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Abstract. Here we discuss the formulas having only one atomic formula | in provability logic GL
and the formulas having only one atomic formula p in Grzegorczyk logic Grz. It was defined a function
f satisfying, for any formula A, f(A) € GL if and only if A € Grz (cf. Boolos [Boo93] and Goldblatt
[Gol78]). While we define a function g satisfying, for any formula A having only one atomic formula L,
A € GL if and only if g(A4) € Grz.

1 Introduction

We use lower case Latin letters p, g, - - - for propositional variables. Formulas are defined inductively, as
usual, from the propositional variables and L (contradiction) by using logical connectives A (conjunction),
V (disjunction), D (implication) and O (necessitation). We use upper case Latin letters A, B, - - -, possibly
with suffixes, for formulas. We fix the enumeration ENU of formulas. For the finite non-empty set S of
formulas, the expression

A\ S

AT NAa N - NAy,

denotes the formula

where S = {A;,---, A, } and A; occurs earlier than A; in ENU if ¢ < j. Also we put
/\@ =1>1.

Definition 1.1. The depth d(A) of a formula A is defined inductively as follows:
(1) d(D) = 0, for an atomic formula D,

(2) d(BAC)=d(BVvC)=d(B > C)=max{d(B),d(C)},

(3) d(OB) =d(B) + 1.

Let D be an atomic formula in {p, L }. By S(D), we mean the set of formulas constructed from D by
using A, V, D and O. We put S*(D) = {B € S(D) | d(B) < n}.

By GL, we mean the smallest set of formulas containing all the tautologies and the axioms

K:O0(AD>B)>(0DADOB),

L:0(0AD>A)D>DOA (Lob’s axiom),
and closed under modus ponens and necessitation. By Grz, we mean the smallest set of formulas
containing all the tautologies, K and the axioms

T:0ADA,

grz:0(0(AD>0A4) D> A) >DOA  (Grzegorczyk axiom),
and closed under modus ponens and necessitation.

For the terminology concerning Kripke models, we follow Chagrov and Zakharyaschev [CZ97].

Lemma 1.2.(cf. [CZ97])
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(1) A € GL if and only if A is valid in the class of finite Kripke frames with strict partial orders.
(2) A € Grz if and only if A is valid in the class of finite Kripke frames with partial orders.

Sequent systems for GL and Grz were described several papers. For example, Avron [Avr84] gave
both systems, which we define below. For the terminology concerning sequent systems, we follow [Sas01].
By GGL, we mean the system obtained by adding the inference rule

OA,T,0O —- A
oI — OA

to the system LK for the classical propositional logic. By GGrz, we mean the system obtained by adding
the inference rules

(—> DGL)

OADOA),0I' - A
o — 0OA

AT — A (
0AT — A

(_> I:'Grz) and —>)

to the system LK.

Lemma 1.3.(cf. [Avr84], Valentini [Val83])

(1) AT D Ae GL if and only if T — A € GGL.
(2) AT D A€ Grz if and only if T — A € GGrz.
(3) GGL and GGrz enjoy cut-elimination theorem.

We can see similarity between GL and Grz in the Kripke semantics and sequent systems. We also
note that

Lemma 1.4. For k> 0,i >0, 0¥ L — 0%t L is provable in GGL and GGrz.

Definition 1.5. A list Fpy, FY, - - - of formulas are defined inductively as follows:
(1) Fo = p,
(2) Fk+1 = Fk D) DFk

Definition 1.6. A list go, g1, - - - of functions from S(L) to S(p) are defined inductively as follows:
1) gi(L) = OF;,

9:(BNC) = gi(B) N gi(C),

(BVC)=ygi(B)VaglC),

i(B D C) =gi(B) D gi(C),

i(DB) = Dgi+1(B).

)

The function gy transforms the formula O(OL D 1) D 01, a instance of the axiom L, into a formula
go(O(O0L D 1)>0Ol)=0(00(F DUOF)D>0OF)DO0F).

