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Abstract

Assuming <», we construct a notion of forcing which iterates Souslin trees. This iteration codes any
family of iteratively generic cofinal paths by a single real. The original construction due to R. Jensen starts
in the constructible universe.

Introduction

We are interested in iterated forcing (P,, Q, | n < w) such that for each n < w, |-p, “Q,, is o-Baire, i.e.
adds no new countable sequences of ordinals” and yet if P,, is any limit of the P, , then P, is never o-Baire.

In [DJ], a sequence of w-many Souslin trees are constructed in the constructible universe L. They are
connected in L so that any family of iteratively generic cofinal paths are coded by a single real.

We reformulate this construction by <. In doing so, we tentatively formulate a type of sequences of
projections so that this remake gets included. However, we are unable to include the semiproper iteration
of [M] which forces a stronger form of 1c.

It appears that [DJ] constructs thin trees, while [M] does thick ones with a kind of homogenuity. A
possible common thread is that any family of iteratively generic objects (G,, | n < w) is coded into a single
real by types of sequences of projections. Hence no matter how we force with limit, we must add this new
single real as long as (G, | n < w) is new.

In §1, we quickly fix our notations. In §2, we formulate a general framework which explicates how
codings take place. In §3, we carry a routine work to translate sequences of projections into the usual
context of iterated forcing. For that we make use of the idea of forcing equivalence from [S]. In §4, we review
$ and point out that for any notion of forcing P which has the c.c.c, is o-Baire and of size at most wy, we
may prepare a type of {-sequence in the ground model so that it remains so in any generic extension of P.
In §5, we remake [JD] by . In §6, we touch on our stronger form of ¥oc. The principle ¥ac is found in

§1. Preliminaries

1.1 Definition. For a tree S and x € S, we denote the height of 2 in S by |z|. So || =the order-tye of
({z € S|z <s x},<s). The height of S is denoted by ht(S). So there is no element = € S with |z| = ht(S).
A path b of S means that b is a <g-downward closed pairwise <g-comparable subset of S. If the order-type
of (b, <g) is a, then for 3 < «, b() denotes the B-th element of b. So b(3) € S, where Sg denotes the §-th
level of S. A tree S is normal, if
(1) For any = € S and |z| < a < ht(S), there exists 2* € S, with  <g z*. (Dense)
(2) For any z € S with |z| + 1 < ht(S), we demand |sucg(z)| = w. (w-many successors)
(3) For any path b of S with no last element in b, there exists at most one element 2 in S which sits right
above b. (At most one)

A subtree of <! w is a downward-closed subset of <“! w.

To construct limit levels of a tree, the following is basic.

1.2 Proposition. Let T be a normal subtree of <“'w such that ht(T) = a < wy and « be a limit. Let
{z1, -+, 21} be a finite subset of *w. Lety € T with |y| < a. Let (A, | n < w) be a family of maximal
antichains of T indexed by w. Then there is y* € *w such thaty C y*, y* & {x1,--- 21}, for all B < a, we
have y*[B € T and for all n < w, we have A, N{y*[B | B < a} # 0.

Proof. Let (o, | n < w) be a strictly increasing sequence of ordinals such that ag = |y| and sup{a, | n <
w} = a. Construct (y, | » < w) by recursion on n as follows;
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e yo=vy 1y Cuy €T, on <|y| <aand y1 & {z1[|y1l, ..., zf|yl}-
There exists 5 < |y1| such that y;[8 € Ao.
yn €T, ap < |yn| < .

® Yo CUnt1 €T, ant1 < |ynta] < o
There exists 8 < |yn+1| such that y,11[8 € A,.

It is straightforward to carry this construction due to (Dense) and (w-many successor). Let

v = Jn [ n<w}

Then this y* works.

The following is from [S].

1.3 Definition. Let P and @ be two notions of forcing. We say P and @ are forcing equivalent, if there
exist a P-name Gg and a ()-name G p such that

(1) V[Gp] = “GglGp) is a Q-generic filter over V7.

ViG]
(2) VIGo] E “GP[GQ] is a P-generic filter over V7.
(3) V[Gp] E “Gp|GolGp]] = Gp".
() ViGal |- “ColGrlGal] = Go™.

Where Gp and G denote the respective generic filters over V. We denote P = @, if P and @ are
forcing equivalent.

1.4 Proposition. Let P and @ be notions of forcing such that P = Q with GQ and Gp. Then
(1) V[Gp] = V[Go|GPp]] for all P-generic filters Gp over V.
(2) V[Gq| = VIGp[Gg)] for all Q-generic filters Gg over V.

Proof. Suffice to deal with (1). Let Gp be any P-generic filter over V and calculate Go[Gp] which is
Q-generic over V. Denote Gg = G|Gp] € V[Gp|. Then we have

GplGql = Gp|GqlGp]] = Gp.

Hence Gp € V[Gg] and so
VIGr] = V]Gql.

1.5 Proposition. Let P, Q and R be notions of forcing. If P=Q = R, then P = R. And so = is a
class equivalence relation on the class of notions of forcing.

