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Abstract

We look at a consistency of set theory where club guessing fails but the continuum hypothesis holds.
Tts proof due to S. Shelah takes many new ideas. Among others, we prepare a preliminary note to deal with
a kind of properness of higher order.

Introduction

In [S1] and [S2], consistencies of statements together with the continuum hypothesis (CH) are dealt.
Starting in the ground model V' where we assume CH, we construct models V[G] of set theory via iterated
forcing. We keep the least uncountable cardinal w; between V' and the extensions V[G]. We add no new
reals over V' so that CH remains in V[G] while forcing what we want in V[G].

In this note we take a look at a model where club guessing (CG) fails and CH holds. This construction
has a long history. Please see [S1] and [S2]. Recent related works include [Sa] and [M]. In [Sa], the preservation
of = CG under Cohen forcing is shown. Hence it implies a consistency of set theory where = CG holds while
2¢ is large. [M] considers a combinatorial principle which implies both = CG and 2% = 2¢' > w;.

We write this note based on a small fragment of [S2]. What we deal with is sets of countable elementary
substructures of various H, and their internal structures. What appears to be left are (1): an argument
with a tower of a finitely many, 5 or so, elementary substructures of [S2]. (2): a right induction hypothesis
with respect to iterated forcing accommodating (1) rather than a game in [S2]. It would take a consideration
to where we argue with (1). (3): exact calculations of how many layers of elementary substructures are
required in advance compared to a given amount of elementary substructures to be retained. Related is
formulations of clubs serving as guides to the calculations of (2) and (3) through the iteration. And of
course, (4): w*-bounding together with properness under countable support for this purpose as in [S1].

It would take (3) to accomplish (2). I provide no pictures at successor stages for (3). Therefore I have
left a lot to a consistency proof.

§1. How to cope with losing elementary substructures

We first go through some of objects in use to set our notations.

Notation 1.1. Let C be a closed unbounded subset (club) of wy. The set of countable ordinals which
are accumulation points of C is denoted by C. Let © denote the set of countable limit ordinals. Thus C' C Q
and if § € C, then C' N § is cofinal below 6 € C. A ladder A at 6 € Q is a cofinal subset of § and is of
order-type w. A ladder system (As | 0 € Q) is a system of ladders attatched to each § € Q. Club Guessing
(CG) means there exists a ladder system (As | § € Q) such that for any club D of wy, there exists § €
such that As\ D is finite. For any set X, its size is denoted by | X |. Hence | As \ D | < w.

For a regular cardinal x, H, denotes the set of sets which are hereditarily of size less than x. An &-chain
(N; | i <) of countable elementary substructures of H, means that each (N;, €) is a countable elementary
substructure of (Hy, €), (N; |i < j) € Njqq for all j with j+1 < and N; = [J{N; | ¢ < j} for all limit
j with j < I. We also say (M,, | n < w) is an €-chain, if for all n < w, we have M,, € M,,41 and M,
are countable elementary substructures of different H,’s. This use of terminology is some what confusing,
however there should be no real harm by considering the contexts.

We would like to get the consistency of the negation of CG (denoted by — CG) together with the
continuum hypothesis (CH). This consistency together with many others are claimed in [S2]. An account of
this goes as follows; Assuming CH in the ground model, we may iterate wo-times with the following under
countable support.

Definition 1.2. Let (45 | § € Q) be a ladder system. Let p = (o, CP) € P = P({As | 0 € Q)), if
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(1) af < wy,

(2) CP C aP +1is closed and o® € CP,

(3) Foralla € Q with a < aP, | A, NCP | < w.
For p,q € P, let q < p, if

(1) a? < af,

(2) CP=C1N(a? +1).

The following is from [S2] (or may see [M]).

Lemma 1.3. Let x be a sufficiently large regular cardinal and N be a countable elementary substructure
of H, with P € N. Let 6 = NNw;. Let p € NN P and F be a finite subset of §, then there exists ¢ € P
such that ¢ is a lower bound of some (P, N)-generic sequence and C?N F = CP N F. In particular, P is
proper and o-Baire.

We iterate with this family of notions of forcing to get = CG via a suitable book-keeping. We denote
it by I = (P, | @ < wsq). We certainly have - CG, since each ladder system gets killed by the generic clubs
C = {C? | p € G}, where G denotes the P-generic filters. But to get CH, we need many new ideas as in
[S2].