Here we note that the image is similar to O(O(Fy D OF;) D Fy) D OF}, an instance of the axiom grz,
and that the image and the instance are equivalent in Grz.

The main result is

Theorem 1.7. For any formula A € S(L), and for any ¢,
A € GL if and only if g;(A4) € Grz.
To prove the theorem, we use properties of the structures (S™(p)/ =Grz, <arz) and (S"(1)/ =cui,
<cu), where for L € {GL, Grz},
A=g Bifandonlyif (ADB)A(BDA)eL,
[A] <, [B] if and only if B D A € L.

In the next section, we construct a representative of each equivalent class of the above two structures
following [Boo93] and [Sas04]. In section 3, we prove Theorem 1.7 using the lemmas in section 2.



2 Construction of representatives

Here we construct a representative of each equivalent class in the quotient sets S™(L1l)/ =qL and
S™(p)/ =arz- It is known, however, two structures (S™(L)/ =cL, <cL) and (S"(p)/ =Grz, <Grz) are
boolean(cf. [CZ97]). So, we have only to construct representatives of generators of these two booleans.
For representatives of generators of the structure for GL, we can refer [Boo93|, and representatives for
Grz was given in [Sas04].

Definition 2.1. For a formula A, 0"A (n =0, 1,---) are defined inductively as follows:
(1)O%A = A,
(2)0k+1 A = OOk A.

Definition 2.2. The sets G,, (n =0,1,2,---) of formulas are defined as follows:
Go = {l},
Gpo = {0 Ok 50k 0L D 1)

Lemma 2.3.

(1) None of the formulas in G, is provable in GL.

(2) For k <n, N{O"L,0"L >0 L ... O] 50F 1} =g OF L.
(3) For any A,B € G,,, A # B implies AV B € GL.

Proof.
For (1): Let be that M = ({1,2,---,k+2}, <, |=), where < is the ordinary strict order. Then we have

(M,k+2) 0L D L, (Mk+1)0%L >0L,---,(M,2) o L o oF L (M,1) EoF L
Using Lemma 1.2, we obtain (1).

For (2): By Lemma 1.4, we have OF1 — A{O"1,0"1 > O 1l ... o'l 5 OF1} € GGL.
Using Lemma 1.3, we have OF | D> A{O" L, 0"l > Ot ... O] 50F1} € GL.

We show A{O" L, O] >on-tl, ... okl 50k} 5 O0F 1 € GL by an induction on n.

If n = 0, then the formula is a tautology.

Suppose that n > 0. If £ = n, then the formula is also a tautology. So, we assume that £k < n — 1.
By the induction hypothesis, A{O"~'1,0""'1 > O*=21, ... O] > 0F1} 5 OF1 € GL. Using
Lemma 1.3,

ot ol >o"?L,..., 0.5 1 — 1 e GGL.

Using 0" L — 0" 1 € GGL and (D—), we have
o"L,0"L >0t ,...,00.>1— 1eGGL.

Using Lemma 1.3, the formula is provable in GL.
For (3): By Lemma 1.3 and Lemma 1.4. 4
By Lemma 2.3(3), we have
Corollary 2.4. For any A, B € G,,, A # B implies B =gL A D B.

Lemma 2.5. Let S and Sy be subsets of G,,. Then

(1) (/\ S1) A (/\ S2) =cL /\(51 USa2),

2) (A\S1) v (/\82) =ar \(S1n8s),

(3) (/\ S1) D (/\ S2) =cL /\(52 —8S1),

(4) if 81 # 0, then O(/\ 81) =ar OF L, where k = min({n+1[ 0" L € S} u{i+1|0* L o0 L€
S1}).



