Formulas with only one variable in Grzegorczyk logic
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Abstract. Grzegorczyk logic, GRZ, is the normal modal logic obtained by adding Grzegorczyk
axiom O(d(p D Op) D p) D p to the smallest normal modal logic K. The quotient set of the set of
formulas modulo the provability of GRZ is Boolean with respect to the derivation of GRZ (cf. Chagrov
and Zakharyaschev [CZ97]). Here we give an inductive construction of the representatives of the quotient
set of the set of formulas with only one propositional variable p and with a finite number of occurrences
of O.

1 Preliminaries

We use lower case Latin letters p, q,r for propositional variables. Formulas are defined inductively, as
usual, from the propositional variables and L (contradiction) by using logical connectives A (conjunction),
V (disjunction), D (implication) and O (necessitation). By S(p), we mean the set of formulas constructed
from p by using A, V O and O. By GRZ, we mean the smallest set of formulas containing all the
tautologies and the axioms

K :0O(p>q) D (Op D Hg),

Grz:O0(0O(pD>p)Dp)Dp (Grzegorczyk axiom),
and closed under modus ponens, substitution and necessitation.

We introduce a sequent system for GRZ given in Avron [Avr84]. We use Greek letters, I' and A,
possibly with suffixes, for finite sets of formulas. The expression OI' denotes the set {IA| A€ T}. By a
sequent, we mean the expression I' — A. For brevity’s sake, we write

Alv"'vAkvrlv"'7F€_’Alv"'vAm;Blv"'aBn

instead of
{Al,---,Ak}Urlu---UrgHAlU---UAmU{Bl,---,Bn}.

By GGRZ, we mean the system defined by the following axioms and inference rules in the usual way.

Axioms of GGRZ:

A— A
1 —
Inference rules of GGRZ:
'— A I'— A
m(w—)) m(*w)
r -AA AIl— A
T
A, T — A '-AA T'—-AB
TALT AN r—aarg N
AT — A B’F_)A(\/—ﬂ I'—AA; (= Vi)
AV BT — A I'— A A VA
I'-AA BII—-A AT —-AB
ASBrao AL O A58 ")
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AT — A O(AD>O0A),0I' - A
T A (
OA,T — A or — oA

Definition 1.1. The set SubFig(P) of a proof figure in GGRZ is defined as follows:
(1) SubFig(P) = {P} if P consists of only one axiom,

—>I:|)

) SubFig(%) _ SubFig(P1) U {P} if P = %7
(3) SubFig( ! SPQ) — SubFig(Py) U SubFig(Ps) U {P} if P = 2! 57’2,

Let P be a proof figure in GGRZ. We note that each element in SubFig(P) is a proof figure in
GGRZ. A proof figure in SubFig(P) is called a subfigure of P. A subfigure Q of P is called a proper
subfigure of P if P # Q.

Lemma 1.2([Avr84]).

(1)T' - A€ GGRZ ifand only if [\ A> \/ B € GRZ.
AeT BEA
(2) If T — A € GGRZ, then there exists a cut-free proof figure for T' — A in GGRZ .

By the lemma above, we can identify GGRZ with GRZ. So, if there is no confusion, we use the
sequent system GGRZ instead of GRZ.

Definition 1.3. The depth d(A) of a formula A € S(p) is defined inductively as follows:
(1) d(p) =0,

(2) d(BAC)=d(BVC)=d(B>C)=max{d(B),d(C)},

(3) d(OB) =d(B) + 1.

I
(-
0]
3
S

We put S (p) = {A € S(p) | d(A) < n}. Immediately, we note that S(p)

2 Main results

For formulas A and B, we use the expression A = B instead of (A D B) A (B D A) € GRZ. We note
that = is an equivalence relation on a set S of formulas. We write [A] < [B] if there exist A’ € [A] and
B’ € [B] such that B’ D A’ € GRZ. Our main purpose is to give a concrete representative of each
equivalence class of S”(p) in an inductive way and elucidate the structure (S™(p), <).

Definition 2.1. Formulas F,, (n =0,1,2,---) are defined inductively as follows:
Fy = b,

Fy =p > 0p,

Fryo=F, VOF1.

We note that F,, € S"(p).

Definition 2.2. The sets G,, (n =0,1,2,---) of formulas are defined inductively as follows:
Go = {Fo},

G = {Fo, I},

Gri2 = (Grt1 — {Fk}) U{Fhi2, Fi V (OF41 D Op)}.

