) D OA € MOS

Using Lemma 1.3(2) and Al, we obtain the lemma.

Definition 1.5. A Kripke model for MOS is a tuple X = (W, <, F, |=), where
(1) W is a non-empty finite set,
(2) < is an irreflexive and transitive binary relation on W,
(3) F is a mapping from W to P(P(W)) satisfying
(3.1) X € F(a) implies X C {y | a <7},
(32) {v| o<y} € F(a) and
(33) a< fand X € F(a) imply X Nn{v| 6 <~} € F(0),
(4) | is a valuation satisfying, in addition to the usual boolean laws,
(4.1) o EOAiff for any S € {v]a <~v}, f = A and
(4.2) a = VA iff there exists X € F(a) such that for any 5 € X, § = A.

Definition 1.6. A Kripke model for PRL; is a tuple X = (W, <, R, =), where
(1) (W, <) is as in the above definition,
(2) R is a binary relation on W satisfying
(2.1) «RS implies a < 3 and
(2.2) a < SR~ implies aR~y
(3) = is a valuation satisfying, in addition to the usual boolean laws,
(31) al=0Aiff forany S € {y|a <~}, B A and
(3.2) a = VA iff for any 8 € {v| aRv}, 8 E A.

Let K = (W, <, X, ) be a Kripke model for MOS or PRL;. We say that a formula A is valid in K
if « = A for any o € W.

Lemma 1.7([3]).
(1) A € MOS iff A is valid for any Kripke model for MOS.
(2) A € PRL, iff A is valid for any Kripke model for PRL;.

2. Sequent systems

In this section, we introduce sequent systems for MOS and PRL; and prove their soundness. We
use Greek letters I', A, X, - - -, possibly with suffixes, for finite sets of formulas. The expressions OI' and
VT denote the set {dA | A €T} and {VA | A € T'}, respectively. By a sequent, we mean an expression
I" — A. For brevity’s sake, we write

A17"'5Ak;F1)"'aFl_>A1;"'7AWL7BD"'7BYL

instead of
{Al,---,Ak}Uf‘lU---UFl —>A1U---UAmU{Bl,---,Bn}.
The sequent system GMOS is the system obtained from the sequent system LK for the classical
propositional logic by adding the following three inference rules.
oA, I,aOr, v — A
ar, vy — dA

(O)

VA B.YBTODYS A
VB,0OI, VY — VA !




VA, T,OI vE — A
ar, v — vA

(V2)

The sequent system GPRL; is the system obtained from LK by adding the above inference rule (O)
and the following inference rule.
VAT, O Y, vE — A
aor, v — vA

(V3)

Theorem 2.1.

(1) If a sequent Aq,- -+, Ay, — B, -+, By, is provable in GMOS, then (A1N\---ANAp) D (B1V---VBy,)
is valid for any Kripke model for MOS.

(2) If a sequent Ay, -+, Ay — Bu,- -+, By, is provable in GPRLy, then (A1A--AAp) D (B1V---VBy)
is valid for any Kripke model for PRL;.

Proof. (1) By Lemma 1.7, it is sufficient to show that three additional inference rules hold in MOS.
For (O): Suppose that

(BAANCLA---ANC,ANOCT A---ANOC, AVDy A---AVD,,) D Ae MOS.

Hence
(CLAN---ANC,ANOCLA---ANOC, AVDLA---AVD,,) D (OAD A) € MOS.

Using Lemma 1.4,
(ACy A---ANOC, AVDy A---AVD,,) D O(0A D A) € MOS.

Using L,
(ACL A---ANOC, AVDy A---ANVD,,) D OA € MOS.

For (Vy): Suppose that
(VANBAVBACIA---ANC, ANOCy A---ANOC, AVDy A---AVD,,) D Ae MOS.
Hence
(VBACLA---ANC, ANOCL A---ANOC, AVDy A---AVDy,) D (BD(VADA)) € MOS.

Using Lemma 1.4,

(VBAOCLA---ANOC, AVD1A---AVD,) D0O(BD(VAD A)) € MOS.
Using A3,

(VBAOCy A---ANOC, AVDyA---ANVD,,) D (VB D V(VAD A)) € MOS.

Hence
(VBAOCy A---ANOC, AVDy A---AVD,y,) DV(VAD A) € MOS.

Using Lemma 1.3(4),
(VBAOCy A---ANOC, AVDy A---AVD,,) D VA € MOS.
For (V2): Suppose that
(VANCYAN---ANC, NOCLA---ANOC, AVDy A-+-AVDy,) D Ae MOS.

Hence
(CyA---ANC, AOCy A---AOC, AVDy A---AVD,,) D (VA D A) € MOS.