Proof. Let P = @ with GQ and Gp. Let Q = R with G and Gg. Want to come up with a P-name
Gp and an R-name Gp.
Let ~ L
VI[Gp] = V[Gq|Gp]] E “Gr = Gr[GolGr]]”.
and

V[Gr] = V[GqlGrl] F “Gp = Gp[GqlGR]]".
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Then
VIGp] = “Gg is R—generic over V7.

V[GRr] E “Gp is P—generic over V7.

and
VIGp| E “Gp|GrlGr]] = Gr(GoGr)GolGp) = GpGolGp] = Gp™.
VIGR] = “Gg[GplGrl] = Gr(GaGr)GolGr] = GrGolGR] = Gr.
Hence P = R.
o
1.6 Proposition. Let P and @ be notions of forcing. If P = Q via GQ and Gp, then
(1) For all p € P, there exists ¢ € Q such that q|F-o “p € Gp”.
(2) For all g € Q, there exists p € P such that p|—p “q € GQ 7,
Proof. Suffice to show (1). Let p € Gp. Then calculate GQ [Gp] and denote G = GQ [Gp]. Then
GP[GQ] = GP [GQ[GPH = GP-
Hence -
VIGq] E “p € GplGql”
So ¢ |o“p € Gp” for some g(€ Gg).
i

1.7 Proposition. Let P and @ be notions of forcing with P = Q. Then
(1) If P has the c.c.c, then so does Q.
(2) If P is o-Baire, then so is Q.

Proof. For (1): Want to show @ has the c.c.c. Let (g; | i < wi) be given. For each i < wy, take p; € P
such that p; |Fp“q; € Gg”. Since P has the c.c.c, there are 4, j such that ¢ # j and p; and p; are compatible.
Let p < p;,p; in P. Then p|-p“q;, q; € Gg” and so ¢; and ¢; are compatible in Q.

For (2): Want to show @ is o-Baire. Namely, no new countable sequences of ordinals are added. But
V[Gg] = V[Gp|Gg]] and P is o-Baire. Hence @ is o-Baire.

1.8 Question. Let P and @) be two notions of forcing. We denote P < @, if there exists a Q-name Gp
such that |- “Gp is P-generic over V” and for any p € P, there exists ¢ € @ such that ¢ |-q“p € Gp”. We
have seen that if P = @, then P < @ holds. Is it the case that if P < @Q and @ < P hold, then P=Q ?

§2. General Framework

We formulate a type of sequences of projections. This is sufficient to cover the construction in this note.
2.1 Definition. Let S and T be trees of height w; such that

(0) The 0-th levels consist of their roots. Denote {roots} = Sy and {rootr} = Tp. (Root)

(1) For all € S and a < wy with |z] < a, there exists z* € S s.t. x <g z* and |¢*| = a. Similarly for T,
where |x| and |z*| denote the height of x and z* respectively. (Dense)
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We say a triple (S, h,T) is a step, if h is a projection from T into S, i.e,

(1) h(y2) =s h(y1), if yo =7 y1 for all y1,y2 € T. (Order-preserving)

(2) If z >g h(y), then there exists ' € T s.t. ¥ >7 y and h(y') >s z for all y € T and = € S. (Reduction)
and h satisfies

(3) h(rootr) = rootg and for all y € T with |y| > 1, it holds that |h(y)| = |y| + 1. (Ahead)

In the sequel, we write y» < y; to mean yo >7 y1. We also denote zo < x7 to mean xo >g 1 for S. This
conforms to the usual convention in forcing arguments. And there should be no confusions. To explain the
meaning of (Ahead), let by be a T-generic filter over the ground model V indexed by wy. So by :wy — T
and br(a) € T,. This makes sense by (Dense) on T. Let bg be the induced S-generic filter from br by h.
Then (Ahead) is a device to recover bg from by in such a way that bs(a + 1) = h(br(cr)). We intend to
provide details to this and other standard facts related to the projections for the sake of completeness.

2.2 Proposition. Let (S,h,T) be a step.

(1) The image of T under h, denoted by h“T, is dense in S.

(2) If bg is an S-generic filter over V, then bs is a cofinal path through S. We refere to this path as a
generic cofinal path and denote the a-th element of bs by bs(a). So bs(a) € S, where S, denotes the
a-level of S.

Proof. For (1): Let x € S. Since z < rootg = h(rootr), we have y € T such that h(y) < x. Hence h“T

is dense in S.

For (2): Since bg is directed, it holds that every element of bg is comparable. Since bg is upward-closed
in the notion of forcing S, we have that bg is a downward-closed subset of the tree S. Hence bg is a path.
For any a < wy, {x € S | o < |z|} is dense in S by (Dense). Hence bg is cofinal through S.

We deal with the quotients.
2.3 Proposition. Let (S,h,T) be a step. Let bg be an S-generic filter over V. In V]bg], let

T/bs ={y €T | h(y) € bs}.

Then T /bs is a tree of height w¥ and satisfies (Dense). We simply denote T /bs by T'.
Proof. Since rootg € bg, we have rooty € T'/bg.

(T'/bg is downward-closed in T) Let y; € T/bs and yo <7 y1. Then h(y2) <g h(y1). But h(y1) € bs
and so h(y2) € bs. Hence yo € T/bs.