We note that G, has just n + 1 elements.

Theorem 2.3.

(1) 8"(p)/ =={[ \ A|S € G.}.
(2) For subsets Sfeasnd Sy of Gy,



(2.1) 81 C Sy if and only if [ \ A <[ \ A,

A€S, A€S,
(2.2) 81 =Sy if and only if [ \ Al=[ J\ Al
A€S, A€S,

(3) S™(p)/ = has just 2" elements.
To prove the theorem above, we need some lemmas.

Lemma 2.4.

(1) DA D A € GRZ,

(2) OOA = OA,

(3) O(AA B) = (0DAAOB).

Proof. By GGRZ. -

Lemma 2.5. Let A and B be formulas in S(p). Then
(1) Op D A€ GRZ,

(2) (45 B)= (A5 Op) V B),

(3) A= ((A>0p) > Op).

Proof. For (1). We use an induction on A. If A = p, then (1) is clear from Lemma 2.1(1). Also
by the following four figures, if Op D B and Op D C are provable in GRZ, then so are four formulas
Op D BAC,OpD>BVC,0p > B>C and Op D OB.

Op — C (w —) Op — B (w —)
Op—B Op—C A Op — C Y B,0p—C O(B—0OB),0p— B -
o oBArc N mosve TV gropoe 0P Op — OB (= D)

For (2). By the following figures and (1), we obtain (2).

A—A B— B
AJ/ADB—B

A—A Op— B
AJ/AD>0Op— B

(o)

D—)

B — B

ADB—AD0Op B (_(O)\’/(_)(w)v A>Op—ADB (=2) =155 E:D))’(w_))
ADB— (AD0Op)VB = V2) (= V1) (A>DOp)VB—ADB -
For (3). By the following figures and (1), we obtain (3).
A—A Op—0Op A— A
A, A D Op, Op (D_)D)) — AD0p, A (_>D)7 (_) w) Op — A (D )
A— (AD>0Op)D0Op (ADOp)>0Op— A
_|

Lemma 2.6. Forn > 0,

G, = {Fran—l} U {Fk V (DFk—i-l D Dp) | 0<k<n-— 2}.

Proof. We use an induction on n. If n = 1, then the lemma is clear by the definition. Suppose that
n > 1 and

Gpo1={Fn_1,Fr_2} U{Fx V (OFk+1 D Op) | 0< k <n—3}.
Then
G, = (anl - {Fn72}) U {an FnoV (Danl ) Dp)}
= {Fn—l} U {Fk vV (DFk+1 D \:\p) | 0<k<n-— 3} U {Fn,Fn_g vV (DFn_l D \:\p)}



= {Fn—laFn} U {Fk vV (DFk—i-l D \:\p) | 0<k<n-— 2}.

Lemma 2.7. OF, D 0OF,; € GRZ.

Proof. The case n = 0 is shown by the following figure on the left-hand side, and other cases, by the
figure on the right-hand side (see also Figure 1):
Op — Op OF, — 0OF,
B —poop k(W) OF, — F,—1 VOF,
(—8),(w—)
Op — O(p D Op) OF, — 0O(F,—1 VOF,)

(— V2)
(—0), (w—)

Figure 1: Hasse diagram of ({J;_, G, <), where Ey1o = F}, V (OF)41 D Op)

For m > —1, we put
Fop = {F | 0 <i<m},

Fomi1 = {F2i41 |0 <i <m}.
For n > 0, we put
Antn:{Fi|n<i}U{DFi|n<i}U{FiDDFi|n§i}U{D(FiDDFi)|n§i},

Seq,, = {I' = A | T" is a finite subset of Ant,, UF,_1,A is a finite subset of F,, UOF,,_1 U {Op}},

Seq = [j Seq,,.

n=0



Lemma 2.8. Let P be a cul-free proof figure in GGRZ. Then none of the sequents in Seq is the
end sequent of P.

Proof. We use an induction on P.
If P consists of only one axiom, then the end sequent of P is an axiom. However, we note that

(Ant, UF,_1)N(F,U0F,_; U{Op}) =0 and L & Ant,, UF,_;.

So, none of the sequents in Seq is an axiom, and hence the end sequent of P.
Suppose that P has proper subfigures Py, - -+, Py (k =1,2) such that

P = %’
where S is the end sequent of P and none of the sequents in Seq is the end sequents of any proper
subfigures of P. Let I be the inference rule introducing the end sequent of . We also suppose that the
end sequent of P belongs to Seq,, for some n > 0. We divide the cases.

