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Abstract. The structure (S/ =, <) corresponds to Lindenbaum algebra of Lewis Logic S4 if S/ = is
the quotient set of the set S of all formulas modulo the provability of S4, and < is the derivation of S4.
Here we treat the structure in the case that S is the set of formulas constructed from a finite set V' of
propositional variables and whose depth of O is less than a given number n. It is known that this structure
is Boolean (cf. Chagrov and Zakharyaschev [CZ97]). So, we have only to elucidate its generators. We
give an inductive construction of concrete representatives for the generators of the Boolean. The case
that V has only one variable has been treated in [Sas05]. We extend it to the case that V is a finite
set. Also we construct representatives without the provability of S4 while the result in [Sas05] almost
depends on it.

1 Preliminaries

We use lower case Latin letters p, q, p1,po, - - for propositional variables. Formulas are defined induc-
tively, as usual, from the propositional variables and L (contradiction) by using logical connectives A
(conjunction), V (disjunction), D (implication) and O (necessitation). We use upper case Latin letters
A, B,C,---, Ay, A1, Aa, - - - for formulas. For a finite set S, #(S) denotes the number of elements S.

Let V be a finite set of propositional variables. S(V) denotes the set of formulas constructed from
propositional variables in V' and | by using A, V, D and O. The depth d(A) of a formula A is defined
inductively as follows:

(1) d(A) = 0 if A is either a propositional variable or L,

(2) d(BANC)=d(BVC)=d(B>C)=max{d(B),d(C)},

(3) d(OB) =d(B) + 1.

We define S™(V) as S"(V) = {A € S(V) | d(A) < n}.

Let ENU be an enumeration of the formulas. For a non-empty finite set S of formulas, the expressions

/\S and \/S

denote the formulas
(- (AL NA)NAs)--- NAy) and (- ((A1 VA) V As)--- V Ap),

respectively, where {A;, -+, A,} = S and A; occurs earlier than A;4; in ENU. Also the expressions

/\(Z) and \/(Z)

denote the formulas 1. D 1 and L, respectively.
By S4, we mean the smallest set of formulas containing all the tautologies and the axioms
K :0O(p D q) D (Op D Og),
T:0p>p,
4:0p > 00p
and closed under modus ponens, substitution and necessitation.

We introduce a sequent system for S4 following Ohnishi and Matsumoto [OMS57]. We use Greek
letters, I' and A, possibly with suffixes, for finite sets of formulas. The expressions OI' and I'™ denote
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the sets {0A | A €T} and {0A | OA € T'}, respectively. By a sequent, we mean the expression (I' — A).
We often write I' — A instead of the expression with the parenthesis. For brevity’s sake, we write

Alv"'vAkvrlv"'vrfHAlv"'vAm;Blv"'aBn

instead of
{Al,---,Ak}Urlu---Urg%A1U---UAmU{Bl,---,Bn}.

We use upper case Latin letters X,Y, Z, - - -, Xo, X1, Xo, - - - for sequents. For a sequent I' — A, we define
ant(I' = A) and suc(I’ — A) as follows:

ant(I' - A) =T, suc(l' — A) = A.
Also for a sequent X and for a set S of sequents, we define for(X) and for(S) as follows:

[ Nant(X) D Vsuc(X) iUT#0
for(X)—{ VA if T =0,
for(S) = {for(X) | X € S}.
By GS4, we mean the system defined by the following axioms and inference rules in the usual way.
Axioms of S4:
A— A
1l —

Inference rules of S4:

I'— A r—A

AT aw™) Toaa W

r—-AA A,H—>A( n
ro—AA
r-AA T'—AB

A“FHA

LA T oAl r—aairg N
AT — A B,F—>A(\/ ) I' - A A; (= Vi)
— — (= V;
AV BT — A I' - AA; V A !
I'—-AA B,H—>A(D ) A,FHA,B( )
— — " (-
ADB,TNIT— A A r-AA>B
AT — A or— A
\:\AF—>A( ~) DF—H:\A(_)D)

Lemma 1.1 ([OMS57])
(1) T'— A € GS4 if and only if for(I' — A) € S4.
(2) If T' - A € GS4, then there exists a cul-free proof figure for I' — A in GS4.

By the lemma above, we can identify GS4 with S4. So, if there is no confusion, we use S4 as the
sequent system GS4.



2 Main results

Here we consider the structure (S™({p1---,pm})/ =, <), where A = B if and only if (A D B) A (B D
A) € S4; and [A4] < [B] if and only if there exist A’ € [A] and B’ € [B] such that A’ D B’ € S4.

Our main purpose is to give a concrete representative of each equivalence class of S"({p1---,pm})/ =
in an inductive way and elucidate the structure. Since the structure is Boolean, we mainly construct
representatives for generators. From now on, we fix the set {p1,--+,pn} and write V.

Definition 2.1 The sets G(n) and G*(n) (n =0,1,2,---) of sequents, and the mappings next™, prov,
next are defined inductively as follows:

GO)={(V-Vi—=W)| Vi CV}

G*(0) = 0,

next’(X) = {(OT,ant(X) — suc(X),0A) | TUA = for(G(n)),I N A = 0,for(X) € A}, for
X € G(k),

prov(X) ={Y € next™ (X) | Y € S4}, for X € G(k),

next(X) = next™ (X) — prov(X), for X € G(k),

Gk+1) = U next(X),

XEG(k)—G* (k)

G*(k+1)={X € G(k+1) | (ant(X))" C (ant(Y))" implies (ant(X))” = (ant(Y))", for any Y €

G(k+1)}.

Here we use the provability of S4, but in section 4, this provability will be replaced another conditions
concerning the structure of sequents.

Definition 2.2 We define G™ as follows:

In the following theorem, it is shown that the above G™ is the set of representatives for the generators
of <Sn({p1a to 7pm})7 §>

Theorem 2.3
(1) 8"(V)/ == {[/\ for(85))] | § € G"}.
(2) For subsets S1 and Sy of G™,
(2.1) S; C 81 if and only if [/\ for(Ss)] < [/\ for(Sy)],

(2.2) &1 =S if and only if [/\ for(S1)] = [/\ for(Sy)).

In the next section, we prove (1) in the above theorem. In other words, we show that every equivalent
class in S”(V)/ = has a representative A for(S) for some subset S of G™. Here we prove (2) in the above
theorem. To prove (2), we need some lemmas.

Lemma 2.4
(1) G(n) CS*(V) —S"1(V).

(2) every member of G(n) is not provable in S4.

Proof. By an induction on n. —|

Lemma 2.5 For any X,Y € G, X #Y implies for(X) V for(Y') € S4.



Proof. We use an induction on n.

Basis(n = 0). We have X,Y € G? = G(0). So, there exist subsets V1, V> of V such that X =
(V-Vi =W),Y =(V-V, = W) and V} # Va. By V; # Vs, we have either Vi N (V —13) # 0 or
Von (V = V1) # 0. Hence either suc(X) Nant(Y) # 0 or suc(Y) Nant(X) # 0, and so, we obtain the
lemma.