Since each P is o-Baire, we add no new reals at each successor stage. However, if we are to add no
new reals at the limit stages of iterated forcing, we would want some form of higher properness such as
a-properness for all & < w; and some type of completeness [S1]. But in the present context we even do not
have an w-properness. This is because w-properness preserves CG and iterates under countable support [S1].

Motivation 1.4. (1) Let (V, | n < w) be an €-chain in H,, where x is a sufficiently large regular
cardinal. If it happens to be the case that (N, Nw; | n < w) coincides with the enumeration of As_, where
0w = N, Nwi, then there is no ¢ € P which is (P, N,,)-generic for all n < w.

w?

(2) Let x; be sufficiently large regular cardinals for ¢ = 0, 1,2. Suppose p € P, P € H,, € H,, € H,. Let
N be a countable elementary substructure of H,, with xo, x1,p, P € N. Notice that we have H,,, Hy, € N
and so NN H,, and N N H,, are elementary substructures of H,, and H,, respectively. Let (N1, | n < w)
be an €-chain of countable elementary substructures of H,, such that xo,p, P € Nig and Ny, = N N H,,.
Let 8, = Niw Nwy. Let (No; | i < w?) be an €-chain in H,, such that p, P € Ny, for all n < w,
Now.(n+1) = N1n N Hy,. We may choose an €-subchain (Ny;, | n < w) so that w-n < i, <w-(n+ 1) and
As, N {No;,, Nw1 | n <w} = 0. Now construct (g, | n < w) such that ¢, € No;,., N P is (P, No;, )-generic,
C™NAs, =CPNAs, andp > gy > qni1. Let ¢ = (a2, C?), where a? = ¢, and C?7 = | J{C? | n < w}U{d,}.
Then C1N As, =CP N As,. Hence g € P and q is (P, Ny, )-generic for all n < w.

Starting with a family ¥ of many countable elementary substructures of various H,’s, we may push
further so that a subfamily of Y of some large size gets retained and have a common generic condition. We
lose many elementary substructures out of Y but we still keep many at hand. This type of starting-many-
retaining-sub-many argument takes place in the context of iterated forcing I = (P, | @ < wy). Therefore we
need to prepare a theory to deal with many countable elementary substructures of many H,’s in a tractable
manner. The contents of subsequent sections are developed based on a small fragment of [S2] and are far
from being complete at present.

§2. Many elementary substructures

Definition 2.1. Let I be an wy-stage iterated forcing. Let (xo | @ < ws) be a sequence of regular
cardinals such that

(1) I € Hy,,
(2) Forall @ < ws, (Hy, | B<a) € Hy,.

Notice that if 0 < o < we, then 0 < a < wy < xg < Xo holds.
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For a < wo, let

o = {N | N is a countable elementary substructure of H,, with I,(€s | f < a) € N} C H,,.

E,’s are pairwise disjoint and sort of downward closed.

Proposition 2.2. (1) If N € &,, then (H,, | B < a),(xg | B < a),a € N.
(2) N €&, and N € &g, then a = 3.
(3) N €& and B€ NNa, then NNH,, € &g.
(4) f Ne &, and NNEg # 0, then S € N and § < .
Proof. For (1): |J&3 = Hy, and x = HyN ON. Hence (H,, | # <a),(xs | f <a) € N.

For (2): If not, then we may assume 3 < a. Then (H, |y <a) € N and N C H,, (Actually, we have
N € H,,). Hence (Hy_ | v<a) € Hy, and so H,, € H,,. This is a contradiction.

For (3): Since N is an elementary substructure of H,  and H,, € N, we have N N H,, is a countable
elementary substructure of H,,. We have I € NN H,,. Hence I € N N H,,. Since (£, | v < @) € N and
B e N. Hence (&, |y <) e NNH,,.

For (4): Let M € NN&g. Then 3 € M C N and so § € N. Since (Hy_ | v < ) € M C N, we have
(Hy, | v<p) € Hy, and so 3 < a.

Via absoluteness considerations, we actually have the following.