(T'/bs is dense) Let y € T'/bs. So h(y) € bs. Fix any a < wy and let D = {h(z) € S | y <r 2z, a < |z] in
T }. Then this D is dense below h(y) in S. This makes use of (projection) and (Dense). Hence there exists
z € T/bs such that y <7 z and |z| > a in T//bs. In particular, the height of T'/bg is w} .

2.4 Proposition. ST =T holds by an S * T-name by, T-names bg and BT defined as follows;

Vbs)[bs] E “br = b,
VIbr] = “bs = the downward closure of {h(br(@)) | o < wyi'}, b = bp”.

Namely,



(1) VIbsl[bz] | “br is T-generic over V7.

(2) VIbr] = “bs is S-generic over V and by, is T[bs] = T/bs-generic over V[bs]”.
(3) Vibsllbg) = “bslbr] = bs and bylbr] = by

(4) VIbr] = “brlbs * bp] = br ™.

Proof. For (1): Since T' = T'/bs is a tree of height w} and satisfies (Dense), we conclude by is a cofinal

|4
|4

path through 7. So bs is a cofinal path through 7', too. Hence b; is a directed and upward-closed subset
of the notion of forcing T". It remains to observe that for any dense subset D € V of T, it holds that
D Nbg # 0. To see this, it suffices to see DN T is dense in 7. To this end, let y € T. We have h(y) € bs.

Let D" = {h(z) | z € D,y <r z}. Then this D’ is dense below h(y) in S. Hence we have z € D N T with
z<yinT.

For (2): In V]br], let )
bs = bslbr] ={z € S |z <s h(b(a)),a < w} }.

(bs is an S-generic filter over V'): Want to show that this bg is S-generic over V. Since bg is a filter in S, it
suffices to show that for any dense subset D of S, we have D Nbg # ().

Since h is a projection, we have D' = {y € T | h(y) < d in S, d € D} is dense in T. Hence we have
y € by such that h(y) >g d for some d € D. Hence d € D N bg.

(br CT/bg): For any y € br, we have h(y) € bg by the definition of bg. So y € T'/bg by the definition
of T/bs. Hence br is a filter in T'/bg.

It suffices to show for any dense subset De V]bs] of T/bg, we have DNbr #+ (. Take x € bs so that
z|Fs“D C T/bg is dense”. Since x € bg, may take y € by such that  <g h(y). So h(y)|Fs“D C T/bg is
dense”. Wesee {z € T | d> zin T, h(z)|~s“d € D’} is dense below y in T. Hence we have z € by and d
such that d > z in T and h(z) |-s“d € D”. Hence h(z) € bg and d € D N by.

For (3):
Vbsllbs] = “bs[br(bs * bp]] = bslbz] = {w € S | @ <s h(y),y € bz} = bs”.
For the last equation, it suffices to see C. But b C T'//bg and so h(y) € bg for all y € by.

Vibs)lbz] | “bp[brlbs  bp]] = brlbs  bp] = by

For (4):
V[bT] ): “BT [65 [bT] * BT [bTH = BT [65 [bT] * bT] = bT”.

Hence S * (T /bg) = T holds.

We record useful facts. Since h satisfies (Ahead), we further conclude (3) below.
2.5 Proposition. (1) h(y)|-s“yeT”.
(2) yl-r “h(y) € bs”. ) )
(3) If 1 <a=lyl|, then y |7 “h(y) = bs(a+ 1), the a + 1-st element of the induced generic path bs”.
(4) In particular, |1 ‘bs(a+ 1) = h(bp(a))” for a > 1.
Proof. For (1): Let y € T
h(y) €bs = T/bs =T ={z€T |h(z) ebs} =y eT.
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For (2): Let y € T.
y € by = h(y) € bslbr] = {zr €S | x <s h(z),z € br}.
For (3): Let y € T with |y| = a > 1.
y € br = [h(y)| = y| + 1 = h(y) = bs[br](a +1).

For (4): Let w1 > o > 1. .
V[bT] ): “bs[bT](a + 1) = h(bT(Oz))”.

2.6 Lemma. Let (T, h,) (n=1,2,---) satisfy

o (T, hpn, Tha1) are steps.
o The T, ’s satisfy the following;

If a < w1 is any limit ordinal and b is any path of length «, then there exists at most one element at
(T))a above every member of b. (At most one)

Let, in any generic extension over V, b, (n=1,2,---) be a generic cofinal path through T,, over V such
that for all a > 1,
bn(a+1) = hy (bngr ().

Then we have
Vb [n=1,2,--)] = V[(ba(1) | n=1,2,--].

Proof. We construct (dn[a | n=1,2,--) by recursion on a in V[(ba(1) | n =1,2,--]. We then show
dpfa=bya (foralln=1,2,)
by induction on a . Hence (b, | n=1,2,--) € V[(bo(1) | n =1,2,--].
(Construction) Let us define
(dn(0),dn(1)) = (rootr,, bn(1)) = (bn(0), bu(1)).

(Successor stage) Suppose « > 1 and we have constructed (d,(0), d,(1), -, dp(@)). Want d, (o + 1).
Let
dn(Oé + 1) =h, (dn+1(04)), if dn+1(04) S (Tn+1)(y.