Induction step(n > 1). We divide the cases.

The case that {X,Y} C G(n). There exist sequents Xo,Yy € G(n — 1) — G*(n — 1) such that
X € next(Xy) and Y € next(Yp). So, there exist sets I'x, 'y, Ax, Ay of formulas such that

(1) X = (O'x, ant(Xy) — suc(Xp),0Ax), Y = (OT'y, ant(Yy) — suc(Yp), 0Ay),

(2) I'xUAx =Ty UAy = fOI'(G(??, - 1)),

(3) T'x NAx :FyﬁAy:(Z),

(4) for(Xy) € Ax,for(Yy) € Ay.

If Xo # Y), then by the induction hypothesis, for(Xy) V for(Y)) € S4, and so, we obtain the lemma.
Suppose that Xy = Y;. Then by X # Y, we have either 'y # I'y or Ax # Ay, and using (2)
and (3), we have both. Without loss of generality, we can suppose that T'x & T'y. So, there exists
a formula A € T'x — T'y, and using (2) and (3), A € Tx N Ay. So, we have O'xy — OAy € S4.
We note Ol'x, for(X) € S4 and OAy — for(Y) € S4. Using (cut), possibly several times, we obtain
— for(X), for(Y) € S4, and hence we obtain the lemma. In the following we show how to use (cut) if
each one of I'y and Ay has only one element:

— DFX,for(X) OI'xy — OAy

— for(X),0Ay
— for(X), for(Y)

(cut) OAy — for(Y)

(cut).

The case that {X,Y} € G(n). There exists Z € {X,Y} — G(n). Without loss of generality, we can

suppose that Z =Y ¢ G(n), and then Y € "Ol G (k) CG(n—1). f X € G(n), then X € "Ol G*(k) C
G(n — 1). Using the induction hypothesis, x]:fzoobtain the lemma. So, we assume that X € k(??n) Then
there exist Xg € G(n — 1) — G*(n — 1) such that X € next(X;). By Y € "Ol G*(k) and Lemma
2.4(1), we have Y # Xy. By the induction hypothesis, we have for(Xy) v for()f)zoe S4. We note that
for(Xy) Vv for(Y) — for(X) V for(Y) € S4. Using (cut), we obtain the lemma. =

Proof of Theorem 2.3(2). (2.1) is clear. The “if part” of (2.2) is also clear. We show the “only
if” part of (2.2). Suppose that S; € Sz. Then there exists a sequent X € S; — S;. By Lemma

2.5, we have for(X) \//\for(Sg) € S4. By Lemma 2.4(2), we have for(X) ¢ S4. Also we have
/\ for(S;) — for(X) € S4. Hence considering the figure

/\for(Sg) — /\for(Sl) /\for(Sl) — for(X)

for(X) — for(X) A for(Sz) — for(X) ((5“’2)
— for(X) Vv /\ for(Sz) for(X) v /\ for(S2) — for(X)
— for(X) (cut),

we obtain /\ for(S;) — /\ for(S1) ¢ S4. Similarly, we can show that S; Z S; implies /\ for(S;) — /\ for(Ss)
& S4. —|

3 Representatives of the equivalent classes in S"(V)/ =

Here we prove the following theorem.



Theorem 3.1 For any A € S™(V), there exists a subset S of G™ such that A = A for(S).

From the above theorem, we obtain Theorem 3.1(1), and that every equivalent class in S*(V)/ = has a
representative A for(S) for some subset S of G™. To prove Theorem 3.1, we need some lemmas.

Lemma 3.2 For any subsets S1 and Sz of G™,
W) ASIANS: = \(S1US),
2) ASiVAS: = A(SinS).

Proof. (1) is clear. We show (2). Let A be in S;. Then by Lemma 2.5, we have AV B € S4 for any
BesS; — {A} So, if Ae S, then

AVAS: = (AvA)AAVN\(S:—{A})
AN(AV N\(S: —{A})
= A

)

if not,
AVAS: = AN{AVB|BeS)}
= pDp.

Hence

NSV A\S:

NAVN\S: | Ae s}

NAVNAS: [AeS =S} A NAVA\S: [ A8 NSy}
o)A N{AlA€SiNS,}

N\(S1NSy).

Lemma 3.3 Let X,T',T'1, A, A1 be finite sets of formulas. Then for any subset ¥/ C X,
Oy, {for(OT, 00,1 — A1, 00, 0A) | dUY =X, dN¥ =0},00,T; — Ay,0A € S4.
Proof. We define S as follows:
S = {for(OT,00,T; — A;,0V0,0A) | UV =X, dNT =0},

and prove
oY, s,ar,I'y — Ay, 0OA € S4.

We use an induction on #(X — ¥').
Basis(X = X). We note that

fOI‘(\:‘F, o, Iy — Al, \:\A) esS

and
0¥, for(OI', O3, Ty — A¢,0A),00, T — Aq,0A € S4.

Using weakening rule, we obtain the lemma.
Induction step(X’ # X)). By the induction hypothesis, for any A € ¥ — X/

D(X'U{4}),8,0T, I — Ay, DA € 84.
Using (V —), possibly several times,

0, \/(O(8 - %)),8,00,T; — Ay, 0A € 84,



Using (V —), possibly several times,
0¥, \/(A1 UDAUD(E - %)),8,00,T; — A, 0A € S4.
Using (D—), possibly several times,
0¥/, for(OT, Ty, 0% — A, 0A,0(X - %)), 8,00, — Ay, 0A € S4.
We note that
for(OI', Ty, 0% — A1, 0A, 0 -X)) €8,

and so,
oY, s,ar,I'y — Ay, 0A € S4.

Corollary 3.4 Let X be a sequent in G(n) and let Y be a sequent in Gy. Then

(1) for(next(X)) — for(X) € S4,

(2) /\for(next(X)) = for(X),

(3) {for(Z) | Z € next(X),Ofor(Y) € suc(Z)} — for(X),Ofor(Y) € S4.
Proof. Considering the case that I' = §,T'; = ant(X), A = {for(X)}, A; = suc(X),% = for(G(n)) —
{for(X)} and ¥’ = () in the above lemma, we have (for(next* (X)) — for(X),Ofor(X)) € S4. Using
(cut), possibly several times, we obtain (1). (2) follows from (1). Also considering the case that I' =
0,71 = ant(X),A = {for(X),for(Y)}, A; = suc(X),X = for(G(n)) — {for(X),for(Y)} and ¥’ = 0 in
the above lemma, we obtain (3) similarly to (1). =

Definition 3.5 We define BG, as follows:

{—1
BG, = VU ] Ofor(G(i)).
=0

Lemma 3.6 Let X be a sequent in G(n). Then
(1) ant(X) Usuc(X) = BG,,
(2) ant(X) Nsuc(X) = 0.

Proof. By Lemma 2.4(1) and an induction on n. =

Lemma 3.7 Let X and Y be sequents in G(n). Then
(ant(X))” € (ant(Y))" implies (— for(X), Ofor(Y)) € S4.