Using Lemma 1.4,

(OCL A---ANOC, AVDLA---AVD,,) DO(VA D A) € MOS.



Using A2,
(@ACL A---ANOC, AVDLA---AVDy,) DV(VA D A) € MOS.
Using Lemma 1.3(4),

(BCL A---AOC, AVDy A---AVD,,) D VA € MOS.

(2) By (1) and Lemma 1.3(1), (O) holds in PRL;. So, it is sufficient to show that (V3) holds in PRL;.
Suppose that

(VANCLA---ANC, ANOCY A---ANOC, ADyA---ANDyy AVDy A---AVD,,) D A€ PRLy.

Hence
C1D (- (VDy, D (VAD A))---) € PRL;.

Using necessitation and A2,

V(Ci D (- (VDp D (VAD A))--+)) € PRL;.
Using A4, possibly several times,

vCy D (- (VVD,, D V(VAD A))---) € PRL;.

Using Lemma 1.3(4),
vCi D (---(VvVD,, D VA)---) € PRL;.

Hence,

(VCL A AVC, AVOCL A -~ AVOC, AVDy A+ AVDy AVVDy A -+ AVVD,,) D VA € PRL;.
Using A2,

(OCL A---ANOC, AOOCy A---ADOC, AVDy A+ AVDy AOVDy A---AOVD,,) D VA € PRL.
Using Lemma 1.3(2) and Al,

(BCL A---AOC, AVDy A---AVD,,) D VA € PRL.

3. Cut-elimination for GMOS
Here we prove the following theorem.

Theorem 3.1. If there exists no cut-free proof figure for I' — A in GMOS, then there exist Kripke
model K = (W, <, F,}=) for MOS and o € W such that a|= A for A€ T and o = B for B € A.

For a proof of the above theorem, we extend the method in Avron [1], which gives a cut-free sequent
system for GL(see also Valentini [5]).

Definition 3.2. A sequent I' — A is said to be saturated if the following conditions hold:
(1)if ANB €T, then A,B €T,

(2)
3)if ADBeT,then A€ Aor BeT,
(4)if ANBe A, then A€ Aor BeA,
(5)if AV B € A, then A, B € A,

(6)if ADBe A, then AeT and B € A.



By Sub(A), we mean the set of subformulas of A. We put Sub(I") = |J . Sub(A) and Sub(I' — A) =
Sub(T") U Sub(A).

Lemma 3.3(cf. [1]) IfT' — A has no cut-free proof figure in GMOS, then there exists a saturated
sequent TV — A’ having no cut-free proof figure in GMOS such that T C TV C Sub(T' — A) and
A CA CSub(T — A).

In this section, we call a saturated sequent in the above lemma a saturation of I' — A.

Definition 3.4. Let Sy be a sequent having no cut-free proof figure in GMOS. We define a set
W (Sp) as follows:

(1) So € W(S50),

(2) if a sequent I' — A, 0A belongs to W(Sp), then so does a saturation of

DA, {D|0D eT},{0D |O0D eT},{VvD|VDeT} — A,
(3) if a sequent I' — A, VA belongs to W(Sp), then so does a saturation of
VAA{D|ODeT},{0D|0D eI}, {vD|VD eI} — A,
(4) if a sequent VB,T' — A, VA belongs to W(Sp), then so does a saturation of
VA,B,vB,{D|0OD eT},{0D|0D eT},{vD|VDeTl} — A.

Lemma 3.5. Let Sy be a sequent having no cut-free proof figure in GMOS and let S be a sequent
in W(Sy). Then S has no cut-free proof figure in GMOS and contains only formulas in Sub(Sp).

Proof. We use an induction on S as an element in W(Sp). If S = Sy, then the lemma is clear.
Suppose that S # Sp. Then S € W(Sp) is known using (2),(3) or (4) in Definition 3.4. We only show
the case that (2) is used. So, there exists a sequent I' — A, 0A4 € W(S) and S is a saturation of

0A,{D|0D €T},{0D | 0D €T}, {vD|vD €T} — A.

By the induction hypothesis, I' — A,0A has no cut-free proof figure in GMOS and contains only
formulas in Sub(Sp), hence so does a sequent

{O0D| 0D eT},{VD|VD eI} — OA.

Using the inference rule (O) and Lemma 3.3, we obtain the lemma.

Corollary 3.6. Let Sy be a sequent having no cut-free proof figure in GMOS. Then W(Sp) is
finite.

Definition 3.7. Let Sy be a sequent having no cut-free proof figure in GMOS. We define a structure
K(So) = (W(Sh), <, F, =) as follows:

(1) I'n - Ay <T'y — Ay 1H{D | DD€F1}U{DD | DD€F1}U{VD | vD 61“1} C I'; and there
exits a formula B € A; NT'5 such that B =0D or B = VD for some D,

2 FT -A)={{T">A"ITo A< >ADel’}|VDeT}U{{I' A" T AT -
A'}}.

(3) | is a valuation satisfying, in addition to the laws in Definition 1.5,
peliff T -AkEp

for any propositional variable p.

