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Abstract

In this paper, H> state feedback controller of active
suspension for delayed-disturbance to improve ride qual-
ity is proposed. The time-delay included in the distur-
bance is considered in the proposed controller without
approximation. The LMI condition to design the pro-
posed controller is derived by using descriptor repre-
sentation and Lyapnov function for the time-delay sys-
tem. Additionally, the ride quality is improved by loop-
shaping based on ISO2631-1. The half-car model of
the vertical acceleration and the pitch angular accel-
eration are shaped by reduced-order frequency weight.
The effectiveness of the proposed controller is evaluated
by simulations and experiments compared with conven-
tional controller ignoring the time-delay. The ride qual-
ity is analyzed based on ISO2631-1 and ISO8608 in the
simulation and the experiment.

1 INTRODUCTION

A suspension is a shock absorber mainly equipped
in between a car body and a wheel. The suspension
called passive suspension is composed of a spring and
a damper. It is possible to improve ride quality for ve-
hicle by suppressing a disturbance from a road surface.
Generally, the ride quality is evaluated by International
Organization for Standardization (ISO) 2631-1 [1]. Ac-
cording to ISO2631-1, a frequency weighting curve for
human sensibility is defined for a vertical acceleration
and a pitch angular acceleration. The vertical acceler-
ation and pitch angular acceleration are evaluated by
ratio of 10:4 in ISO2631-1. There is a half-car model
as a suspension model. The half-car model can be con-
sidered the vertical motion and the pitch angle motion.
There is a characteristic that delayed-disturbance in the
half-car model. The time-delay is occurred by length of
wheelbase between a front wheel and a rear wheel. The
vertical acceleration and the pitch angular acceleration
are influenced by the time-delay.

An active suspension is to suppress vibration by con-
trolling an electric actuator. It is possible to suppress
the vibration by generating an anti-vibration from the
electric actuator. The active suspension can improve
the ride quality better than the passive suspension to
control the vibration. It is mainly used for automobiles
and bullet trains to improve ride quality.

Many control theories for the vehicle active suspension
have been proposed. Loop-shaping based on ISO2631-
1 is proposed to improve ride quality [2]. The time-
delay between the front wheel and the rear wheel is
approximated by using Padé approximation to improve
ride quality in [2]. However, the Padé approximation
cannot accurately represent frequency response in high-
frequency band [2]. In [3], the delayed-disturbance is
carried without approximation to derive necessary con-
ditions for Hs control using a method of Lagrange mul-
tiplier. In addition, the time-delay included in the state-
vector and control input is carried without approxima-
tion by using descriptor form in [4].

The purpose of this study is designing Hs, state-
feedback controller of the active suspension for the
delayed-disturbance attenuation without approxima-
tion. The ride quality can be improved by loop-shaping
based on ISO2631-1. The controller is designed by new
LMI conditions. The LMI conditions to design the con-
troller is derived by using descriptor form. The ef-
fectiveness of the proposed controller is evaluated by
simulations and experiments based on ISO2631-1 and
ISO8608(6].

2 MODELING

The half-car model composed of two quarter car mod-
els is shown in Figure 1 [2]. The suffixes f and r mean
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Figure 1 Half Car Model

the front side and the rear side of the vehicle, respec-
tively. In this situation, the rear suspension is not vi-
brated when the front suspension vibrates. This sit-
uation may be occurred when the car body weight is
balanced for the suspension mounted position. For ex-
ample, it is may considered that heavy load such as en-
gine and luggage are on directly above the suspension.
For this reason, the same situation with real car body
may be occurred in the model. Variables x5 and 6 are
displacement of vertical motion and the pitch angle at
the center of the car body, respectively. These variables
are calculated by following equations.
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Where x9;, x1; and zo; (i = f,r) are the displacement
of sprang mass, the displacement of unsprang mass, and
the road surface, respectively. Physical constants are
shown in Table 1.

2.1 Motion equation

Motion equations for a displacement of sprung mass
and a displacement of unsprung mass at equilibrium
point are derived as Eq. (2) - Eq. (5) by using Newto-



Table 1 Physical Constants

My ¢ Front unsprung mass kg
My, Rear unsprung mass kg
kif Front wheel stiffness N/m
ki, Rear wheel stiffness N/m
cif Front wheel damping Ns/m
Cir Rear wheel damping Ns/m
Moy Front sprung mass kg
Mo, Rear sprung mass kg
oy Front suspension stiffness N/m
ko, Rear suspension stiffness N/m
Cof Front suspension damping Ns/m
Cor Rear suspension damping Ns/m

l Length of car body m
lf Length from center of gravity to front axis m

r Length from center of gravity to rear axis m

nian Equation of motion.

Miying = kog(wop — x1f) + cop(day — d1y)

— kig(z1y — @of) — crp (@1 — dog) — Fy (2)
M, &1y = kor(Tor — 210) + cor(&2r — $17)

— k(21 — zor) — c1r(E1r — Tor) — Fr (3)
Myjpiap = —kap(wap — @17) — cop(fay — @1f) + Fy(4)
Mo, &or = —kap(x2r — x17) — Cor(E2r — £10) + Fr (5)

2.2 State-space representation

The state-space representation is obtained from mo-
tion equations. The state-vector x(t), the control input
u(t), and the output y(t) are defined as follows.

x(t) = [ Tof — T1f T2 —Tlr T1f —Tof Tir — TOr
oy d2r d1p 1 ](6)
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yt)=[& 6] ,ut)=[Fr F ] (7)
The disturbance vector is defined in Eq. (8).
w(t)=[wy®) we®) " = dog dor I (8)

Here wy(t) and w,(t) are the front disturbance and the
rear disturbance respectively. There is the time-delay
7(t) between the front disturbance and the rear distur-
bance generated by length of between the front wheel
and the rear wheel. The time-delay is calculated by Eq.
(9).

l

() = V(t) - 1000/3600 )

Here V(t)[km/h] is a car velocity. Accordingly, the
state-space representation is derived as Eq. (10) by as-
suming w,(t) = ws(t — 7(¢)).