Proposition 2.3. For a countable elementary substructure N of H,, with I € N, (xg | 8 < a) € N if
and only if (H,, | 8 < «) € N if and only if (£5 | B < ) € N.
m|

Definition 2.4. For N € &,, we know a = a(N) is uniquely determined by N. Let us denote
box(N) = boxo (N) = J{€sn N | Be Nna}.

Let D(N) = D, (N) be the set of all Y such that
e Y C box(N),
e Foreach f € NNa, (YNEs, €) is a well-order. If (Ng;(Y) | i < I3(Y")), simply denoted as, (Ng; | ¢ < lg)

lists the elements of Y N &g in the strict order €, then it forms an €-chain and converges to N N H, ;.
By this we mean

o (Ngj | j <1i) € Ng;41 (strictly increasing),

e If i is limit, then Ng, = (J{Ngs, | j < i} (continuous),

e NNH,, =U{Ngi |i<lg} (Ng; converges to N N H,,).

In particular, the order-type Iz is limit.

efore NNa, M eY N&sand vy € M NG, wedemand M NH, €Y and M N H, = N,; for some
limit j < I,. In particular, we have M N H, = J{N,: |i<j}.

Proposition 2.5. (1) If N, M € &, and M € N, then box(M) C box(N).
(2) If N € &, then box(N) = @) and so Do(N) = {0}.
(3) Let N € &, and Y € Do(N). Then no N N H,, belongs to Y for any € NNa.
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Proof. For (3): This is because if NN Hy, € Y, then NN H,, € N andso NNH,, € NNH,,. This
would be a contradiction.

Pictorially, we may draw Y as a sort of a triangle inside a rectangular shape box(N). We see Y consists
of €-chains (Ng; | i < lg) converging to N N H,, at all levels H,, for all 3 € N Na.

Example 2.6. We pay attention to typical elements of &, & and &;.
(1) Let N be a countable elementary substructure of H,, with I € N. Then this is equivalent to NV € &.

(2) Let N be a countable elementary substructure of H,, such that I,xo € N. Then this is equivalent to
N € & Let (N, | n <w) be an €-chain in & such that J{N, | n <w} = NN Hy,. Then {N, | n <w} €
Di(N).

(3) Let N be a countable elementary substructure of H,, with I, xo,x1 € N. Then this is equivalent to
N € &. Let (N1, | n < w) be an €-chain in & such that NN Hy, = J{Ni, | n <w}. Let (No; | i <w?) be
an €-chain in H,, with I € Nyo. For all n < w, we demand N1, NH,, = Noy.(nt1) = U{Noi | i <w-(n+1)}.
Then {No; |i <w - (n+1)} € D1(Nyy,) for all n < w and {Ng; | i <w?} U{N1, | n < w} € Da(N).

Though we draw Y € D, (V) as a triangle in box(N), Y’s structure would be much more complex. In
particular, we see no easy comparisions of lg’s for 3 € N Na.

Proposition 2.7. Let N € &, and YV = {Ng; | 8 € NNa,i <lg} € Dy(N). Let v < 8 < « and
v,B8 € N. Let iy be the least i < Iz such that v € Ng,;. Let f : [ig,l3) — [, be a function such that f(i) = j,
where ig < i < lg and Ng; N H, = N,;. We know f(i) is a limit ordinal and so

flio) +w - (i —io) < f(i).

Hence w - (1+ (i —ip)) < f(i) and so w- (1 + (Ig — i0)) < 5.

For a simpler situation with g = 0, we have

Proposition 2.8. Let N € &, and YV = {Ng; | 8 € NNa,i <lg} € Dy(N). Let 3 € NNa and
% € Ngo N B. Then

(1) For all i < g, if Ng; N H,_ = N,;, then we have N,; Nw; < N Nw; and so
w-(14+4) <j<NNwi.

(2) In particular, we have lg < 1, <ly < N Nuw.

By example 2.6, we see that [g may not be indecomposable.
§3. Internal strutures of D, (N)

We consider two natural projections.

Proposition 3.1. Let N € &, and Y = {Ng, | 8 € NNa,i < lg} € Do(N). Let 5 € NNa and
M e Yﬂgg.

(1) YN box(M) € Dg(M). We may call (M,Y N box(M)) the projection of (N,Y) down to M.
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(2) For each vy € M N B, (YN box(M)) NE, listed as (Ny; | @ < fy(M)), where Ny (ary = M N H, and
f~(M) is a limit ordinal.