Lemma 3.8. Let Sy be a sequent having no cut-free proof figure in GMOS. Then K(So) is a Kripke
model for MOS.



Proof. By Corollary 3.6, it is sufficient to show the following five:
) < is irreflexive,

) < is transitive,

) X € F(I' - A) implies X C{I" - A" [T - A<V — A’}
J{IV = AT A<V > A e F(T — A),

For (1): Suppose that ' — A < T' — A. Then there exits a formula B € ANT. So, there exists a
cut-free proof figure I' — A in GMOS. This is contradictory to Lemma 3.5.

For (2): Suppose that I'y — Ay < T — Ay < T'3 — Ag. Then for any OD € I'y, we have OD € I'y,
and so, D, 0D € I's. Similarly, for any VD € I'y, we have VD € I's, and so, VD € I's. Hence

{D|OoD el }u{0D|0D el }U{vD|VvD €T} CT;.

By I't — A1 < T's — Ay, there exits a formula B € A1 NT's such that B =0D or B = VD for some D.
Using I's — Ay < T'3 — Ag, we have B € A; NTI3.

For (3): From Definition 3.7(2).

For (4): From Definition 3.7(2).

For (5): Suppose that T’y — Ay < Ty - Agand X € F(T1 — Ay). U X ={I" - A" |T1 - A1 <
I — A’} then by (2), X N{I" 5 A" [Ty > Ag < TV 5 A} ={I" - A" | T - Ay < IV = A} €
F(T'y — Ag). So, we assume that X = {I" - A’ |1 - Ay <Y - A’, D € I"} for some VD € I';. By
't — Ay < Ty — Ay, we have VD € T's. Using (2), X N{IY - A" [Ty - Ay < IV - A’} ={I" - A |
Ty — Ay <I —>A/,D EF/} S F(FQ — Ag)

Lemma 3.9. Let Sy be a sequent having no cut-free proof figure in GMOS. Then in K(Sp),
(1) A€l impliesT' — A=A and
(2) A e A impliesT' — A = A.

Proof. We use an induction on A.

If A is a propositional variable or L, then we obtain (1) and (2) by the definition of = and Lemma
3.5.

Suppose that A is not variable or L and the lemma holds for any proper subformula of A. We only
show the following two cases.

The case that A = OB: Suppose that OB € I'. Then for any I' — A’ e {I" - A’ | T - A <I' —
A}, we have B € I, and by the induction hypothesis, I' — A’ = B. Hence I' — A = 0OB.

Suppose that OB € A. Then a saturation S of a sequent OB, {C' | OC € I'},{0C | OC € T'},{vC |
vC € I'} — B belongs to W(Sp). We note that B belongs to the succeedent of S and I' — A < 5. So,
by the induction hypothesis, S ~ B, and hence, I' — A [~ OB.

The case that A = VB: Suppose that VB € I'. Then {I' - A’ |T - A<I" - A, Bel'} €
F(I' — A). By the induction hypothesis, S = B for any S € {I" - A’ |T - A<I" - A, BeI'}.
Hence I' - A = VB.

Suppose that VB € A. We will show that for any X € F(I' — A), there exists S € X such that
SEB IftX ={" - A" |T - A <I" — A’}, then a saturation S; of a sequent VB,{C | OC €
I} {OC | 0C eT},{vC | vC €T} — B belongs to X, and by the induction hypothesis, S; & B. So,
we assume that X = {I" - A’ |T - A <I”" — A’, D € I"} for some VD € T'. Then a saturation Sy of a
sequent D,vB,{C | OC €T},{0C |OC €T}, {vC | vC €T} — B belongs to X, and by the induction
hypothesis, Sy = B.

By Lemma 3.8 and Lemma 3.9, we obtain Theorem 3.1.

Corollary 3.10. The following four conditions are equivalent:

(1) Ala"'vAm _>B17"'7-Bn € GMOS;

(2) (A1 A~ ANAp) D(B1V---V By) is valid for any Kripke model for MOS,
(3) there exists a cut-free proof figure for Ay,---, Ay, — B1,---, B, in GMOS,



(4) (AL A+ AAp) D (BL V-V By) € MOS.

Proof. Theorem 2.1 shows that (1) implies (2). By Theorem 3.1, we have that (2) implies (3). It is
clear that (3) implies (1). The equivalence between (2) and (4) is shown in Lemma 1.7.