The case that I is either (w —) or (— w). We note the upper sequent of I, the end sequent of Py,
also belongs to Seq,, (C Seq). This is in contradiction with the induction hypothesis.

The case that I is (O —). The principal formula of [ is OF; (n < ) or O(F; D OF;) (n < 4) in
Ant,,. We note that the auxiliary formula, which is either F; (n < i) or F; D OF; (n < i), belongs to
Ant,,. Hence the upper sequent of I, the end sequent of P;, also belongs to Seq,, (C Seq). This is in
contradiction with the induction hypothesis.

The case that I is (OD—) and the principal formula of I is F,, D OF,,. Then the auxiliary formula F,
occurring in the succeedent of the left upper sequent of I belongs to F,,. So, the left upper sequent of I,
the end sequent of P1, belongs to Seq,, (C Seq). This is in contradiction with the induction hypothesis.

The case that I is (OD—) and the principal formula of I is F; D OF; (n < 4). Then the auxiliary
formula OF; occurring in the antecedent of the right upper sequent of I belongs to Ant,. So, the right
upper sequent of I, the end sequent of Pz, belongs to Seq,, (C Seq). This is in contradiction with the
induction hypothesis.

The case that [ is (D—) and the principal formula of I is F;. We note that Fy € F,,_; U{F}; | n < i}.
If 4 € Fp_1,then n =2,4,6,---. If F; € {F; | n < i}, then n = 0. So, we have n = 0,2,4,---. Hence
the auxiliary formula p (= Fj) occurring in the succeedent of the left upper sequent of I belongs to F,,.
So, the left upper sequent of I, the end sequent of Py, belongs to Seq,, (C Seq). This is in contradiction
with the induction hypothesis.

The case that I is (V —) and the principal formula of I is F; = F;_o V OF;_1 € F,,_1. Then the
auxiliary formula F;_5 occurring in the antecedent of the left upper sequent of I belongs to F,,_1. So,
the left upper sequent of I, the end sequent of P, belongs to Seq,, (C Seq). This is in contradiction
with the induction hypothesis.

The case that I is (V —) and the principal formula of I is Fj,41 = F,,—1 VOF, € {F; | n < j}. Then
the auxiliary formula Fj,_; occurring in the antecedent of the left upper sequent of I belongs to F,,_;.
So, the left upper sequent of I, the end sequent of Py, belongs to Seq,, (C Seq). This is in contradiction
with the induction hypothesis.

The case that I is (V —) and the principal formula of I is F; = F;_oVOF,_; € {F; | n+1 < j}. Since
n+1 < i, we have n < i — 1. So the auxiliary formula OF;_; occurring in the antecedent of the right
upper sequent of I belongs to Ant,,. So, the right upper sequent of I, the end sequent of P, belongs to
Seq,, (C Seq). This is in contradiction with the induction hypothesis.

The case that I is (— Vi) and the principal formula of I is F; = F;_o V OF;_; € F,,. Then the
auxiliary formula F;_s occurring in the succeedent of the upper sequent of I belongs to F,,. So, the
upper sequent of I, the end sequent of Py, belongs to Seq,, (C Seq). This is in contradiction with the
induction hypothesis.

The case that I is (— V3) and the principal formula of I is F; = F;_o V OF;_; € F,,. Then the
auxiliary formula OF;_; occurring in the succeedent of the upper sequent of I belongs to OF,,_1. So, the



upper sequent of I, the end sequent of Py, belongs to Seq,, (C Seq). This is in contradiction with the
induction hypothesis.

The case that I is (—D) and the principal formula of [ is F; = p D Op € F,,. We note that n is an odd
number. So, the auxiliary formula p (= Fp) occurring in the antecedent of the upper sequent of I belongs
to F,,_1. Also, the auxiliary formula Op (= OFp) occurring in the succeedent of the upper sequent of T
belongs to OF,,_;. So, the upper sequent of I, the end sequent of Py, belongs to Seq,, (C Seq).

The case that I is (— O) and the principal formula of I is OF; € OF,_; U{Op}. We note that
1 <n—1and [ is of the form of the following figure:

O(F, > OF,), T, — F,
T.1 — OF, 4

where I" and II are finite subsets of {OF}; | n < j} and {O(F; D OF}) | n < j}, respectively. The upper
sequent of I, the end sequent of P, belongs to Seq; (C Seq). This is in contradiction with the induction
hypothesis. -

Corollary 2.9. None of the formulas in Gy, is provable in GRZ.