(3) YN box(N NH,,) € Dg(NNH,y,). We may call (NN H,,,YN box(N N H,
down to .

(4) For each y e (NNHy,)NB=NNEG, (YNbox(NNH,,))NE =Y NE, listed as (Ny; | i < ly).
Proof. For (1) and (2): We have three conditions to check. First Y Nbox(M) C box(M).

,) the projection of (N,Y)

Next, for v € M N 3,
(YNnbox(M))N&E =Y N(ENM)=XYNE)N(MNH,).

Hence (Y Nbox(M))NEy = {N,; | i <j}, where Ny; = M N H,_. And so it is well-ordered by €. It forms
an initial segment of the e-chain (N,; | i < l,) which lists the elemennts of Y N &, in the strict order €. We
have ([ J{Nyi | i<j} =Ny, =MnNH,_.

Lastly, for any v € M NG, My € (Y Nbox(M))NE,, and 2 € My Ny C M NG, we have
MinH, 6 €YNE, CYNbox(M),

and if My N H, = N,,j, then j is limit. We know (N.,; | 7 < j) is an initial segment of Y'N box(M)NE,,.
For (3) and (4): Similar.

Motivation 3.2. Let M € £,m and N € £,~. We are interested in their possible configurations.
(1) Let M € N. Then we have o™ <o, MNna™ C Nna® and for all 8 € M NaM, we have H,, € M
and so M N Hy, € N holds. In particular, we have box(M) C box(N).

(2) In turn, let box(M) C box(N) and for all 3 € M Na™, M NH,, € N. Suppose N* € &, and
M,N € Y* € Dy-(N*). Let us denote Y™ = Y* Nbox(M) and YV = Y* Nbox(N). Then we have
seen that Y™ € Dou(M) and YV € Do~ (N). We have YM = YV Nbox(M). For any 8 € M NaM,
we have M N Hy, € Y* and so M N Hy, € Y*N box(N) =Y.

Definition 3.3. Let N € E,~, YN € D ~n(N), M € E,m and YM € D (M).
We denote (M,YM) <o (N, YY), if
o YM = YN nhox(M),
e Forall 3 € M Na, MnH,, cYnN.
We similarly denote (M, Y M) <, (N, YY), if
o aM =N,
e M €N,
o (M,YM) <o (N, YN).
Lastly, (M, YM) <., (N, YY), if
o McYN,
o (M,YM) <y (N, YN).

Notice that (M,Y™M) <y, (N, YY) does not imply sup(M N a?) = sup(N N av). It is possible that
sup(M N aM) < sup(N Na?). For example, consider oV = o™ = w;. On the other hand if (M,YM) <,
(N, YY) and oV is limit, then sup(M N a™) < sup(N N a?) holds. Since M,a? € N and o™ < o, we
have sup(M NaM) € N and sup(M NaM) <o < o™ +1 <oV,
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Proposition 3.4. Let N € &, YN € D.~v(N), M € Egu, Y™ € D ou(M), N* € E,n+ and
YN € D n« (N¥).
(1) (M, YM) <o (M, YM)iff YM =0 iff o™ = 0.
(2) If (M, YM) <o (N,YN) <o (N*,YN"), then (M,YM) <o (N*,YN") (transitive).
(3) f e Nnal¥ and M € YN N &g, then (M, Y™ Nbox(M)) <up (N,YN).
Let (M, YM) (N, YN) <o (N*,YN"). Then
If M € N, then o™ < o and for all € M Na™, MnH,, cYnV.
If forall € MNaM, MNHy, €YY, then (M,YM) <o (N, YY),
If o™ =a® and M € N, then (M,Y™M) <y, (N,Y?).
If M € YV, then oM < o and (M, YM) <, (N,Y).

Proof. For (4): Let 8 € MNa™. Then 8 € NNaN. Hence H,, € N andso MNH,, € NNH,, € Y*.
We conclude M N H,, € YV,

For (5): Want Y™ = YN box(M). For 8 € MNaM, we have MNH,, € EgNYYN and so € NnaP.
Hence MNa™ C NNa®N. For 8 € MNa™, YMNEg is the initial segment of Y*NEg below MNH,, € Y*NEg.
This initial segment can be viewed as the initial segment of Y N &g below M N H,, € Y~ N E3. Hence
YM = {YMné& | Bean M =Y nEN(MNH,) | BednMy=Y"nU{E&NM|Be
oMM} =YNN box(M).