Otherwise, d,,(a + 1) is undefined.
(Limit stage) Suppose « is a limit and we have constructed d,[a. Want d,,(«). Let

dp () = the unique element of (T,), which sits above every element of the path d,,[«, if this is possible.

Otherwise d,,(«) is undefined.
This completes the construction.

(Induction) Tt is clear that
dn[2="0,]2 (foralln=1,2,--).

Suppose a > 1 and we have seen d,,[(a+1) = b,[(a+1) (for all n=1,2,--). Want d,(a+1) =b,(a+1).
Since dp41(a) = bpy1(a) € (Tht1)a, we have

dn(a+1) = hy(dny1(@)) = hy(bng1 (@) = bu(a + 1).
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Suppose « is a limit and we have seen d,,[a = b,[a (for all n = 1,2,---). Want d,(a) = b,(«). But
bn () is the unique element of (T,,), which sits above every element of the path b,[a = d,,[a. We conclude
that dy, (@) = by ().

This completes the induction.

Given a nice tree S, we want to define a nice tree T and h so that (S, h,T) is a step. For this, we list
necessities on the steps. We build T' and h via some (z — t, | € S) which satisfies the listed properties
and more.

2.7 Proposition. Let (S, h,T) be a step. Then for each x € h“T \ {roots}, we may define
t; = the downward closure of {y € T | h(y) = x}.

Then we have

(1) ty is a tree of height ||, the height of x in S.
(2) If x1 <g x2, then t;, gets end-extended to t,,. (Coherence)
(3) If x1 # x2 in Soq41 N AT with 1 < «, then

(t2?1)(y N (txg)(y == (Z)

(Forking)
Proof. For (1): Let h(y) = . Then |y| + 1 = |z|. Hence t, is a tree with ht(t;) = |z|.

For (2): Let 21 <g x2, |z1] = a1 + 1, |x2] = az + 1. We first observe (tsz,)a, C (tz,)a,. To this
end, let h(y2) = x2 and y; <7 y2 with |y1] = @1 so that y1 € (tzy)a,- Then h(y1) <s h(y2) = z2 with
|h(y1)] = a1 + 1. Hence h(y1) = x1 and so y1 € (tzy)a,-

Conversely, we show (tz5)a; 2 (tzy)a,- Let y1 € (tzy)a,- S0 h(y1) = x1. Take z € T such that
29 <g h(z) and y1 <7 z. Let yo <7 z with |y2| = aa. Then |h(y2)| = a2 + 1 and h(y2), 22 <g h(z). Hence
h(y2) = x2 and so y2 € t,,. Hence y1 € (tuy)a,-

For (3): Let h(y1) = 1 and h(y2) = x2. Since z1 # 2, we have y; # y2. Hence (tz, )a N (tey)a = 0.

We record is a sufficient condition to get a step. However the T below does not satisfy (At most one)
at all, we see no use of this observation.

2.8 Proposition. Let S be a tree such that S satisfies roots = 0, (Dense) and is of height wy. Let T be

an S-name such that in VS, T C <“U V is a tree such that T satisfies root; =0, < is the strict inclusion
C, (Dense) and is of height wY . We further assume that

o Ifwlste T, |lw| > a+1and a > 1, then w' |Fs“t € T,.”, where w' € Sa+1 with w' <g w.
o Ifal-s“t €T,”, then a decides {y € T | y C t}.
Let T ={(s,8) | 1 < <wi,s € Sar1, s|Fsbe€Tn” }U{(D,0)}. Then T is dense in S+ T and define
h:T — S by h(s,t) = s. Then (S,h,T) is a step such that |-s “T'/bs is isomorphic to T”.

Proof. For (si,t1), (s2,12) € T, get the ordering (sa,f2) <7 (s1,%1) iff 51 <5 s2 and t; C ta. So
(s2,12) <7 (s1,11) iff 51 <g s and t; C t5. Notice that neither (s; = s and t; C t2) nor (s; <g s2 and
t; = t2) do not occure due to their heights.

It is easy to see that T is a tree which satisfies (Root), (Dense) and is of height w;. Note that T may
not satisfy (At most one). We observe h is a projection.

(Order-preserving) Let (s2,%2) <7 (s1,%1). Then sy <g s1.
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(Reduction) Let s <g s and s = h(s,?). Since T is a dense subset in S * T, get (s",#") € T such that
(8", 1) < (s,f)in SxT. So s <g s, h(s",#") =" and (s",{") < (s,f) in T.

(Ahead) h((,0) = 0 and for all (s,f) € T with |(s,f)] > 1 in T, we have |s| = |(s, )| + 1. This is because

{(s",T)eT| (s, 7)<r (5,8)} = {(sp41.1p) | L < B<a}U{(0,0)}

where |s| = o+ 1 in S with necessarily a > 1, sgy1 denotes the element in Sgy1 below s and tg = §-th
element in 7" below ¢ (in V). Hence |(s,#)| in T is 1+ (a — 1) = . Since |s| in S is a + 1, we are done.

Lastly, let bg be S-generic over V. In V[bg], we have
T/bs={(s,0) €T | h(s,l) =s€bs}={(bs(a+1),}) |1 <a<w,teT,}U{(®0)}.

Hence T'/bg and T' are isomorphic.