Proof. By (ant(X))” Z (ant(Y))", there exists a formula OA € (ant(X))” — (ant(Y))". Using Lemma
3.6, we have OA € (ant(X))” N (suc(Y))". So,

0OA — suc(Y) € S4.

Hence
0OA — for(Y) € S4.

Using (— 0),
OA — Ofor(Y) € S4.

Using weakening rule,
ant(X) — suc(X),Ofor(Y) € S4.

Hence we obtain the lemma. -



Lemma 3.8 Let X be a sequent in G*(n) and let Y be a sequent in G(n) satisfying (ant(X))” =
(ant(Y))". Then
Ofor(Y) — for(X) € S4.

Proof. If n = 0, then the lemma is clear from G*(0) = 0. Also, if X =Y, then the lemma is clear.
So, we assume n > 0 and X # Y. By X € G*(n) and Y € G(n), there exist sequents Xo,Yy €
G(n—1)— G*(n—1) such that X € next(Xy) and Y € next(Yp). So, there exist four sets I'x, 'y, Ax
and Ay such that

(1) X = (OTx, ant(Xy) — suc(Xp),0Ax), Y = (OTy, ant(Yy) — suc(Yp), OAy),

( ) I'xUAx =Ty UAy = fOI‘(G( )),

( )FXmAx—FymAy—(b

(4) for(Xy) € Ax, for(Yp) € Ay.
Also we have

(5) X £S4,Y ¢ S4.
By Y € G(n) and Corollary 3.4(1),

for(next(Y))) — for(Yy) € S4.

Using (O —) and (— 0O),
Ofor(next(Y))) — DOfor(Yp) € S4.

By ant(X)” = ant(Y)", (1) and Lemma 2.4(1), we have 'y = I'y. Using (2),(3) and (4), we have
Ofor(Yp) € OAy = OAx, and so, Ofor(Yp) — for(X) € S4. Using (cut),

Ofor(next(Yy)) — for(X) € S4,
that is,
Ofor({Z € next(Yp) | (ant(X))7 C (ant(2))” or (ant(X))? ¢ (ant(Z))7}) — for(X) € S4.
By X € G*(n), we have that (ant(X))” C (ant(Z))" if and only if (ant(X))? = (ant(Z)), and so,
Ofor({Z € next(Yp) | (ant(X))" = (ant(Z))” or (ant(X))" Z (ant(Z))”}) — for(X) € S4.

Bydant(X)D =ant(Y)"”, (1) and Lemma 3.6, we have {Z € next(Y) | (ant(X))” = (ant(2))”} = {YV'},
and so,
Ofor(Y), Ofor({Z € next(Yp) | (ant(X))” ¢ (ant(Z))"}) — for(X) € S4.

Using (V —), possibly several times,
Ofor(Y), {for(X) v Ofor(Z) | Z € next(Yp), (ant(X))" ¢ (ant(Z))”} — for(X) € S4.

Using Lemma 3.7, and (cut), possibly several times, we obtain the lemma. -

Lemma 3.9 Let X and Y be sequents in G(n) satisfying (ant(X))” = (ant(Y))”. Then X € G*(n).
if and only if Y € G*(n).

Proof. From the definition of G*(n),

X € G*(n) if and only if (ant(X))"
Y € G*(n) if and only if (ant(Y"))"

C (ant(Z))" implies (ant(X))” = (ant(2))", for any Z € G(n),
C (ant(Z))" implies (ant(Y))” = (ant(Z))", for any Z € G(n).

Using (ant(X))” = (ant(Y))", we obtain the lemma. -

Definition 3.10 We define a mapping cf as follows:

cf(X) = { Nfor({Y € G(n) | (ant(X))? = (ant(Y))7}) if X € G*(n)
1ol if X € G(n) — G*(n)



Lemma 3.11 Let X be a sequent in G(n) and let 3 be a subset of (ant(X))Z. Then
¥, cf(X),® — Ofor(X) € S4.
where ® = {for(Y) | Y € G(n) — G*(n), (ant(Y))"” C (ant(X))"}.
Proof. We use an induction on wn + #((ant(X))” — X).
Basis(n = 0). We note that ant(X)” = @ and for any Y € G(0) — G*(0) = G*(0), ant(Y)" = 0.
Hence ® = G(0). So, it is not hard to see that & —€ S4. Hence we obtain the lemma.

Induction step(n > 0). By n > 0, there exists a sequent Xo € G(n — 1) — G*(n — 1) such that
X € next(Xy). By the induction hypothesis,

1D L, {for(Yy) | Yo € G(n — 1) — G*(n — 1), (ant(Yp))"” C (ant(Xy))"} — Ofor(X,) € S4.
Since (Ofor(Xy) — Ofor(X)), (L — L) € S4, using (cut), twice,
{for(Yy) | Yo € G(n — 1) — G*(n — 1), (ant(Yp))" C (ant(X,))"} — Ofor(X) € S4.
Using weakening rule,
2, ®,{for(Yy) | Yo e G(n—1) - G"(n— 1)} — Ofor(X) € S4. (1)
On the other hand, by the induction hypothesis,
¥, cf(X),®, A — Ofor(X) € S4, (2)

for any formula A € (ant(X))” — . (2) also holds for any A € (suc(X))”, and so, for any A €
G(n —1) — X. Let Y be a sequent in G(n) such that (ant(Y))” = X. Then (2) holds for any A €
G(n—1)— (ant(Y))” = (suc(Y))”. We note that suc(Y) = {for(Yy)} U (suc(Y))” if Y € next(Yp), so
using (1) and (V —), possibly several times,

5, ef(X), @, {\/suc(Y) | Y € U next(Yp), (ant(Y))” = ©} — Ofor(X) € S4.
YoeG(n—1)—G*(n—1)

Also we have that (ant(Y))” = ¥ implies ¥ — A ant(Y) € S4, for any Y € G(n); so using (D—),
3, cf(X),®, {for(Y) | Y € G(n), (ant(Y))” = ¥} — Ofor(X) € S4.

Using (w —), possibly several times,

¥, cf(X),®, {for(Y) | Y € G(n), (ant(Y))" C (ant(X))"} — Ofor(X) € S4.
Using the definition of &,

Y, cf(X),®, {for(Y) | Y € G*(n), (ant(Y))"” C (ant(X))"} — Ofor(X) € S4.
Using the definition of G*(n),

¥, cf(X),®, {for(Y) | Y € G*(n), (ant(Y))” = (ant(X))”} — Ofor(X) € S4. (3)
If X ¢ G*(n), then by Lemma 3.9, (ant(Y))” = (ant(X))" implies Y ¢ G*(n), and so,

{for(Y) | Y € G*(n), (ant(Y))® = (ant(X))"} = 0 C cf(X).
If X € G*(n), then from Definition 3.10, we also have
{for(Y) | Y € G*(n), (ant(Y))" = (ant(X))"} C cf(X).