By the following two propositions, we see that D, (IN) has a recursive construction.
Proposition 3.5. (Successor) Let N € E,41. Then the following are equivalent.

(1) Y € Day1(N).
(2) There exists an €-chain (N; | ¢ < ) in &, such that [ is limit and J{N; | i < I} = NN H,, and
for all 4 < I, there exist Y; € D,(V;) such that ((N;,Y;) | i < l) is a <po-increasing sequence and

Y =U{Yiu{N:} i<}

If (2) holds, then for all 7 < I, we have (N;,Y;) <yup (N,Y).

Proof. (1) implies (2): o € N, as (Hy, | 8 < a+1) € N. Let (N; | i <) list the elements of (Y N&,, €)
increasingly. Then (N; | ¢ < ) is an €-chain with (J{N; | ¢ < I} = NN H,,. Let Y; = Y N box(N;).
Then we have (N;,Y;) <up (N,Y). Therefore we may conclude ((N;,Y;) | ¢ <) is <no-increasing such that
Y=U{Yiu{N:} i<}

(2) implies (1): We have three conditions to check. First ¥; C box(V;) C box(N) and N; € box(N).
Hence Y C box(V). Next let 8 € NN(a+1). We want Y NEg is an €-chain. If 8 < a, then § € N;- for some
i* <l. ThenYN&g = (H{Yin&z | i > i*}. Since (N;,Y;) forms a <po-increasing sequence, | J{Y;NE3 | i > i*}
is an €-chain converging to N N H,,. If § = «, then Y N&Ez = {N; | i < I} is an €-chain converging to
NNHy,. Lastly,let 1 e NN(a+1), M €Y NE, and 72 € M Ny. We want M N H, €Y NE,, and if
MnNH,, = N,,j, then j is limit. But since ((N;,Y;) | i <) is <po-increasing, we are done.

m

Proposition 3.6. (Limit) Let N € &, and « be limit. Then the following are equivalent.
(1) Y € Dy(N).
(2) There exists ((an, Np, Ys) | n < w) such that (o, | n < w) is a strictly increasing cofinal sequence in NN,

Np € £a, NN, Y, € Dy, (Ny) and (Ny,, Y5) <up (Nng1, Yng1), N converges to | J{NNH,, | € NNa}
and Y = U{Yn | n<w} =U{Yn U{Nn} | n <w}.

If (2) holds, then for all n < w, (N,,Y;) <yup (N,Y).
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Proof. (1) implies (2): Take (o, | n < w) such that «,, € N N« are strictly increasing and cofinal
in NNa. Let us then take an €-chain (N,, | n < w) such that N,, € &, NY and (N, | n < w} =
U{NNH,, | BeNna}.

Now set

Y, =Y nbox(N,,).

Since (Ny,, Yy), (Npt1, Yog1) <up (N,Y) and N,, € Y41, we have
(Nn; Yn) <up (Nn+1; Yn+1)-

Since J{INN& | e NNna}t=U{N.N&3 | n <w,B €N, Nay}, we have
box (N U{box )| n<w}

and so

Y:U{Yn|n<w}.

(2) implies (1): We have three conditions to check. First we want ¥ C box(NN). This holds, because
Y = {Yn | n <w} and Y, C box(N,) C box(N).

Next let 8 € NNa. Then Y NEg is well-ordered by € and if (Ng;(Y) | i <) lists the elements of Y N &g
in the strict order €, then it is an €-chain in H,, converging to N N H, ;. This holds, because «,, are strictly
increasing cofinally in N Na, (Ny, Y5) <up (N1, Yng1) and N, converges to J{N N H,, | B € N Na}.

Lastly, let € NNaand M € YNE3. Then 8 € N, Ny, and M € Y, NEg for some n. Let v € M N f.
Then M NH, €Y, Hence MNH, €Y. If MNH, = N,;(Yy,), then MNH, = Nj(Y,) = Ny(Y)
and j is limit.

O

We extract constructions above.
Lemma 3.7. (<o-Limit) We have two typical constructions.