§3. Routine Translations

We turn everything so far developed into the context of ordinary iterated forcing construction. Therefore,
we expect lots of straightforward routines.

3.1 Lemma. Let P be a p.o. set and (S,h,T) be a step. Let P =S via an S-namA@ Gp and a P-name
bg and S x (T'/bs) = T via an S * (T'/bg)-name by and T-names bs and b, where T denotes T /bs. Let
T =T/bg in V|G p], where Gp be any P-generic filter over V. Then

PxT=T
via a P x T-name br and T-names Gp and BT-, where we set
VIGpl[bi] E “br = by
Vibr] = “Gp = Gplbs], by = br”.
In particular, we have the following for a > 1.
VIGPl[br] = “bs[Gpl(a+ 1) = h(br(a)”.
Proof.

VIGp]bs]) = V]bs[Gp]]bs] E “br = b is T—generic over V7.
Hence V[Gp]bs] E “br is T-generic over V.

Vibr] = V[bs[br]] [b4br]] = V [bplbr]] E “Gp = Gp[bs[br]] is P—generic over V.

and
Vibr] E “bj = BT[bT] =bris T[Gp[bT]] =T/bg [Gp [bT]] = T/l;s[bT]—generic over V[BS[bT]]”.

and
V[bslbrl] = V[Gp [bslor]]| = V[Grlbr]]”.

Hence V[by] = “Gp * bj is P * T-generic over V7.
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Next, we first observe

VIGp]bi] = “bs[bz] = bg[Gp]”.

This is because by is T'/bg[G p]-generic over V[Gp]. In particular, b C T/bg[G p]. Hence
{h(y) |y € by} S bs[Gp].

On the other hand,

bs[bj] ={z € S|z <s h(y),y € bs}.
Both bg[b;:] and bg[G'p] are S-generic over V. Hence bs[b;] C bg[G p] implies they must be identical.
Now,
VIGPllbs] | “Gplbr[Gp  bi]] = Gplbs] = Gp[bslbs]] = Gplbs[Gr)] = Gp7.
VIGPllbi] = “bp[br[Gp # by]] = byplby] = by

And o ) )
VIbr] = “br [Gplbr] * by[br]] = byi[br] = br”.

Finally, for a > 1

VIGPlbs] E “bs[GPl(a +1) = bsbyl(a +1) = h(bp(a)) = A(br(a)”.

3.2 Lemma. Let (T, h,) (n=1,2,---) be given such that
(Tna hna TTL+1)

are steps. Then we may construct an w-stage iterated forcing (P, | n < w) as follows;

(0) Py ={0}.
(1) Py =T, via the Py-name b1 and the Ty-name G1.
(2) P, =T, via the P,-name b,, and the T,,-name G,, forn > 1.

(3) Poy1 = PoxTyi1/bn|Gn) = Trgr
Let Gy, (n=0,1,2,---) be P,-generic filters such that G,+1[n =G, and forn > 1, let
by = b,[G).-
Then we have

(4) bn(0) = rooty, and by (o +1) = hy (bpg1(a)) forn>1 and o > 1.
(5) Go = {0} and G,, = Gp[by] forn > 1.

Hence if the T, further satisfy (At most one), then we have

VIGh [ n<w)] =V[(by |[n=1,2,--)] =V[{ba(1) | n=1,2,--1].

Proof. Construct (P, | n < w) by recursion on n. Let
P0={®} andPlle.
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Suppose n > 1 and have constructed P, such that P, = T}, with b, and G,. Then apply 3.1 Lemma to get
Poi1=PoxThy1 = Pyx Toy1 /bn|Gn] = Thyr.
with Bn+1 and Gn+1. For a > 1, we have

V[Gni1] E “bu[Gnii[nf(a+ 1) = hy (byt1[Grsa] (@)

Next, let G, be P,-generic and G,,+1[n = G, for all n < w. Let b,, = b,[G,] for n > 1. Then for a > 1,

bn(a+1) = hy (bnga ().

and )
G = Gn[bn]Gal] = Galbn]
Therefore
Finally, if (At most one) gets satisfied for all 7},, then by 2.6 Lemma, we have
V{by | n=1,2,--] =V[(b,(1) | n=1,2,--)].
Hence

VI{Gn [ n<w)] =V[{ba(1) | n=1,2,--)].

§4. Diamond

We prepare a suitable form of {-sequence. Let us begin with a recap.

4.1 Definition. We denote ¢ to mean that there exists (A, | @ < wi) such that A, C « and for any
A Cwy, we demand {a < w;y | ANa = A,} is stationary.

We make use of reformulations.

4.2 Lemma. Let us assume . Then

(1) There exists (fo | @ < wi) such that fo : « — Hy,, and for any f : vy — H,,, we have {a <
w1 | fla= fo} is stationary.

(2) Let (Z, | @ < w1) be any continuously C-increasing countable subsets of <“'w with | {Zs | o <
w1} = <¥tw. Then there exists (B, | o < w1) such that By, C Zy and for any B C <“'w, we have
{a <wy | BNZ, = By} is stationary.

Proof. For (1): Let (A, | < wi) be a {$-sequence. Fix a bijection 7 : w13 — wy X H,,. Define
fo : @ — H,,, such that

o= T“Ay, if7“Ay i — Hy,
@ any function, otherwise.