Proof. We note that
— F}, € Seq and OFj 1 — Fi,Op € Seq.

Using Lemma 2.8, none of the above sequents is provable in GGRZ. So, none of the formulas
Fy, and Fi, vV (OF,4+1 D Op)

is provable in GRZ. By Lemma 2.6, each member of G,, is of the form of the above two. So, we obtain
the corollary. -

Lemma 2.10. For any different formulas A,B € G,,, AV B € GRZ.

Proof. We use an induction on n. There is no two different formulas in Gg. Also FyV Fi is a tautology.
So, the lemma holds if n = 0, 1. Suppose that n > 1 and the lemma holds for any k < n. Since

Gn = (Gn—l - {Fn—Q}) U {Fran—Q \ (DFn—l o \:\p)},

either one of the following holds, for different formulas A and B,

(1) both belong to G,,—1,

(2) one belongs to G_1 — {F,—2} and the other belongs to {F),, F,—2 V (OF,_1 D Op)},

(3) one is F,, and the other is F,,_o V (OF,_1 D Op).
If (1) holds, then by the induction hypothesis, we obtain the lemma. If (3) holds, then we also obtain
the lemma since F,, V (F,—2 V (OF,_1 D Op)) is a tautology. Suppose that (2) holds. Without loss of the
generality, we assume that A € G,,_1 — {F,—2} and B € {F,,, F,_2 V (OF,_1 D Op)}. By Lemma 2.6,
we have F,,_s € G,_1. Using the induction hypothesis, we have AV F,,_o € GRZ. On the other hand,
we note that F,,_o D B is a tautology. Hence we have AV B € GRZ. .

Lemma 2.11. Forn > 0, /\ C = Op.
ceG,

Proof. We use an induction on n. We can easily see

(p A (p > 0Op)) = Op.

So, we have (Fy A Fy) = Op.
Suppose that n > 1 and



Since F,,_s € G, _1,
( /\ C)NFn—o=0p

CeGp_1—{Fn_2}

On the other hand, by Lemma 2.5(1), we can see
Fn72 = ((Fn72 V Danl) A (Fn72 V (Danl D) Dp)))’

and hence
F,_ o= (Fn A (Fn_g V (DFn_l D) \:\p)))

Hence we obtain the lemma.

Lemma 2.12. For any subset S of G,

(/\C)DDpE /\ D.

CeS DeG,—-S

Proof. By Lemma 2.11, we have
A\ D>/ C)>0p) € GRZ
DeG,—-S ces
By Lemma 2.10, for different formulas A, B € G,,,
AV B € GRZ.
Using Lemma 2.5(3),
((A>Op) > 0p)V B e GRZ.

Using Lemma 2.5(2),
(AD>0Op) D Be GRZ.

Hence for any D &€ S,
/\ ((C > 0p) > D) € GRZ,

ces
and so,
((A\ €©)>0p) > D e GRZ.
ces
Hence

(AC>op)>( /\ D)eGRZ

ces DeG,—-S

Lemma 2.13. For 0 <m <n,

m = /\ Fyy \/ DFQkJ’_l B) Dp))) A Fo,,

Formp1 = /\ (Fort1 V (OF2,42 D 0Op))) A Fonya,

Proof. We use an induction on n. If n = m, then the lemma is clear. Suppose that n > m and

n—2
Fom = ( /\ (For V (OFok41 D Op))) A Fap_o,

k=m



n—2
Fomy1 = ( /\ (Fort1 V (OF2,42 D Op))) A Fon_1.
k=m
By Lemma 2.5(1), we note the following two:
Fop_o = (Fop—o VOFs,_1) A (Fan—2 V (OF3,—1 D Op),

Fon_1 = (Fopn—1 V OFy,) A (Fap—1 V (OF,, D Op),

and so,
Fon 9 = Fon A (Fop—2 V (OF,—1 D Op),
Fon—1 = Fang1 A (Fan—1 V (OF, D Op).
Using the induction hypothesis, we obtain the lemma. —
Lemma 2.14.

(]—) Fn/\FnJrl = Dan
(2) O(F, V (OF,+1 D Op)) = 0OF,.