So, the above condition also holds in any case. Using (3), we obtain the lemma. =



Lemma 3.12 Let X be a sequent in G(n). Then

Ofor(X) = cf(X) A /\{for(Xl) | X1 € G(n+1),0for(X) € suc(X1)}.
Proof. By Lemma 3.8 and (— A), possibly several times,

Ofor(X) — cf(X) € S4.
Also we note that
Ofor(X) — /\{for(Xl) | X1 € G(n+1),0for(X) € suc(Xy)} € S4.
Using (— A),
Ofor(X) — cf(X) A /\{for(Xl) | X1 € G(n+1),0for(X) € suc(X1)} € S4.

We show the converse. By Corollary 3.4(3), for any Y € G(n) — G*(n),

{for(Y1) | Y1 € next(Y), Ofor(X) € suc(Y1)} — for(Y), Ofor(X) € S4.
Using (— A), possibly several times,

{for(Y1) | Y1 € U next(Y), Ofor(X) € suc(Y1)} — /\ for(G(n) — G*(n)), Ofor(X) € S4.

YEG(n)-G*(n)

On the other hand, by Lemma 3.11,
cf(X),/\for(G(n) — G*(n)) — Ofor(X) € S4.

Using (cut),

cf(X),{for(Y1) | Y7 € U next(Y), Ofor(X) € suc(Y;)} — Ofor(X) € S4.
YE€G(n)—G*(n)

Hence we obtain the lemma.

Lemma 3.13
1= /\ for(G").
Proof. We use an induction on n.
Basis(n = 0). It is not hard to see
1= /\ for(GY).

Induction step(n > 0). By the induction hypothesis,
1= /\for(G”*I).
So,
n—1
L= A for(G*(n—1)) A ]\ for(G(n —1) = G*(n — 1)).
k=0
Using Corollary 3.4(2),

1= /\ O for(G*(n—1)) A /\for( U next(X)).
k=0

XeG(n—1)—G*(n—1)

Hence

1= /\ L_J for(G*(n—1)) A /\for(G(n)) = /\for(G").
k=0



Lemma 3.14 For a subset S of G™
/\for(S) Dl= /\for(G" -38).

Proof. By Lemma 3.13,
/\for(Gn -S)— /\for(S) D 1lesS4

By Lemma 2.5,
— /\ for(S), /\ for(G" — S) € S4.

Using (D—),
/\for(S) Ol — /\for(G" - S) € S4.

Proof of Theorem 3.1. We use an induction on n.

Basis(n = 0). The theorem follows from the results in Classical propositional logic.

Induction step(n > 0). We use an induction on A.

If A= 1, then from Lemma 3.13, we obtain the lemma.

If A is a propositional variable p;, then by the induction hypothesis, there exists a subset S C G"~!
such that p; = A for(S). So,

p; = /\for((S N(Gnr-1)—G*"(n—-1)))U(Sn (O G*(k))).
k=0
Using Corollary 3.4(2),
n—1
pi = /\ for(( U next(X)) U (SN (| G*(k)))).
X€eSN(G(n—1)—G*(n—1)) k=0
We note that .
( U next(X)) U (SN (| G*(k))) € G".
XeSN(G(n—1)—G*(n—1)) k=0

If A= B A C, then by the induction hypothesis, there exist subsets Sp and S¢ of G™ such that
B = Afor(Sg), and C = Afor(Sc).

Using Lemma 3.2,
BAC = /\for(SB) A /\for(SC) = /\for(SB USe).

Similarly, if A = BV C, then
Bv(C= /\for(SB NSe).

Also, if A= B D C, then using Lemma 3.13,
B>C=(B>1)vC=\for((G"-8p)NSc).

If A= 0B, then B € S""1(V), using the induction hypothesis, there exists a subset S of G"~! such

that
B= /\ for(S).
Hence .
A=0B=(\Ofor(SNG(n—1)) A (/\ Ofor(Sn (| G*(k)))).
k=0
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By Lemma 3.12 and Lemma 3.9,

/\Dfor (§NG(n-1)) /\ U (cf(X) A /\{for X;) | X1 € G(n),Ofor(X) € suc(X1)}).
XeSNG(n—1)

= /\ for(S; US,),

where
Si = U {YeG(n-1)|(ant(X))” = (suc(y))"},
XeSNG*(n—1)
;= |J {X1€G(n)]|Dfor(X) € suc(X1)}.

XeSNG(n—1)
On the other hand, by the induction hypothesis, there exists a subset 7 of G™"~! such that

n—2

/\Dfor SH(U /\for

k=0

Using Corollary 3.4(2),

/\ Ofor(SN (L_J G*(k))) = /\for(T) = /\for(Sg)7
k=0

where .
S3 = ( U next(X)) U (7 N | J G*(k))
XETN(G(n—1)—G*(n—1)) k=0
Hence
A=0B= /\for(S; US,US3)
and we note that S; US, U S3 C G™. =

4  On prov(X)

In Definition 4.1, we use the provability of S4 to define prov(X) for X € G(n). In this section, we give
the set without using the provability of S4.

Definition 4.1 For X € G(n), we define prov,(X), prov,(X) and provs(X) as follows:
prov,(X) = {(I' = A,Ofor(Y)) € next™(X) | Y € G(n), (ant(X))"” Z (ant(Y))"},

provy(X) = {(I' = A, Ofor(T'y — Ay, Ofor(Y)))) € next™ (X) | Yo € G(n — 1) — G*(n — 1),
(To — Ay, Ofor(Yp)) € G(n), Ofor({Z € next(Yy) | I'g C (ant(2))"}) C I'nOfor(G(n))},

prov,(X) = {(Ofor(Y),T' — A,Ofor(Z)) € next™ (X) | Y, Z € G*(n), (ant(Y))" = (ant(2))"}.

The purpose in this section is to prove

Theorem 4.2 For X € G(n) — G*(n),
prov(X) = prov,(X) U prov,(X) Uprov,(X).

To prove the theorem above, we need some lemmas.
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Lemma 4.3 For X € G(n) — G*(n),
prov,(X) C prov(X).

Proof. Let X; be in prov,(X). Then X; € next™(X) and there exist finite sets I' and A and a sequent
Y € G(n) such that

(1) X7 = (0OT', ant(X) — suc(X),0A, Ofor(Y)),

(2) (ant(X))" Z (ant(Y"))".
Using Lemma 3.7, we have X; € S4, and hence, we obtain the lemma. _
Lemma 4.4 For X € G(n) — G*(n),

prov,(X) C prov(X).

Proof. Let X; be in provy(X). Then X; € next™(X) and there exist finite sets I', A, Ty and Ag and
a sequent Yy € G(n — 1) — G*(n — 1) such that

(1) X1 = (F — A, DfOI'(F() — Ao, DfOI‘(Y()))),

(2) (Ty — Ap, Ofor(Yy)) € G(n),

(3) Ofor({Z € next(Yy) | I'§ C (ant(Z))"}) C T N Ofor(G(n)).

By Corollary 3.4(1), we have
for(next(Yy)) — Yp € S4.