We claim this (f, | @ < wi) works. To this end, let
frw — Hy,.
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Since f C wy x H,,, we may define A C w; so that
T“A=f.
Let
C={a<w |1“(ANa)= fla}.

Then this C is a club. Let
S={a<w | ANa=A,}.

Then this S is stationary. Since

SNC C{a<wi | fo=fla}.

holds, we are done.

For (2): Let (fo | @ < wy) be as in (1). Fix any continuously C-increasing countable subsets Z, of
<@ty such that |J{Zs | @ <wi1} = <“*w. Let us define B, C Z, by

B, = (fo“a) N Zy,.
We claim this (B, | @ < wi) works. To this end, let
B C <%y,
Let f : w; — B be an enumeration. Let
C={a<w | fa=BNZ,}.
Then this C' is a club. Let
S={a<w | fla=fa}

Then this S is stationary. Since
CNSC{a<wi | BNZy= By}

holds, we are done.

4.3 Lemma. () Let P be any p.o. set such that P has the c.c.c, is o-Baire and P C H,, and so
|P| <wi. Let Zy be as above. Then we may construct (A, | a < w1) such that A, = {aj, | n < w}, aj, C Z,
and |Fp “for any A C <“*w, we have {a <w1 | ANZ, € Ay} is stationary”.

Proof. (Step 1) ([K]) Since P has the c.c.c. and |P| < wy, ¢ implies |-p“O7.
Proof. By $, we have a fixed (f, | @ < wy) such that for any f:w; — H,,,

{O‘<w1|f|—0‘:foz}

is stationary. Let us define Ay by |Fp“Ada = {€ < o | fu(€)NGp # 0},

We claim |- p“(A, | @ < wi) is a {-sequence”. To this end, let A be a P-name such that |-p“A C w,”.
We represent A as a sequence (A¢ | € < wy) such that [-p“¢c € Aiff A NGp # 07 (€ < wp). Since P has
the c.c.c, we may assume A¢ is a countable subset of P C H,,, and so A¢ € H,,. Let f:w; — H,, be
defined by f(§) = A¢. Then
S={a<w | fla=fa}

is stationary. Since P has the c.c.c, this S remains stationary in V. For a € S, we have ||—p“Aﬁ a={{<
al fONGp#£D={<al| fo(§)NGp #0}. Hence |Fp“S C{a<w | ANa=A,}" and so we are
done.
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(Step 2) Fix any Z,’s. Since P has the c.c.c. and is o-Baire, they have the same properties in VP,
Apply 4.2 Lemma (2) in V. In VP, we have (B, | a < wi) such that By C Z, and for any B C <*' w, it
holds that {& < wy | BN Z, = B, } is stationary.

Now in V, let )
Ao ={aC Z, | 0<|la = Byl|}

Then by c.c.c, A, is countable. .
We claim |-p“(Aqs | @ < wi) is a $-sequence”. To this end, let [-p“B € <“'w”. Since P is o-Baire,
we have |Fp“{a <wi | BNZy =By} C{a<w; | BNZ, € Ay}’ Hence we are done.

O

We use this last type of & to construct a step (S, h,T).
§5. Construction

This section is a remake of [DJ]. We make use of ¢ rather than starting in the constructible universe.
We consider Souslin trees which are normal and subtrees of <“* w.

5.1 Lemma. () Let S C <“'w be a Souslin tree and (A, | @ <w1) be a $-sequence such that

o We have a fized continuously C-increasing countable subsets (Zo | o < w1) of <“'w such that

LJ{Z(y o <wi} = 1w

o A, ={al | n<w} and a? C Z,.
o |-s“Forany A C <“1w, {a <wi | AN Zy € Ay} is stationary’.

Then we have a map (x — t; | © € S) such that
(1) ty is a normal subtree of <“'w, the heigth of t, is |x|, the height of x in S. (Height)
(2) If x1 <g xa, then t;, gets end-extended to t,,. (Coherence)
(3) o tg =0 and for (i) € S, tuy = {0}.
o If (i,5) # (V',7") in S, then (t(jy)1 N (tur jn)1 = 0.
o If x| > 1 and x™ (i) #x (') in S, then (ty—(i)) | N (ta~(ir))je) = 0. (Forking)
(4) If |z| = « is a limit and ) C t, is a mazimal antichain in ty, then for any i < w with (i) € S, a2
remains a mazimal antichain in t,~ ;. (Diamond)
Proof. Let us partition w into By; jy’s so that each By; ;y is infinite for ¢,j € w. So we have fixed a
pairwise disjoint union.
w=|J{Bujy |i.jew}
We define (z — ¢, | x € S) by recursion on |z|.
(J¢f =0 and || =04+1)
Let

tg =0, tyy = {0} (for (i) € S1).

(|lx™(i,7)] is a successor + 1)

Suppose t, and t,~ ;) have been constructed. Let |z| = a. So 27 (i) € Su41 holds.

Now let
to~(igy = te~(y ULy~ (k) | ¥ € (ta~(iy)a, k € B jy}-

(|~ (2)] is a limit + 1)
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Supoose « = |z| is a limit and ¢, have been constructed.