Proof.
For (1). By Lemma 2.4(1),
0oF, D F, € GRZ.

Also by Lemma 2.7 and Lemma 2.4(1), two formulas OF,, D OF, 1 and OF,, .1 D F,41 are provable in

GRZ, and hence
OF, D Fh41 € GRZ.

Hence
OF, D F, ANF,+1 € GRZ.

To prove F,, A F,11 D OF,, € GRZ, we show
F,, F,,1 — OF, € GGRZ,
by an induction on n. Clearly,
Fy, F; — 0OF, € GGRZ (p,p D Op — Op € GGRZ).

Suppose that n > 0 and
F, 1, F, —0OF, 1 € GGRZ.

Then by Lemma 2.7 and the following figure, we obtain (2).

ananl - Danl Danl - DFn + \:\Fn — DFn
ananl_)DFn (CU) Fn;DFn_)DFn w_))
Fo, Fry1 — OF, (\/—>)

For (2). By the figure
F, — F,

OF, — F, Vv (OF,4+; D Op) ( ID) ( )
— (W —
OF, — O(F, V (0F,4+1 D Op)) ’

O -)

we obtain
OF, D O(F, V (OF,+1 D Op)) € GRZ.



For the other direction, by Lemma 2.5(1) and the figure
Fn D) DFn i Fn+1

D(Fn D) DFn) — I'n+1

D(Fn D DFn) - DFnJrl

0), (w =)

Op — F,

(5-)
F, — F, O(F, > 0OF,),0F,1; D 0p — F,
V=), (w—)
O(F, D 4OF,),F, Vv (OF,41 D Op) — F, )
N
D(FnDDFn)vm(an(DFnJrl DDp))_)Fn \:\)
D(FnV(DFn+1 DDp))_’DFn )
it is sufficient to show
F, D 0OF, — F,;1 € GGRZ.
If n = 0, then it is an axiom. If n > 0, then we consider the following figure
DFn - DFnJrl DFnJrl - Fn+1
(cut)
- n+1;Fn DFn_’Fn-i-l (D—>)
F, D 0OF, — Fn+1

By Lemma 2.6, Fj,+1, F),, € G411, and using Lemma 2.10, — F, 41, F,, € GGRZ. Also by Lemma 2.4
and Lemma 2.7, every sequent at the leaves of the above figure is provable. Hence we obtain F,, D OF,, —
F.+1 € GGRZ. -

Lemma 2.15.
(1) If A € OG,,, then A = OF; for some i € {0,1,---,n},
(2) If 0 < m < n, then there exists a subset S of G, such that

F, = /\B.

BeS

(3) If A € OG,,, then there exists a subset S of Gp41 such that

AE/\B.

BeS

Proof. For (1). By Lemma 2.6,
Ae {DFn, Danl} U {D(Fk V (DFk+1 D Dp)) | 0<k<n-— 2}

If A e {OF,,0F,_1}, then (1) is clear. So, we assume that A = O(Fj V (OFk41 D Op)) for some
ke€{0,1,---,n —2}. Using Lemma 2.14(2), A = OF}, and hence we obtain (1).

For (2). If m = 2m’ n = 2n’ for some n’ and m/, then we have m’ < n/, and by Lemma 2.13,

n'—1

Fo (= Fame) = ( \ (Pai V (OFk41 D Op))) A Far.

k=m'

We note that every conjuncts of the formula on the right-hand side of the above equation belongs to
Gay (= Gy).

Also such conjuncts belong to Ga,r41. So, in a similar way we can show (2) if m =2m/ n=2n"+1
for some n' and m/'.

If m =2m’ +1 n = 2n for some n’ and m’, then we have m’ <n’ — 1, and by Lemma 2.13,

n'—2

P (= Famri1) = (\ (Fary1 V (OF2k12 D Op)) A Far 1.

k=m'



We note that every conjuncts of the formula on the right-hand side of the above equation belongs to
Gaon (= Gy).
If m=2m’+1n=2n+1 for some n’ and m/, then we have m’ < n’, and by Lemma 2.13,

n'—1

Fo (= Famr41) = ( \ (Fargr V (OF2kp2 D Op))) A Fanrga.

k=m/'
We note that every conjuncts of the formula on the right-hand side of the above equation belongs to
G2n’+1 (: Gn)
For (3). By (1), A= OF; for some i < n. Using Lemma 2.14(1),
A= Fz A E+1.