Using (0 —) and (— 0O), possibly several times,
Ofor(next(Yp)) — OY, € S4.
We define Y as Y = (T'g — Ay, Ofor(Yp)). Then ant(Y) =Ty and
Ofor(next(Yp)) — Y € S4.
So,
Ofor({Z € next(Yy) | Ty C (ant(2))"}), Ofor({Z € next(Y) | (ant(Y))” ¢ (ant(Z))"}) — for(Y) € S4.

Using (3),
I, Ofor({Z € next(Yp) | (ant(Y))” ¢ (ant(Z))"}) — for(Y) € S4.

Using (V —), possibly several times,
T, {for(Y) Vv Ofor(Z) | Z € next(Yy), (ant(Y))” ¢ (ant(Z))"} — for(Y) € S4.
Using Lemma 3.7 and (cut), possibly several times,
I' - for(Y) € S4.

So, we have X7 € S4, and hence, we obtain the lemma. =

Lemma 4.5 For X € G(n) — G*(n),
prov;(X) C prov(X).

Proof. By Lemma 3.8, we obtain the lemma. -

Lemma 4.6 Let X be a sequent in G(n + 1) and let Xy be a sequent in G(n). Then

X € next(Xo) if and only if Xo = (ant(X) NBG,, — suc(X)NBG,).
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Proof. By Lemma 3.6 and Definition 2.1, we obtain the lemma. -

Lemma 4.7 Let X be a sequent in G(n + k). Then

(1) for any k > 0, (ant(X) N BG,, — suc(X)NBG,) € G(n),

(2) for any k > 1, Ofor(ant(X) N BG,, — suc(X) NBG,,) € suc(X).

(3) for any k > 1 and for any Xo € G(n), ant(Xy) C ant(X) and suc(Xy) C suc(X) imply
ant(X) N BG,, = ant(Xy), suc(X) N BG,, = suc(Xy) and Ofor(Xy) € suc(X).

Proof. For (1). We use an induction on k.
Basis(k = 0). By X € G(n) and Lemma 3.6, (ant(X) N BG,, — suc(X) NBG,) = X € G(n).
Induction step(k > 0). By X € G(n + k), there exists a sequent Xo € G(n + k — 1) such that
X € next(Xy). By the induction hypothesis, we have

(ant(Xp) N BG,, — suc(Xp) NBG,,) € G(n).
On the other hand, by Lemma 4.6,
ant(Xy) = ant(X) N BG,,+x—1 and suc(Xp) = suc(X)NBG,15—1.

So,
(ant(X) NBG,1x—1 NBG,, — suc(X)NBG, -1 NBG,) € G(n).

Since k > 1, BG,,41r—1 2 BG,,. Hence we obtain (1).

For (2). We use an induction on k.
Basis(k = 1). By (1),
(ant(X) NBG,, — suc(X)NBG,,) € G(n).

Using Lemma 4.6,
X € next(ant(X) N BG,, — suc(X) NBG,,),

and using Definition 2.1, we obtain (2).
Induction step(k > 1). By X € G(n + k), there exists a sequent Xg € G(n + k — 1) such that
X € next(Xy). By the induction hypothesis, we have

Ofor(ant(Xo) N BG,, — suc(Xy) NBG,,) € suc(Xy).
Similarly to (1), we have
ant(Xo) NBG,, = ant(X)NBG,_;_1 NBG,, = ant(X) N BG,,

suc(Xo) NBG,, = suc(X)NBG,,_;_1 NBG,, =suc(X)NBG,,

and so,
Ofor(ant(X) NBG,, — suc(X)NBG,) € suc(Xp).

By X € next(Xj), we have suc(Xy) C suc(X), and so, we obtain (2).
For (3). By ant(X() C ant(X) and suc(Xy) C suc(X), we have
ant(Xy) NBG,, C ant(X) N BG,, and suc(Xy) N BG,, C suc(X) NBG,,.
Using X1 € G(n) and Lemma 3.6, we have
ant(Xp) C ant(X) N BG,, and suc(Xp) C suc(X)NBG,,.
On the other hand, by (1) and Lemma 3.6, we have

ant(Xyp) Usuc(Xp) = (ant(X) NBG,,) U (suc(X) NBG,,) = BG,,,
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ant(Xy) Nsuc(Xp) = (ant(X) NBG,,) N (suc(X) NBG,,) = 0.

Hence
ant(Xy) = ant(X) N BG,, and suc(Xy) = suc(X)NBG,,.

Using (2), we obtain Ofor(Xy) = Ofor(ant(X) N BG,, — suc(X) NBG,,) € suc(X). =

Definition 4.8 For X € G(n), the saturation of X, write sat(X), is defined as follows:
(1) if n = 0, then
sat(X) = X,

(2) if n > 0, then
sat(X) = (T'q,Tc,ant(X),{A | OA € ant(X))} — suc(X), A., Ag, Ay),

Whe;i = {/\S | S C ant(X) — Ofor(G(n — 1)), #(S) > 1},
Ty ={\/S| SN (ant(X) — Ofor(G(n — 1)) # 0,5 € BG,_1,#(S) > 1},
Ac={/\S| SN (suc(X) — Ofor(G(n — 1)) # 0,5 € BG,_1,#(S) > 1},
Ag={\/S15 Csuc(X) - Ofor(G(n — 1)), #(S5) > 1},
Ay = {for(ant(X) NBG; — suc(X)NBGy) | { < n—1,ant(X) NBG, # 0}.

Remark 4.9 Let X be a sequent in G(n). Then
ant(X) C ant(sat(X)) and suc(X) C suc(sat(X)).
Lemma 4.10 Let X be a sequent in G(n). Then
ant(sat(X)) Nsuc(sat(X)) = 0.

Proof. We use I'c,I'g, Ac, Ag.Ay as in Definition 4.8. We call a formula of the form C' A D a A-formula.
Similarly, we use V-formula, D-formula and O-formula, We note that

(1) every member of I'. U A, is a A-formula,

(2) every member of 'y U Ay is a V-formula,

(3) every member of Ay is a D-formula.
Also by Lemma 3.6,

(4) every member of ant(X) Usuc(X) is either a O-formula or a member of V.
Suppose that A € ant(sat(X)) Nsuc(sat(X)). Then

(5) AeTyUT Uant(X)U{C | OC € ant(X))},

(6) Aesuc(X)UA UAZUAy.
By (5), we divide the cases.

The case that A € T'.. By (1), (2), (3), (4) and (6), we have A € T. N A.. So, there exist sets S and
S’ such that A= AS=AS5,5Cant(X) and S'Nsuc(X)#0. By A=AS=AY, we have S = 5".
Using the other conditions, there exists a formula B € S’ Nsuc(X) = SNsuc(X) C ant(X) Nsuc(X).
This is in contradiction with Lemma 3.6.

The case that A € T'y can be shown similarly.

The case that A € ant(X). By (1),(2),(3),(4) and (6), we have A € ant(X) N suc(X), which is in
contradiction with Lemma 3.6.