Proof. (1) is from associative law and commutative law of A. For (2) and (3), we use Lemma 2.3(3)
and Corollary 2.4, respectively. (4) was shown in [Boo93]. =

Lemma 2.6. Let A be a formula in S™(L). Then there exists a subset S of Gy, such that A =cL A S.

Proof. We use an induction on A. If A = 1, then by Lemma 2.3(2),
AGn=A\{0"Lo"Loo" L. . 0LD 1} =qrL L=A4A
If A+# 1, then by the induction hypothesis, Lemma 2.4 and Lemma 2.3(2), we obtain the lemma. -

Lemma 2.7.
(1) 8"(L)/ =er = {I\S]ISCG}.
(2) For subsets S1 and Sy of G,
(2.1) 81 C Sy if and only if [/\ S1] <cr [/\ Sal,

(2.2) 81 =S if and only if [/\ S1] = [/\ Sal-

Proof. (1) is from Lemma 2.6. We obtain (2.2) as a corollary of (2.1). The “only if” part of (1.1) is
clear. We show the “if part” of (1.1). Suppose that [A S1] <L [/ Sz2] and S; € S3. By S1 € S, there
exists a formula A in S; — Sg. Using [A S1] <cL [A Sz2], we have A Sz D A € GL. Since A € S,, using
Corollary 2.4, we have A\ S2 D A =g1 A4, and so, we have A € GL. This is in contradiction with Lemma
2.3(1). -

Definition 2.8. The sets G}, (n =0,1,2,---) of formulas are defined as follows:
Gj = {Fo},

Gi = {F, F1},

Gjiio = {Fry1, Fly2,0Fk41 D OF,---,0F D OFp}

The following three lemmas were shown in [Sas04].

Lemma 2.9.
(1) Fy N Fyy1 =grz OF.
(2) Fork <n #0, /\{Fn,anl, OF,_1 D0OF,_o,---,0F,41 LD DFk} =Grz OF%.

Lemma 2.10. Let S; and So be subsets of G),. Then
) (/\Sl /\52 Grz/\ (S1USy),

2) (A\S1) V (/\ S2) =arz /\(S1NS2),

(3) (A\S1) D (A\S2) =arz /\(S2 - S1),

(4) if S1 # 0, then O(/\ S1) =Grz OF, where k= min({i | F; € 81} U {i | OF,41 D OF; € S1}).

Lemma 2.11.
(1) ( )/_Grz: {/\S SCGZ}
(2) For subsets S1 and Sa of G,
(2.1) S1 C Sy if and only zf [/\ S1] <arz [/\ Sal,

(2.2) 81 =Sy if and only if [/\ S1] = [/\ Sal-

3 Proof of the theorem

Here we give a proof of Theorem 1.7. We define a function h and show three lemmas. We put ¢;(S) =
{9i(A) | A €S}



Definition 3.1. For a subset S of G,,, we put

hi(8) = {Fnyi | 0" L € S}U{Fpyip1 | 0" L € S}U | J{OFkyi D OFy 1 |OF LD O 'L e S}
k=1

Lemma 3.2. Let S and S1 be subsets of G,,. Then for any 1,
(1) hi(S) € Gy

(2 )/\gz( ) GFZ/\h( )s

(3) S # Sy implies \ hi(S) Zarz N\ hi(S1).

Proof. (1) is clear from the definition. (2) is from Lemma 2.9(1). (3) is from (1) and Lemma
2.11(2.2). -

Lemma 3.3. Let S; and Ss be subsets of G,,. Then for any i,
1) (/\ hi(S1)) A (/\ hi(S2)) =Grz [\ hi(S1US2),
) (A\hi(S1) V (A hi(S2)) =ars \ hi(S11S2),
3) (\hi(81)) > (/\ hi(82)) ZGrs [\ hi(S2 — S1),
(4) if S1 # 0, then O(/\ hi(S1)) =crs OFk, where k = min({n +i | O"L € 81} U{j+i| D71 >
091 € S1}).