Using (2),

AE/\B/\/\C,

BeS; CeSy
for some subsets S; and S, of G,,+1. Hence

A= /\ B.

BeS1US2

Lemma 2.16. For any A € S™(p), there exists a subset S of G,, such that

A= A\ 4.

A’eS

Proof. We use an induction on A.
Basis(A = p). We note that there exists a number m (> 0) such that n € {2m, 2m + 1}. We put

P, = {ng vV (DFQkJ’_l D Dp) | 0<k<m-— 1} U {Fgm}

Then by Lemma 2.13,
p= /\ A
A'EP,,
Also we can easily see
Pm - G2m and Pm - G2m+17

and hence
P, CG,.

Induction step(A # p). Suppose that the lemma holds for any proper subformula of A. We divide the
cases.
The case that A = B A C. By the induction hypothesis, there exist subsets S; and Sy of G,, such

that
B= /\ B and C = /\ C'.
B’€S; C’'eS;
Hence
A=( N\ Br N\ O
B’€S; C’eS,
and so,
A= A\ A
A’€S1US,

10



We also note that
SiUS, C Gy,

The case that A = B Vv C. By the induction hypothesis, there exist subsets S; and S, of G,, such
that
B= /\ B and C = /\ .

B’€S; C’eSs
Hence
A=( N\ BYWVIN O
B’eS; C’'eSq
and so,
A= /\ (B'v ('),
B’'€S1,C’€S;
A= ( A (B'vVC)A A (B'vC").
B’'€S:1,0'€S2,B'=C" B’'€S1,C’€S,,B'£C"
Using Lemma 2.10,
A= /\ (B'v ('),

B’€S,,C’€Sy,B'=C"

A= /\ A

A’eS1NSs

and so,

We also note that
S1NS; CG,.

The case that A = B D C. By the induction hypothesis, there exist subsets S; and Sy of G,, such
that
B= /\ B’ and C = /\ .
B’eSy C’eSy

Hence

A=( N\ BYS( N\ o).

B’e€S1 C'eSy

Using Lemma 2.5(2),
A=( N\ Boopv( A\ o).

B’€S; C'ESs
Using Lemma 2.12,
A= N BN ),
B'€G,—S; C'€S;

and similarly to the above case,

A= ( A A).

A’e(Gp—S1)US:2

We also note that
(G, —S1)NS; C G,

The case that A = OB. Since A € S"(p), we have B € S"~!(p). By the induction hypothesis, there
exists a subset S’ of G,,_1 such that
B= A\ B.

B’eS’

Hence

11



and using Lemma 2.4(3),
A= /\ oB'.
B’eS’
On the other hand, by Lemma 2.15, for any C' € OG,,_1, there exists a subset T(C) of G,, such that

C = D.
DET(C)

Since OB’ ¢ OS' for B’ € S/,
A

AN AN D

B'€S’ DET(OB’)

A D.

DeUpres T(BBY)

Hence

h
If

We also note that
U T@B)cG,.

B’eS’
_|
Lemma 2.17. For subsets Sy and Sy of G,
S1 € So implies | /\ Al £ [ /\ Al.
A€S; A€S;y
Proof. Suppose that
S1ZSyand [ /\ A <[ A 4]
AeS, A€ES,
Then there exists a formula B € S; — S, and
/\ A= /\ A€ GGRZ.
A€S, A€S
Since B € Sy, we have /\ A — B € GGRZ, and so,
A€eS;
/\ A— B€cGGRZ.

A€ES,

Using Lemma 2.12,
( A\ A4 >0p— BeGGRLZ.
AeG, -S>

Since B € G,, — S2, we have B D Op — /\ A D Ope GGRZ, and so,

AeG,—S2

B > 0Op— Be GGRZ.
Considering the figure

_B—=B (— w)
B — B,0p N
~BBoop ) aBoop— B
(cut)
— B ,

we obtain B € GRZ. This is in contradiction with Corollary 2.9. —|

Proof of Theorem 2.3. By Lemma 2.16, we obtain (1), The “if” part of (2.1) is clear and the “only
of” part is from Lemma 2.17. From (2.1), we have (2.2). (3) is shown by (1) and (2). =

12



References

[Avr84] A. Avron, On modal systems having arithmetical interpretations, The Journal of Symbolic Logic,
49, 1984, pp. 935-942.

[CZ97] A. Chagrov and M. Zakharyaschev, Modal Logic, Oxford University Press, 1997.

13