For each i < w with 7(i) € S,41, we construct
B O = 1< w)
and set o
tomqiy = t, UB" @,
Where

e Each member of B* () is identified with a path through ¢, and in @ w.
If 27(i) # 27 (') in Say1, then B* (0 B* (1) =
For each o € t,, there exists | < w such that o C bfAm. (Dense)

For each maximal antichain a) in ¢, and each | < w, there exists ¢ € a} such that o C bfAm. (Diamond)

Hence ag, remains maximal in £;~ ;).

More details to follow. Let
ty ={o |l <w}.

We assume that sucg(z) = {x (i) | i < w} for a simpler notation. We construct
<ng(0> [+1,.--,B* O+ 1>
by recursion on [ so that

e 0, C bfAm and for all 8 < a, we demand bfAm [B€t,.
It (1,i) # (I, '), then b 7 £ b))

If a} is a maximal antichain in ¢,, then there exists o € a2 with o C bfAm.

(I=0) Want (B* (O[1) = <{bgA(0>}> so that

oo C by O g ey,

For each maximal antichain a2 in ¢, there exists o € a” with o C by 8

This is carried out by 1.2 Proposition.
(I + 1) Suppose we have constructed
<ng(0> [+1,.--,B* O+ 1>

Want a a a
(B* O 1 +2,--.,B* W[ 42, B H1[] 4 2)
Namely,

~(0 ~a (41 (1
oo and by Y Y

This construction is done by a repeated use of 1.2 Proposition.
(|| is a limit)

Suppose « is a limit and x € S,. Suppose we have constructed ¢,[g for all 3 < a. Then let

te = J{ters | B <ol

This completes the construction. It is straightforward to check that this (z — ¢, | € S) works.
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5.2 Lemma. () Let (x+—t; | x € S) be as above. Let

T = J{t. | = € S}.

Then T is a normal subtree of <“*w such that the height of T is wy. For each y € T with 1 < |y|, there
exists a unique x € S such that

o |z[=[y[+1.
o Y Eiy.

Proof. We first mention that T is a normal subtree of <“* w such that the height is w;. This is because
each t, is a normal subtree of <“* w and so their union 7T is a downward-closed subset and satisfies (w-many
successors). The t, enjoy (Coherence) and the heights of ¢,/ (x <g z’) get higher, so T is (Dense) and the
height of T is ws.

Let y € T with |y| > 1. We show the existence and uniqueness of = as claimed.

(Existence) Then there exists ¢’ € S with y € ¢,,. Notice that |y| < ht(t,) = |2’| and so |y| +1 < |2/|
holds. Let 2 = '[|y| + 1. Then ¢, is an initial segment of ¢,» and so y € (tu)y| = (tz)}y|- Hence this x
works.

(Uniqueness) Suppose |z] = |z| = |y| + 1 and y € t, Nt,r. Want to show x = ’. Suppose x # 2’ to the
contrary. We have two cases.

Case 1. z[ly| = «'[|y|: Since we assume 1 < |y|, we may apply (Forking). By (Forking), we have
Y € (tz)|y| N (tar)y) = 0. This is a contradiction.

Case 2. z[|y| # 2'[|y|: Let 8 < |y| be such that x[3 = 2'[5 and z(8) # 2'(5).
Subcase 2.1 § > 1: By (Forking), we have y[8 € (ty(g+1)3 N (tz[g+1)s = 0. This is a contradiction.
Subcase 2.2 = 0: Since z[2 # 2/[2, we have y[1 € (t,[2)1 N (tzr2)1 = 0. This is a contradiction.

5.3 Lemma. Define h: T — S by h(rootr) = roots = 0 and for y € T with |y| > 1, let h(y) = x so
that

o [h(y)] = lyl+1 for[y| > 1.
® Y E tpy-
Then (S, h,T) is a step such that both S and T satisfy (At most one) .
Proof. Define S «— T : h by
hy) = { & ifJyl > 1 and |2| = |y| + Ly €ty
§ (=rootg), ify=10 (=rootr)

(Order-preserving) Let y1 <7 y2. If y1 = 0, then 0 = h(y1) <s h(yz2). If |y1| > 1, then let h(y;) = =1,
h(y2) = w2, |y1| = a1 and |y2| = . Since y1 <7 Y2 € tu,, we have y1 € (tzy)a, = (tzsfai+1)as DY
(Coherence). Hence 1 = z2[a1 + 1. So 21 <g x2 holds.

(Reduction) Let h(y) <g x. Want ¢ such that y <p " with & <g h(y’). To this end, take 2’ such that
r <g 2’ and |z'| = o/ + 1. Then t,(,) gets end-extended by t,/. Let us choose ' € (ty/)ar with y <7 y'.
Then = <g «’ = h(y') and so this y’ works.

(Ahead) This is clear by definition.
We conclude (S, h,T) is a step. We have observed that T is a normal subtree of <“* w. In particular,

both S and T satisfy (At most one).
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5.4 Lemma. Let (S,h,T) be the step as above. Then |Fs“T'/bsg ={y € T | h(y) € bs} = J{t. | « € bs}
is a Souslin tree” and so the normal tree T = S x (T /bg) is a Souslin tree.