4. Cut-elimination for GPRL;
Here we prove the following theorem.

Theorem 4.1. If there exists no cut-free proof figure for T' — A in GPRLy, then there exist Kripke
model K = (W, <,R,|=) for PRLy and o € W such that a = A for A€T and o = B for B € A.

To prove the theorem above, we show some lemmas.

Lemma 4.2(cf. [1]). IfT — A has no cut-free proof figure in GPRLy, then there exists a saturated
sequent TV — A’ having no cut-free proof figure in GPRL; such that T C TV C Sub(l' — A) and
A CA CSub(T — A).

In this section, we call a saturated sequent in the above lemma a saturation of I' — A.

Definition 4.3. Let Sy be a sequent having no cut-free proof figure in GPRL;. We define a set
W*(Sp) as follows:

(1) So € W*(5),

(2) if a sequent I' — A, 0A belongs to W*(Sp), then so does a saturation of

OA{D|O0DeT}{OD|0ODeTl},{vD|VDeTl} — A,
(3) if a sequent I' — A, VA belongs to W*(.Sp), then so does a saturation of
VA{D|O0DeT},{0D|0ODeT},{D|vDeTH{vD|VvDeT} — A.

Lemma 4.4. Let Sy be a sequent having no cut-free proof figure in GPRLy and let S be a sequent
in W*(Sp). Then S has no cut-free proof figure in GPRL; and contains only formulas in Sub(Sy).

Proof. Similarly to Lemma 3.5.

Corollary 4.5. Let Sy be a sequent having no cut-free proof figure in GPRLy. Then W*(Sy) is
finite.

Definition 4.6. Let Sy be a sequent having no cut-free proof figure in GPRL;. We define a structure
K*(So) = (W*(So), <, R, =) as follows:

(1) < is as in Definition 3.5,

(2) I't — A1RI'y — Ay IH{D | oD e Fl}U{DD | oD e Fl}U{D | vD e Fl}U{VD | vD e Fl} CTIy
and there exits a formula B € A; NIy such that B = 0D or B = VD for some D.

(3) = is a valuation satisfying, in addition to the laws in Definition 1.6,

peliff T -AkEp

for any propositional variable p.

Lemma 4.7. Let Sy be a sequent having no cut-free proof figure in GPRLy. Then K*(Sy) is a
Kripke model for PRL;.

Proof. The proof of Lemma 3.6 shows the irreflexivity and transitivity of <. We only show the
condition for R. By the definition, we have that SRSy implies S; < S. Suppose that I'y — Ay <
Ty — AsRI'3s — As. Then for VD € T'y, we have VD € I's, and so, D € I's. On the other hand, by the



transitivity of <, we have I'y — A; < T's — Ajz. Hence we obtain I'; — A; RT's — As.

Lemma 4.8. Let Sy be a sequent having no cut-free proof figure in GPRLy. Then in KC(Sy),
(1) A€l impliesT' — A=A and
(2) A e A impliesT — A B= A.

Proof. We use an induction on A. We show only the case that A = VB. The other cases can be
shown similarly to Lemma 3.9.

Suppose that VB € I'. Then for any IV — A’ ¢ {" - A" |T' — ARIY — A’}, we have B € T”, and
by the induction hypothesis. I' — A’ = B. Hence I' — A = VB.

Suppose that VB € A. Then a saturation I — A’ of a sequent VB,{C | OC € T'},{0C | OC €
'}, {C|vC eT},{vC|VvC €T} — B belongs to W(S;). We note that B € A" and ' — ARTY — A,
Using the induction hypothesis, I — A’ £ B, and hence, I’ — A (£ VB.

By Lemma 4.7 and Lemma 4.8, we obtain Theorem 4.1.

Corollary 4.9. The following four conditions are equivalent:

(]-) Ala"'vAm _>B17"'7-Bn € GPRLI;

(2) (A1 A~ NAR) D(B1V---V By) is valid for any Kripke model for PRLy,
(3) there exists a cut-free proof figure for Ay,---, Ay, — B1,-++, B, in GPRL;y,
(4) (A1 A---NAR)D(B1V---VB,) € PRL;.

References

[1] A. Avron, On modal systems having arithmetical interpretations, The Journal of Symbolic Logic, 49,
1984, pp. 935-942.

[2] L. D. Beklemishev, Bimodal logics for extensions of arithmetical theories, The Journal of Symbolic
Logic, 61, 1996, pp. 91-124.

[3] C. Smorynski, Self-reference and Modal logic, Springer-Verlag, 1985.

[4] R. M. Solovay, Provability interpretations of modal logic, Israel Journal of Mathematics, 25, 1976, pp.
287-304.

[5] S. Valentini, The modal logic of provability: cut-elimination, Journal of Philosophical logic, 12, 1983,
pp. 471-476.