Proof. We note that

h; (Sl) U h; (Sg) hi(Sl U 82)7

( ) Nh; (Sg) hi(Sl U 82)7

hi(S2) — hi(S1) = hi(S2 — S1).

So, using Lemma 2.10 and Lemma 3.2(1) we obtain (1), (2) and (3).
For (4). By Lemma 2.10(4),

O(/\ hi(81)) =Grz OFk,
where k = min({j | Fj € h7(81)} U {] | DFj+1 D DFj € h7<Sl)}) So,
E=min({n+i|0"L eS;Ju{j+i| DT L o0/1 €S}).

Lemma 3.4. Let A be a formula in S™(L) and let S be a subset of G,,. Then for any i,

A=qL /\S if and only if gi(A) =Grz /\Qz S).

Proof. We use an induction on A.
Basis(A = 1): By Lemma 2.3, we have

A=_1 =GL /\ Gn
By Lemma 3.2(2) and Lemma 2.9(2), we have
/\gi(Gn) =Grz /\hi(Gn) = /\G2+i+1 =arz UF; = gi(L) = gi(A).

So, if S = G}, then we have both of A =qL, /\S and g;(A) =Grz /\gi(S). If not, then by Lemma
2.7(2.2), A ZcL /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gz( =Grz /\h %Grz /\h Gn —Grz gz(A)7

and so, g;(A) Zars [\ 6:(S)
Induction step(A # L1): We divide the cases.



The case that A = A; A A2: We note A1, A2 € S"(L). So, by Lemma 2.5, there exist subsets S1, Sa
of G,, such that

A1 =cr \S1, 4r=qr /\ Ss.
Using the induction hypothesis,

A1) =arz N\6i(S1),  gi(A2) =ara [\ 9i(S2).

By Lemma 2.5(1),
A=A NA =qL (/\ Sl) A (/\ Sg) =GL /\(Sl U SQ)
Also by Lemma 3.2(2) and Lemma 3.3(1),
9i(A) = gi(A1) A gi(A2) =Gra /\gz (81)) A (/\91‘(82)) =Grz (/\ hi(S1)) A (/\ hi(S2))

=Grz /\hi(sl US2) =Grez /\gi(sl USs).
So, if S = S; U Sy, then we have both of A =qr, /\ S and ¢;(A) =Gre /\gz . If not, then by Lemma
2.7(2.2), A #ar /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gz( =Grz /\h 7_éGrz /\h Sl USQ) =Grz gl(A)7

and so, gi(A) #arz [\ 9:(S)
The case that A = A; V Ag: Similarly to the above case, there exist subsets S, Sz of G, such that

Ar=cL \S1.  Ar=cr \S:  gi(A1) Zarz N\0i(S1),  gi(A2) =ara [\ 9:(S2).
By Lemma 2.5(2),
A= Al \/AQ =QGL (/\ Sl) \Y (/\ SQ) =QGL /\(Sl n SQ)
Also by Lemma 3.2(2) and Lemma 3.3(2),
9i(A) = gi(A1) V 9i(A2) =craz ( /\gz S1)) Vv (/\gi(SQ)) =Grz (/\ hi(S1)) v (/\ hi(S2))

=Grz /\hi(sl NS2) =Grz /\gi(sl nS,).
So, if S = S1 NSy, then we have both of A =qy, /\ S and g;(A) =are /\gi(S). If not, then by Lemma
2.7(2.2), A #£cL /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gz( =Grz /\h i—éGrz /\h Sl N SQ) =Grz gZ(A)7

and so, gi(A) #Graz /\gi(S)
The case that A = A; D As: Similarly to the above cases, there exist subsets S1,Ss of G,, such that

A =cL \S1,  Ar=cr \S2  gi(A1) =are N\0i(S1),  6i(A2) =rx [\ 9:(S2).