The case that A € {C | OC € ant(X)}. We have OA € ant(X), and using Lemma 3.6, n > 0. If

A € Ay, then by Lemma 4.7(2), OA € suc(X), which is in contradiction with Lemma 3.6. So, using (6),
A € suc(X)UA.UA,. On the other hand, by OA € ant(X) and Lemma 3.6, there exist £ € {0,---,n—1}
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and Y € G({) such that A = for(Y). By A € suc(X)UA.UAy, (1), (2) and (4), A4 is not a D-formula,
and we have, ant(Y) = () and A = for(Y) = \/suc(Y).

If #(suc(Y)) = 1, then BG, 2 suc(Y) = {for(Y)} = {4}, and using (6), suc(Y) C suc(X). If
#(suc(Y)) > 1, then for(Y) is a V-formula, and using (1) and (4), we have A = for(Y") = V/suc(Y) € Ay,
and so, suc(Y) C suc(X). Hence in any case, suc(Y) C suc(X). Also we note that ant(Y) = ) C
ant(X). So, using Lemma 4.7(3), we have OA = Ofor(Y) € suc(X). This is in contradiction with
OA € ant(X) and Lemma 3.6. =

Lemma 4.11 Let X be a sequent in G(n) and let be that ® C ant(sat(X)) and ¥ C suc(sat(X)). If I
is an inference rule in S4 except (— O) and (cut) whose lower sequent is ® — U, then ®; C ant(sat(X))
and ¥, C suc(sat(X)), for some upper sequent &1 — ¥y of I.

Proof. We use I';, I'q, A¢, Ag. Ay as in Definition 4.8. If I is a weakening rule, then the lemma is clear,
and so, we assume that I is not a weakening rule. Let A be the principal formula of I. We divide the
cases.

The case that A € T'y. There exist a set S and a formula B such that
11) A=(\/S) VB,
( 2) (SU{B}) N (ant(X) — Ofor(G(n — 1)) £ ,
(1.4 #(S) > 0.

Also I is

VS,o*—T B O T

o - ’

where ®* € {®, &—{A}}. By (1.2), we have either SN (ant(X)—0Ofor(G(n—1))) # 0 or {B}N(ant(X)—
Ofor(G(n — 1))) # 0. If {B} N (ant(X) — Ofor(G(n — 1))) # 0, then B € ant(X) C ant(sat(X)),
and so, the left upper sequent satisfies the conditions. If S N (ant(X) — Ofor(G(n — 1))) # 0 and
#(5) =1, then \/S € ant(X) C ant(sat(X)), and so, the left upper sequent satisfies the conditions. If

SN (ant(X) — Ofor(G(n — 1))) # 0 and #(S) > 1, then using (1.3), \/S € I'y C ant(sat(X)), and so,
the left upper sequent satisfies the conditions.

The case that A € A, can be shown similarly.

The case that A € I'.. There exist a set .S and a formula B such that
2.1) A= (\S) A B,
( 2) S C ant(X) — Ofor(G(n — 1)),
(2.3) {B} C ant(X) — Ofor(G(n — 1)),
(2.4) #(S) > 0.
Also [ is either
NS @ =¥ B U
o - -0
where ®* € {®,® — {A}}. By (2.3), B € ant(X) C ant(sat(X)), So, the upper sequent B, ®* — ¥
satisfies the conditions. By (2.2), if #(S) = 1, then /\S € ant(X) C ant(sat(X)); if not, /\S el,. C

ant(sat(X)). So, the upper sequent /\S, ®* — U satisfies the conditions.
The case that A € Ay can be shown similarly.

The case that A € ant(X) Usuc(X). None of the member of V is principal formula. So, by Lemma
3.6, A= 0B € ant(X). Since [ is not (— 0O), I is

B,®* - ¥
d -
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where ®* € {®, P — {A}}. By A=0B € ant(X), we have B € {C | OC € ant(X)} C ant(sat(X)). So,
the upper sequent satisfies the conditions.

The case that A € {C | OC € ant(X)}. We note that n > 0. By Lemma 3.6, there exist i €
{0,---,n—1} and Y € G(%) such that A = for(Y). We note that 0A = Ofor(Y) € ant(X). We define
Z as Z = (ant(X) N BG; — suc(X) N BG;). Then by Lemma 4.7, Z € G(i) and Ofor(Z) € suc(X).
Using Ofor(Y') € ant(X) and Lemma 3.6, we have Y # Z. Using Lemma 3.6, we have ant(Y’) # ant(Z).
In other words, ant(Y) Z ant(Z) or ant(Z) € ant(Y'). We divide the subcases.

The subcase that ant(Y) Z ant(Z). We note that ant(Y") # 0. So, I is

O — Uy, Aant(Y)  Vsuc(Y), P2 — ¥y
o — T ’

where @ U P, € {®,® — {A}} and U1 U ¥y = ¥. On the other hand, by ant(Y) € ant(Z), there exists
a formula B € ant(Y) — ant(Z). Using Lemma 3.6,

B € ant(Y) Nsuc(Z) C ant(Y) N (suc(X) N BG;) C ant(Y) N (suc(X) — Ofor(G(n — 1))).

So, if #(ant(Y)) = 1, then Aant(Y) = {B} € suc(X); if not, A ant(Y) € A.. Hence the left upper
sequent of I satisfies the conditions.
The subcase that ant(Z) € ant(Y) # 0. By ant(Y) # 0, I is

O — Uy, Aant(Y)  \/suc(Y), P — Uy
®— v ’

where @1 U Py € {®,® — {A}} and U3 U ¥y = ¥. On the other hand, by ant(Z) € ant(Y'), there exists
a formula B € ant(Z) — ant(Y). Using Lemma 3.6,

B € ant(Z)Nsuc(Y) C (ant(X) N BG;) Nsuc(Y) C (ant(X) — Ofor(G(n — 1))) Nsuc(Y).

So, if #(suc(Y)) = 1, then \/suc(Y) = {B} € ant(X); if not, \/suc(Y) € I'y. Hence the right upper
sequent satisfies the conditions.

The subcase that ant(Z) € ant(Y) = 0.
If #(suc(Y)) = #(BG;) = 1, then suc(Y)
assume that #(suc(Y)) > 1. Then Iis

By ant(Y) = ) and Lemma 3.6, we have suc(Y) = BG,.
={A } C V, and so, A is not a principal formula. So, we

V(suc(Y)—-{C}),o* -0 C,o* > T
®—- U ’

where ®* € {®, P — {A}} and \/suc(Y) = (V(suc(Y) — {C})) VC. On the other hand, we note by
ant(Z) < ant(Y), there exists a formula B € ant(Z) — ant(Y"). Using Lemma 3.6,

B € ant(Z)Nsuc(Y) C (ant(X) N BG;) Nsuc(Y) C (ant(X) — Ofor(G(n — 1))) Nsuc(Y).

So, if C' = B, then C € ant(X ) and so0, the right upper sequent satisfies the conditions. If C # B, then
B e suc(Y) — {C} and \/ suc(Y) — {C}) € I'y. So, the left upper sequent satisfies the conditions.