(1) (successor step) Let N € Eq41. Let (IN; | @ < 1) be an €-chain in &, such that [ is limit and V; converge
to NN H,,. Let (Y; | i <) satisfy for all ¢ <, Y; € Do(N;) and for all i < j, (N;,Y;) <no (N}, Y;).
Let Y = U{Y U{N;} | i<l}. ThenY € Dqyqq (V) such that for all ¢ < I, (N;,Y;) <up (IV,Y).

(2) (limit step) Let o be limit. Let N € &,. Let (o, | n < w) be strictly increasing and cofinal in N Nea. Let
(N | n < w) be an €-chain such that N,, € NN&,, and N, converge to [J{NNH,, | 3 € NNa}. Let
(Y, | n < w) satisty for all n < w, Y, € Dy, (N,,) and (N,,,Y5) <up (Npt1, Ynt1). Let Y = J{Y, | n <
w}. Then Y € Do (N) and for all n < w, (N,,,Y,) <up (N,Y).

Proof. Routine. For (1): Let 8 € N N«a. Then
(Ns; (Y) |7 <1s(Y)) = [ JUNg (Y3) | <ls(Ya)) | i <16 € Nina}.

For (2): Let § € N Na. Then

(Np; (V) | 5 < 1s(V)) = {5 (V) 1 5 < 1s(Ya)) | n < w, B € Ny N}

84. Extension Properties

We define 4 extension types.



Definition 4.1. Let N; € &,, for i = 1,2,3 and let Y; € D,,(N;) for i = 1,2 such that Ny, N € N3,
as € N1 Nap and
(Nl n HXOQ , Y1 N bOX(Nl n HXOQ)) <ho (NQ, Yé)

We want to find Y3 € D, (N3) such that
(N1)H)7(N2)}/2) <0 (N3)}/23)

Depending on the configurations, we have 2 types.
(Type 1) as < a1 = ag: (N1, Y1) <no (IV3,Y3) and (No, Y2) <yup (N3, ¥3).
(Type 2) a < oy < asg: (Nl,le) <up (Ng,YEg) and (NQ;YVQ) <up (NB;YES)-

Let N; € &,, for i = 1,2 such that Ny € Na. Let Y7 € D,,(N1). We want to find Yz € D,,(N2) such
that
(Nlan) <0 (NQ)}/YQ)

Depending on the configurations, we have two types.
(Type 3) an = az: (N1, Y1) <no (N2, Y2).
(Type 4) an < az: (N1,Y1) <up (N2,Y2).

Proposition 4.2. All of the 4 extension types hold.

Proof. We prove all of the 4 extension types simultaneously. Let a < wy be the greatest ordinal in each
type. We prove by induction on a.

Successor o — o + 1:
(Type 1) We have two cases.

Case 1. ap < a: Look at Ny NH,, Ny and N3N H,. Let (M, | n <w) be an €-chain in &, such that
NiNHy,, Ny € My and M, converges to N3N H, . Then apply (Type 1) at a to (N1 NH,,,YiNbox(N:iN
H,.)),(N2,Y32) and My. We have Y0 € D, (My) such that (Ny N Hy,,, Y1 Nbox(Ny NHy,,)) <no (Mo, YM0)
and (Nz,Ys) <up (Mo, YM0). We then apply (Type 3) repeatedly to get YMn+1 € D, (M,41) such that
(M, YMn) <o (Mg, YMn+1), Let Vs = (Y1 NEL) U{Ny N Hy, }UU{Y M U{M,} | n < w}. Then this Y3
works.

Case 2. as = a: Take an €-chain (M,, | n < w) in &, such that Ny € My and M,, converges to
N3 N H,,. The rest is the same as case 1 except no use of (Type 1) at o made. We just repeatedly apply
(Type 3) at a. Let Y3 = (Y1 NE,) U{N1 N Hy_, N} UU{Y M U{M,} | n <w}. Then this Y3 works.

(Type 2) We have two cases

Case 1. a1 < a: Let us take an €-chain (M,, | n < w) in &, such that Ny, Ny € My and M,, converges
to N3N H,, . Then apply (Type 2) at « to get YMo € D, (Mp) such that (Ny, Y1), (N2, Ya) <up (Mo, YM0).
Then repeatedly apply (Type 3) at « to get YM»+1 € D, (M, 1) such that (M,, YM) <po (M1, Y Mnt1),
Let Y3 = J{Y*» U{M,} | n < w}. Then this Y3 works.