Proof. Let bg be any generic cofinal path through the Souslin tree S over V. We argue in the generic
extension V[S] for the rest.

We first observe T'/bs = |J{t. | © € bs}. Let us simply denote T = (J{t, | « € bs}. Let y € T/bs.
Then y € T with h(y) =z € bs. lf y =0, then y € T'. If |y| > 1, then y € ¢, with = € bg. Hence y € T".

Conversely, let y € t, for some = € bg. If y = (), then h(y) = 0 € bg. Hence y € T/bs. If |y| > 1,
then we may assume that |x| = |y| + 1 by considering an initial segment of x. This is possible, since bg is
downward-closed. Then h(y) = x € bs. Soy € T/bgs.

(C.C.C.) We show that T'/bs = T’ is a Souslin tree. However, it is straightforward to see that 7" is a
subtree of <“!w such that T” satisfies (Dense), (w-many successors), (At most one) and is of height wy.
Let A be any maximal antichain of 7”. We want to show A is countable. Since (4, | @ < wy) is the

specified {-sequence, we have
E={a<w | ANZ, € A}

is stationary. For all limit o, since T"[a + 1 = t(a+1), We have T/, are all countable. Hence
C={a<w | AN(T'[a) is maximal in T"[a}

D={a<w |T'NZ, =T [a}

are clubs.

Let o be a limit with & € ENC N D. Then there exists n such that ajy = ANZ, = ANT" [ae C tyg(a) is
a maximal antichain in 7"[a = t44(). By construction a, remains maximal in tyg(a41) = 7"[a + 1 regard
less of the actual value bg(a+1)(a) < w. Hence so does in the whole T”. Therefore A = AN Z, is countable.

Since S has the c.c.c. and |F5“T/bg has the c.c.c.”, so does T = S *T/bg by 1.7 Proposition. Hence T
is a Souslin tree.

O

Here is our main observation.

5.5 Theorem. () There exists an w-stage iteration (P, Qn | n < w) such that |-p, “Q, is a Souslin
tree” and so |Fp, “Qn has the c.c.c. and is o-Baire” and for any (G, | n < w) such that G,, is P,-generic
over V. and Gp41[n = Gy, we have

V[(Gn | n<w)] =V[(ba(1) | n=1,2,--7)].

where by+1 is the O [Gr]-generic cofinal path over V|G, induced by Gpy1. In particular, if P, is any limit
of the P, then P, is never o-Baire.

Proof. Construct Ty, hy, (n = 1,2, ) by recursion so that (Ty, hn, Tnt1) are steps and T, are Souslin
trees. Then by 3.2 Lemma, get (P, (), | n < w) such that if n > 1, then @, forces a generic cofinal path
bp41 through T),41 /b, over V[b,] = V[G,] and @)y does by through Ty over V = V[Gy].

§6. A Strong Form of ac

The combinatorial principle ¥ac related to the size of the reals is found by [W]. We reformulate a
stronger ¥{ from [M].
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6.1 Definition. w;{c holds, if for any sequence of stationary subsets (F,, | @ < w1) of wy, there exists
v with w; < 7 < wy and a continuously C-increasing sequence of countable subsets (X, | & < wi) of v such
that | J{Xa | @ <w1} =+ and for all & < wy, 0.t.(X,) € E, hold.

To force wXC, we may iteratively force with the following notions of semiproper forcing.

6.2 Definition. Let x be a measurable cardinal and (E, | @ < wi) be a sequence of stationary subsets
of wi. Let p=(X? | a < af) € P(k,(Eq | @ <w1)), if p=0 and otherwise
(1) o < wy.
(2) The XP? are continuously C-increasing countable subsets of .
(3) 0.t.(XP) € E,.
For p,q € P(k,(Eq | @ <wi)), let ¢ < p, if ¢ end-extends p.

6.3 Proposition. Let S = P(k,(Eq | o < w1)) be as above. Then (S,C) is a tree which satisfies
(Root), (Dense), (At most one) and is of height wy.

6.4 Question. Formulate a general theory which would encompass the iteration of Souslin trees in this
note and the iteration for w;{c as outlined above. Then apply your theory to iterated forcing constructions
for the saturation of the non-stationary ideal on wi. Do you see any real coded ?

References

[DJ] K. Devlin, H. Johnsbraten, The Souslin Problem, Lecture Notes in Mathematics, Vol. 405, Springer-
verlag, Berlin - Heidelberg - New York, 1974.

[K] K. Kunen, Set Theory, An Introduction to Independence Proofs, Studies in Logic and the foundations
of mathematics, Vol 102, North-Holland, 1980.

[M] T. Miyamoto, A view of a semiproper iterated forcing which adds new reals only at limit stages,
Computational Prospects of Infinity, Institute for Mathematical Sciences, NUS, Singapore, June, 2005.
[S] S. Shelah, Proper and Improper Forcing, Perspectives in Mathematical Logic, Springer, 1998.

[W] H. Woodin, The Aziom of Determinacy, Forcing Axzioms, and Nonstationary Ideal, de Gruyter
Series in Logic and its Applications 1, 1999.

Mathematics

Nanzan University

27 Seirei-cho, Seto-shi
489-0863 Japan
miyamoto@nanzan-u.ac.jp

16