The case that A € Ay. There exists £ < n — 1 such that A = for(ant(X) N S; — suc(X) N S,) and
ant(X)N S, #0. So, I'is
N(ant(X) N Sp), @ — T*, \/(suc(X)NSy)

- U ’
where ¥* € {U, U—{A}}. We note that A(ant(X)NS,) € ant(X)UT', and \/(suc(X)NS,) € suc(X)UT,.
So, the upper sequent of I satisfies the conditions. -

Lemma 4.12 Let X be a sequent in G(n + k) and let Y be a sequent in G*(n). If (ant(Y))? #
(ant(X))" NBG,,. Then
— for(Y), Ofor(X) € S4.
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Proof. We use an induction on &.
Basis(k = 0). By X € G(n) and Lemma 3.6, (ant(Y))” = (ant(X))” N BG,, # (ant(X))". Also by
Y € G*(n), we have

(ant(Y))” C (ant(2))" implies (ant(Y))" = (ant(Z))", for any Z € G(n).

Hence we have (ant(Y))” ¢ (ant(X))”. Using Lemma 3.7, we obtain the lemma.
Induction step(k > 0). By X € G(n + k), there exists Xg € G(n + k — 1) — G*(n + k — 1) such that
X € next(Xy). By Lemma 4.6,

(ant(X())” NBG,, = (ant(X))” NBG,1x-1 NBG,, = (ant(X))” NBG,, # (ant(Y))".
So, by the induction hypothesis, we have
— for(Y), Ofor(Xy) € S4.

On the other hand, we note that Ofor(Xy) — Ofor(X) € S4, and using (cut), we obtain the lemma. -

Corollary 4.13 Let X be a sequent in G(n + k) and let Y be a sequent in G*(n). If (ant(Y))” #
(ant(X))" NBG,,. Then
(Ofor(X) D for(Y)) = for(Y).

Proof. By Lemma 4.12 and (cut), we obtain the corollary. =

Lemma 4.14 Let X be a sequent in G(n) and let Y1 be a sequent in G*(k) (k € {0,1,---,n —1}). If
Ofor(Y1) € suc(X), then
for(ant(X)"” — for(Y;)) = for(Y7).

Proof. We define X as follows:
X1 = (ant(X) N BG; — suc(X) N BGy).

Then

(ant(X))” = (ant(X) N BGy)" U (ant(X) N O Ofor(G(7)))
i=k
=ant(X;)" U (ant(X) N O Ofor(G(7))).
i=k

So, it is sufficient to show the following two:

(1) for any A € ant(X) N nL_JlDfor(G(i))), A D for(Y1) = for(Yy),

(2) for(ant(X;)" — for(Yilz)l)C = for(Y}).

For (1). There exist a number ¢ € {k,k+1,---,n—1} and a sequent Z € G(7) such that A = Ofor(Z).
If (ant(Y1))" # (ant(Z))” N BGy, then by Corollary 4.13, we obtain (1). So, we assume (ant(Y;))” =

(ant(Z))” N BGy. We divide the cases.
The case that ¢ = k. Then by Lemma 3.8, we have

Ofor(Z) — for(Y;) € S4.

Using (— O), we have
Ofor(Z) — Ofor(Y;) € S4.

So, using Ofor(Y;) € suc(X) and Ofor(Z) = A € ant(X), we have X € S4. Using Lemma 2.4(2),
X ¢ G(n), which is in contradiction with X € G(n).
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The case that i > k. We define Z; and Z5 as follows:
Z1 = (ant(Z) NBGy, — suc(Z) NBGy) and Z3 = (ant(Z) N BGyy1 — suc(Z) N BGyy1).

Then by Lemma 4.7, we have Z; € G(k) and Z2 € G(k + 1). Also by the assumption, we have
(ant(Y7))" = (ant(2))” N BG = (ant(Z;))", and using Lemma 3.9, Z; € G*(k). On the other hand,
by Zy € G(k + 1), there exists a sequent Z; € G(k) — G*(k) such that Zy € next(Z}). Using Lemma
46,

7y = (ant(Z2) N BGy — suc(Z2) N BGy)

= (ant(Z) NBGy11 NBGy — suc(Z2) NBGi1 N BGy)
= (ant(Z) NBGy, — suc(Z) NBGy) = Z; € G*(k),

which is in contradiction with Z] € G(k) — G*(k).
For (2). Suppose that (ant(X1))” Z (ant(Y7))”. Then by Lemma 3.7, we have

ant(X;) — suc(X;),Ofor(Y;) € S4.

So,
ant(X) N BGy — suc(X)NBGy, Ofor(Y;) € S4.

Hence X € S4, which is in contradiction with Lemma 2.4(2) and X € G(n). So, we have (ant(X;))” C
(ant(Y7))", and so,

(A\(ant(X1))"%) > for(¥1) = (/\(ant(X1))” Uant(¥1)) 5 \/suc(y1) = A ant(¥1) 5 \/suc(v1).

Hence we obtain (2). 4

Lemma 4.15 Let X be a sequent in G(n+k) and let Yy be a sequent in G(n)—G™*(n). Let X, be a sequent
in next(X). If Ofor(Yy) € suc(X1), then there exists a sequent Y € G™F such that Ofor(Y') € suc(X;),
ant(Yp) C ant(Y) and suc(Yp) C suc(Y).

Proof. We use an induction on &.

Basis(k = 0). The lemma is clear from Yy € G(n) and Ofor(Yp) € suc(X;).

Induction step(k > 0). By X € G(n + k), there exists a sequent Xo € G(n+k—1) —G*(n+k —1)
such that X € next(Xy). Also by k& > 0 and Lemma 3.6, Ofor(Y)) € suc(X;) N Ofor(G(n) — G*(n)) =

suc(X) N Ofor(G(n) — G*(n)). Using the induction hypothesis, there exists a sequent Yo € GntF-1
n+k—1

such that Ofor(Y2) € suc(X), ant(Yp) C ant(Yz) and suc(Yp) C suc(Yz). If Vs € U G*(7), then

=0
Y2 € G"* and we obtain the lemma. So, we assume that Yo € G(n+k — 1) — G*(n+k — 1). On the
other hand, by Lemma 2.4 and Lemma 4.4, we have X; ¢ prov,(X). Using the four conditions
Ofor(X) € suc(Xy),
Ofor(Y2) € suc(X),
YoeGn+k—1)—G*(n+k—1) and
X e G(n+k),

we have
Ofor({Z € next(Ys) | (ant(X))® C (ant(Z))”}) € ant(X;) N Ofor(G(n + k)).

So, there exists a sequent Y € next(Y2) such that (ant(X))” C (ant(Y))” and Ofor(Y) ¢ ant(X;) N
Ofor(G(n + k). By Y € next(Y2), we have Y € G(n + k) C G"**. Using Ofor(Y) ¢ ant(X;) N
Ofor(G(n + k)) and Lemma 3.6, we have Ofor(Y) ¢ ant(X;) and Ofor(Y) € suc(X;). Also by Y €
next(Y;), we have ant(Y2) C ant(Y) and suc(Y2) C suc(Y). Hence we have ant(Yy) C ant(Y) and
suc(Yp) C suc(Y). =
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Lemma 4.16 Let X and Y be sequents in G(n) — G*(n) and let X1 be a sequent in next™ (X) —
(provy(X) U prov, (X)Uprovs(X)). If Ofor(Y) € suc(Xy), then

(Ty,ant(X;)NOfor(G(n)),ant(Y) — suc(Y), Ay ) € next™ (X) — (prov,y(X)Uprov, (X)Uprov,(X)),

where
Ay = {Ofor(Z) € suc(X;) N Ofor(G(n)) | ant(Y)" C ant(Z)°} and
I'y = {Ofor(Z) € suc(X;) N Ofor(G(n)) | ant(Y)” Z ant(Z)"}.