Case 2. a1 = a: Take an €-chain (M,, | n < w) in &, such that N1, No € My and M,, converges to
N3N H,, . The rest is the same as case 1 except one use (Type 1) at a. We then repeatedly apply (Type 3)
at a. Let Y3 = {N;} UU{YM™» U{M,} | n < w}. Then this Y3 works.

(Type 3) Take an €-chain (M, | n < w) in &, such that NyNH,,, € My and M,, converges to NoNH,,.
Then we repeatedly apply (Type 3) at o to get Y € D, (M,) such that (NyNH,,, YiNbox(N1NHy,)) <ho
(Mo, Y Moy and (M,,, YMn) <o (Myy1, YMr+1). Let Yo = (Y1NEL)U{N1NH, JUU{Y M U{M,} | n < w}.
Then this Y5 works.

(Type 4) We have two cases.



Case 1. a; < a: Take an €-chain (M,, | n < w) in &, such that N7 € My and M,, converges No N H,,,.
Take YMo € D, (My) such that (Ny,Y;) <up (Mo, YM0) by (Type 4) at a. Then repeatedly apply (Type 3) at
a to get YMn+1 € D, (M, 11) such that (M, YMn) <o (M1, YMnt1), Let Yo = J{Y M U{M,} | n <w}.
Then this Y5 works.

Case 2. a1 = a: Take an €-chain (M, | n < w) in &, such that Ny € My and M,, converges to NoNH, .
The rest is the same as case 1 except no use of (Type 4) at a made. Let Y2 = {N; }JU{Y M U{M,} | n < w}.
Then this Y5 works.

Limit o is limit: We first prepare a lemma.

Lemma. (White-hole Lemma) Let a@ < wo be limit. Let N € &, and YV € D,(N). Let o* =
sup(N Na) < avand let M € &+ with NN H,_. € M.

(1) If o* < @, then NN H,_. & & (White-hole).
(2) There exists Y € D, (M) such that (N, YY) <o (M, YM).

Proof. For (1): By contradiction. Suppose NN H,_. € . Then (&g | f < o*) € NN H,_. and
so a* € N. Since we assume that a* < « and that « is limit, we have a* + 1 € N N a. This contradicts
sup(N Na) = a*.

For (2): Fix a sequence of strictly increasing ordinals (3, | n < w) cofinally in a N N. Hence we have
sup{f, | n < w} = a*. Let (M, | n < w) be an e€-chain such that NN H,, € M, and M, € E3, N M
converge to J{Hy, N M | B € M Na*}. Form Y¥N box(N N Hy, ) € Dg,(NNH,, ) for each n < w.
First get Y0 € Dg,(Mo) such that (N N Hy, , YN box(N N Hy, )) <o (Mo, Y*0). This is possible by
(Type 3) at By. We then construct Y»+1 € Dg . (M,41) by repeatedly applying (Type 1) at 3,41 so
that (Nﬂ HxﬁnH,YNﬂ box(N N HXﬁn+1)) <ho (Mn+1,YJ\/1n+l) and (Mn,YM") <up (Mn+1,YM"+1)' Let

YM = {YM» | n < w}. Then this Y™ works.

(Type 1) We have two cases.

Case 1. sup(N1Na) = sup(N3Na): In this case we have sup(N;Na) = sup(N3Na) = «. This is because
a, N1 € N3 and so sup(N; Na) € N3. If sup(N; Na) < a, then we would have sup(N; Na) +1 € N3 Na.
This contradicts sup(N; N a) = sup(N3 N ).

Take a strictly increasing sequence (3, | n < w) of ordinals which are cofinal in N1 N« with ag < Sy.
Then take an €-chain (M,, | n < w) such that NN Hy, , N2 € My € N3NEg, and NNH,, € M, € N3N&s,
and that M,, converge to | J{N3 N Hy, |y € N3N a}. We repeatedly apply (Type 1) to get Y € D, (M,)
such that

(Nl N HX Yin bOX(Nl N HX{-XO)) <ho (MO,YJVIO)7 (NQ,YVQ) <up (MO,YJVIO)a

Bo?