By Lemma 2.5(3),
A= A1 D A2 =GL (/\Sl) D (/\Sz) =GL /\(SQ - S
Also by Lemma 3.2(2) and Lemma 3.3(3),

9i(A) = 9i(A1) D gi(A2) =Gra /\gl )2 (/\gi<s2)) =Grz (/\ hi(S1)) D (/\ hi(S2))

=Grz /\hi(SQ —S1) =Grz /\gi(SQ -5



So, if S = Sy — Sq, then we have both of A =g, /\ S and ¢;(A) =Grz /\gi(S). If not, then by Lemma
2.7(2.2), A ZcL /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gz(s) =Grz /\ h1(S) %Grz /\hz<s2 - Sl) =Grz 91(14);

and so, g;(A) ZGrz /\gi(S).
The case that A = OA;: Similarly to the above cases, there exists a subset S of G,,_1 such that for
any k,
Al =qL /\Sh k(A1) =Grz /\gk(S1)-

If S; = (), then we have
A=04; =L 0 \0=cr O(L D L)=acrL LD L=aL \V
and
9i(A) = gi(0A1) = Ogir1(A1) =ra O N\ 9i11(0) = DN\ 0 =cra= \ 0 =cra \ hi(0) =cra [\ 9i(0)

So, if S = ), then we have both of A =gL, /\ S and ¢;(A) =Grz /\gi(S). If not, then by Lemma 2.7(2.2),
A ZaL /\S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gz(s) =Grz /\ h1(S) ?_éGrz /\hzw)) =Grz Ji (A)a

and so, g;(A) ZGrz /\gi(S).
If S; = {07! 1}, then we have

A=04; =qL 0 \{0" "1} =ar A\{O"L}

and
9i(A) = g(0A1) = Ogit1(A1) =cra D/\gi+1({Dn_1J_})

=Grz Dgi+1(Dn71J—) =Grz gz(DnJ—) =Grz /\gz({DnJ—}) =Grz /\hi({DnJ—})

So, if S = {O0™ L}, then we have both of A =g, /\ S and ¢;(A) =are /\gi(S). If not, then by Lemma
2.7(2.2), A ZcL /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

N 9i(S) Zarz \ hi(S) Zara \ hi({D"L}) Zcra 9i(A),
and so, g;(A) Zarz /\gi(S).

Suppose that S; ¢ {0, {0" 1 1}} = P({O" 1 L}). Then we have S; € {07~ L}. Since S; C G,_1,
we have ) # S; — {011} C {On~'1L > O"1l,..., 01 D> L}. So, there exists the minimum k of
{¢| 0L > 0! €Sy} By Lemma 2.5(4) and Lemma 2.3(2),

A=0A; =qL U /\ S1 =qL 0F L =aL /\{D"J-’ o"Lo>om L, oM Lo of L)
Also by Lemma 3.2(2) and Lemma 3.3(4),
gi(A) = gi(0A1) = Ogi11(A1) =Grz D/\gi+1(sl) =Grz U /\ hi+1(S1) =Grz OFk+4
=Grz /\{Fn+i+17Fn+i7 OFnti D OFpqi—1,- -, OFkqip1 DO OFpq}

=ar, \i({O"L,0"L>0" 1L, oML 50k 1))



=ars \g:({0" L, 0" L DO L OF L S OF 1Y)

So,if S={O"1,0"1 >On~!1,... 011 5 0OF1}, then we have both of A =gr, /\S and ¢;(A) =Grz
/\g,-(S). If not, then by Lemma 2.7(2.2), A ZcL /\ S, and by Lemma 3.2(2) and Lemma 3.2(3),

/\gi(S) =Grz /\hz(s) §—£Grz /\hi({D”J_, o"L> Dn_lJ—v M Dk+1J— 2 DkJ—}) =Grz gi(A)a

and so, g;(A) ZGrz /\gi(s)' _|

Considering the case that S = () in Lemma 3.4, we obtain Theorem 1.7.
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