Proof. we define the sequent Y7 as follows:
Y = (T'y, ant(X;) N Ofor(G(n)),ant(Y) — suc(Y), Ay).

It is not hard to see that Y7 € next™ (Y). So, it is sufficient to show the following three:
(1) Y1 & prov, (Y),
(2) Y1 & prov,y(Y),
(3) Y1 & provy(Y).

For (1). Suppose that Y7 € prov,(Y). Then there exists a sequent Z € G(n) such that Ofor(Z) €
suc(Y7), (ant(Y))” #C (ant(Z))”. By Lemma 3.6, we have Ofor(Z) ¢ BG,, 2 suc(Y), and using
Ofor(Z) € suc(Y;) = suc(Y) U Ay, we have Ofor(Z) € Ay. So, (ant(Y))” C (ant(Z))”. This is in
contradiction with (ant(Y))” Z (ant(Z))".

For(2). Suppose that Y7 € prov,(Y). Then there exist sequents Z € G(n) and Zy € G(n — 1) —
G*(n — 1) such that

(2.1) Ofor(Z) € suc(Y1),

(2.2) Ofor(Zy) € suc(Z),

(2.3) Ofor({Z’ € next(Zy) | (ant(Z))” C (ant(Z'))"}) C suc(Y1) N Ofor(G(n)).
Similarly to (1), by (2.1), we have

(2.4) Ofor(Z) € suc(Xy),
Also by Lemma 3.6, we have suc(Y;) N Ofor(G(n)) = Ay, and using (2.3), we have

(2.5) Ofor({Z’ € next(Zy) | (ant(Z))” C (ant(Z'))"}) C Ay C suc(X1) N G(n).
By (2.4), (2.2), (2.5) and X; € nextt(X), we obtain X; € prov,(X), which is in contradiction with
X1 ¢ prov,y(X).

For (3). Suppose that Y7 € prov4(Y). Then there exist sequents Z, Z' € G*(n) such that
(3.1) Ofor(Z) € ant(V;),
(3.2) Ofor(Z’) € suc(Ys)
(33) (ant(2))° = (ant(2))°.
Similarly to (1), by (3.2), we have
(3.4) Ofor(Z’) € Ay C suc(Xy).
By Ofor(Z') € Ay, we have (ant(Y))® C (ant(Z’))". Using (3.3), (ant(Y))" C (ant(Z))". So, we have
Ofor(Z’) ¢ T'y. Using (3.1), we have Ofor(Z’) € ant(X;) Uant(Y). Similarly to (1), we have
(3.5) Ofor(Z’) € ant(X7).
By (3.4), (3.5), (3.3) and X; € next'(X), we obtain X; € prov;(X), which is in contradiction with
X1 ¢ provy(X). o

Lemma 4.17 Let P be a cut-free proof figure in S4 whose end sequent is ® — W. Then for any
X € G(n) — G*(n) and for any X1 € next’(X) — (prov,(X) U prov, (X) U provs(X)),
(P — ) & {(P* — U¥) | ®* C ant(sat(X;)), " C suc(sat(X;))}.

Proof. We use an induction on P.
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Basis(P consists of an axiom). Suppose that
(P — T) e {(* — ¥¥) | " C ant(sat(X1)), " C suc(sat(X1))}.

Then by Lemma 4.10, ® N ¥ = (), which is not an axiom.

Induction step (P has the inference rule introducing the end sequent). Suppose that
(P — T) € {(* — ¥¥) | " C ant(sat(X1)), U* C suc(sat(X1))}.

and let I be the inference rule introducing the end sequent in P.
If I is not (— O), then by Lemma 4.11, an upper sequent I belongs to

{(®* — T*) | &* C ant(sat(X;)), I" C suc(sat(X1))}.

This is in contradiction with the induction hypothesis.

So, we assume that I is (— O). Then there exist a set I" and a sequent Y such that
(1) T C ant(X;)",
(2) Ofor(Yp) € suc(X1)",
(3) (® — ¥) = (I' — Ofor(Yy)),
. I' = for(Yp)

(4) I'is T Ofor(Y)"
We divide the cases.

The case that Yy € G*(k) for some k < n. By Lemma 4.14, (1) and (2),

for(T' — for(Yp)) = for(ant(X;)” — for(Yp)) = for(Yp).

Using (4), we have Y € S4, which is in contradiction with Yy € G*(k) and Lemma 2.4(2).

The case that Yy ¢ G*(k) for any £ < n. Then by Lemma 3.6, Yy € G(k) — G*(k) for some k < n.
Using (2) and Lemma 4.15, there exists a sequent Y € G™ such that

(5) Ofor(Y) € suc(Xy),

(6) ant(Yy) C ant(Y) and suc(Yp) C suc(Y).
By (6), we have for(Yp) — for(Y) € S4, and using (4), we have I' — for(Y) € S4. If Y € G*(i) for
some ¢ < n, then using (1), (5) and Lemma 4.14, we obtain a contradiction similarly to the above case.
So, by Y € G™ we can assume that Y € G(n) — G*(n). Then by (5) and Lemma 4.16,

Y: = (Ty,ant(X;)NOfor(G(n)),ant(Y) — suc(Y), Ay) € next™ (X)—(prov,(X)Uprov, (X)Uprov;(X)),

where Ay and I'y are as in Lemma 4.16. By (6), we have ant(Yy) C ant(Y;) and suc(Yp) C suc(Yr).
Using Lemma 4.7(3),

for(Yy) = for(ant(Yy) — suc(Yp)) = for(ant(Y;) N BGj — suc(Y;) N BGy) € suc(sat(Y))).
On the other hand, by Ofor(Y) € suc(X;) and Y € G(n), we have
(ant(X))” Z (ant(Y))" implies X; € prov,(X).
So, using X; ¢ prov, (X), we have
I' C (ant(X))” C (ant(Y))"” C ant(sat(Y7)).
So, the upper sequent of I belongs to
{(®* - U*) | &* C ant(sat(Y7)), ¥* C suc(sat(¥1))}

for i € next™ (X) — (prov,(X) U prov, (X ) Uprovs(X)). This is in contradiction with the induction
hypothesis. 4

By the above lemma and Lemma 1.1(2), we obtain
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Corollary 4.18 Let X be a sequent in G(n) — G*(n). Then
prov,(X) Uprov, (X) Uprovs(X) 2 prov(X).

From Lemma 4.3, Lemma 4.4, Lemma 4.5 and Corollary 4.18, we obtain Theorem 4.2.
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