(Nl N HXﬁn+1 , Y1 N bOX(N1 N HX{,"_H )) <ho (Mn+1, YMn+1), (Mn, YM") <up (Mn+1; YMn+1)'

Let Y3 = J{YM" | n < w}. Then this Y3 works.
Case 2. sup(NV1 Na) <sup(Ns N a):

Let o* = sup(N1 Na). Then o € N3 Na. We know Ny N H, . & Eu+ (white-hole). Then take a
strictly increasing sequence (7, | n < w) of ordinals which are cofinal in N3 N« and a* = . Then take an
€-chain (M, | n < w) such that My € N3N &y with Ny N H, ., No € My and M1 € N3NE,, ., and M,
converges to | J{N3 N H,_, |y € N3Na}. Asin case 1 and white-hole lemma, get Y0 € D, (M) such that
(NQ,YVQ) <up (M(),YJVIO) and (N1,Y1) <o (M(),YJVIO). 1\13111(31}/7 (Nl ﬂHX HmbOX(NlﬂHXﬁ)) <up (M(),YJVIO)
for all 8 € N1 Na.

We repeatedly apply (Type 4) to get YMn+1t € D (M,,4+1) such that (M, YMr) <y, (Myqq, Y Mre).
Let Y3 = J{Y*" | n < w}. Then this Y3 works.
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(Type 2) Take a strictly increasing sequence (7, | n < w) of ordinals cofinally in N3 N« with a3 <
7. Take My € N3N &, such that (N1,Y7) <up (Mo, YM0) and (N2, Y2) <up (Mo, Y0) by (Type 2)
at 70. Then take an €-chain (M, | n < w) such that M, 1, € N3N&,, ., and M, converges to
U{NsNH,. | v € N3Na}. Then repeatedly appy (Type 4) at y,41 to get Y+t € D, (M,1) such that
(M, YY) < (Myg1, YMrt1), Let Y3 = J{YM" | n < w}. Then this Y3 works.

(Type 3) We have two cases. Similar to (Type 1).
Case 1. sup(IN1 Na) = sup(Nz N «): In this case we have sup(N; Na) = sup(Ne Na) = a.

Take a strictly increasing sequence (3, | n < w) of ordinals cofinally in NyNca. Take an €-chain (M,, | n <
w) such that NyNH,, € M, and M,, € NoN&g, and that M, converge to (J{N2NH,_ |~y € NoNa}. First
appy (Type 3) at fo to get Y Mo € Dg, (Mp) such that (NyNHy, , YiNbox(N1NH,y, ) <no (Mo, ). Then
repeatedly apply (Type 1) to get Y+t € Dy, ., (Mpn41) such that (NiNHy, , YiNbox(NiNHy, 1)) <ho
(Mg, YMo+1) and (M, YMn) <p (Mpg1, Y1), Let Yo = (J{YM" | n < w}. Then this Y2 works.

Case 2. sup(N; Na) <sup(Nz N a):

Let o* = sup(N1 Na). Then o* € Ny Na. We know Ny N H, . & Eu+ (white-hole). Then take a
strictly increasing sequence (7, | n < w) of ordinals cofinally in No N« with a* = 7. Take an €-chain
(M, | n < w) such that My € No N &, such that Ny N Hy_ . € My and M4 € NoNE,, ., and M,
converges to [J{N2 N Hy, | v € NaNa}. Then get YMo € D, (M) such that (Ny,Y7) <o (Mo, Y0) by
white-hole lemma. Namely, (N1 N H,,, Y1 N box(Ny N ng)) <up (Mo, YMo) for all 3 € Ny Na. Then
repeatedly apply (Type 4) at v,,+1 to get YMn+1 € D, . (M,41) such that (M, YMr) <., (Myqq, Y Mer).
Let Yo = J{Y™" | n < w}. Then this Y works.

(Type 4) Take a strictly increasing sequence {7, | n < w) of ordinals cofinally in No N« with a1 < 7.
Take an €-chain (M, | n < w) such that Ny € My, M,, € N NE,,, and M, converges to (J{N2NH,_ |~y €
Nz N a}. Then repeatedly apply (Type 4) to get YM» € D, (M,,) such that (N1, Y1) <up< (M, YMn) <y,
(Myyq, YMn+1) Let Yo = J{YM» | n < w}. Then this Y works.
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