{ (t)
y(t)
3 CONTROLLER SYNTHESIS
3.1 Loop-shaping

+Byjwy(t) + Burwy(t — 7(t))
= Cz(t) + Du(t)

(10)

The ride quality is improved by loop-shaping based
on [SO2631-1. In ISO2631-1, the frequency weight-
ing curves of the vertical acceleration and the pitch
angular acceleration are defined. They have peaks at
4—8[Hz] and 0.63—0.8[Hz]. In this study, a second-order

frequency weight like the defined frequency weight in
ISO2631-1 is designed to simplify the controller. State-
space representation of the frequency weight is defined
as Eq. (11).

G (t)
Yu (t)
Bode diagrams of the frequency weight for the loop-

shaping and ISO2631-1 are shown in Figure 2, respec-
tively.

Aoy (t) + Byy(t)
CuwTw (t) + Dwy(t)

(11)
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Figure 2 Frequency weight for ISO2631-1 and loop-
shaping

3.2 Augmented system
A new state vector is defined as Eq. (12).
#t)=1[ 2T(t) 2Z(t) 1"

w

(12)

Accordingly, the state-space representation of the aug-
mented system is derived as Eq. (13).

B(t) = A&(t) + Buu(t)

+Bugug(t) + Burws(t=7(t))  (13)

y(t) = Ci(t) + Dyu(?)
. A 0] = B, - Bur
A:|:ch Aw:|’ wf:|: f:|,Bwr:|: 10} :|7
Bu_{Bflgu],c“:[ch Cw | Du = Du

Furthermore, the evaluated output z(t) is defined by
the weighted vertical acceleration, the weighted pitch
angular acceleration, and the control inputs as Eq. (14).

) =W. [ yIt) Fy B )"

= W,CLa(t) + WDy, ult)
W, — [ W, O

(14)

_ w1 0
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Here W, is the weight for the evaluate output. W and
W, are weight for the vertical and the pitch angular
accelerations and weight for the control inputs. The W,
is chosen as ratio of 1:0.4 for the vertical acceleration
and the pitch angular acceleration by multiplying factor
based on ISO2631-1.



3.3 LMI condition for delayed-disturbance sys-
tem

In this section, Hsy state-feedback controller for the
delayed-disturbance is designed. The closed-loop system
is derived as Eq. (15) by the control input u(t) = KZ(¢).

{ #(t) = Aad(t) + Buswy(t) + Burwy (t — 7(1))
z(t) = Cuz(t)

(Acl = A + BuKa Ccl = chz + WzDuzK)

(15)

The term of ws(t — 7(t)) in Eq. (15) is transformed as
Eq. (16).

wy(t —7(t)) = w

£ () - / s (16)

The w¢(t) is assumed as output of Eq. (17) using de-
scriptor form[5]

{ Eaifiaif(t)

= AgifTais(t) + Baifwy(t)
we(t) =

(17)

Caifaif (1)
o= [389] -[ 8
Adif_|:? i]’ Baiy = { OI:|7 Caiy =[O0 I]

Here € is considered as a resistance value of the dif-
ferentiator circuit to maintain the controllability of the
descriptor system. The descriptor variable is defined as

Eq. (18).

[27() wl() Wl ]"

Accordingly, the descriptor system is derived by the de-
scriptor variable Z(t).

i(t) = (18)

B (o o 11z )ds
0| [ Ja(s
)
v 1w (19a)
I
Z(t) = (C+ W.Dy. K)i(t) (19b)

I O 071 A Bus+ By O
E=|o 1 ol a=]o0o "0 1],

0 0 0 0 I ¢
| Bu| kK -k 0 0O
Be=1 91 ¢ :{chz 0]0],

0

Z(0+) = —II s wp(t —7(t) =0 (t € [0, 7(1)))
wy(t) =0 (t€[-7(t), 0)), 2(t) = O (t € [-7(¢), 0))

The 2, 2 element in the A and the 2, 1 element in the B,,
are identity matrix respectively to consider the distur-
bance in LMI condition. Lyapunov function candidate
is chosen as follows [4].

V(z(t) =

Vi(Z(t)) + Va(2(t)) (20)

Vi(&(t)) = 2" (t)EPi(t) (21)
/ (s)BTQ " Bui(s)dsdd (22)
t
— O O Bwr Pll O O
B, = O O O , P= O Py O ,
O O O P3; Py Pss

P11=P171>0, P22=P22>0, Q:QT>O

Using completing square and integrate by substitution,
the upper bound of the derivative of the Lyapunov func-
tion is derived as Eq. (23).

%V(i(t)) < #(t)"(He[P(A+ B,K)))i(t)

+7()&T (1) PTQPx(t) + 7(t)z" (1) BLQ ' B,i(t) (23)

The term wy(t) is ignored at Eq. (23) to consider the
H> norm is calculated from initial value response of the
descriptor system as Eq. (19a). The following inequality
is assumed.

dtV( 1)+ 2T ()z(1t) <0 (24)
Eq. (24) is transformed as the following equations by
assuming V2(Z(0)) =0 (Z(¢t) = O (t € [-7, 0))).
/Omjt (@ (t ))dt—I—/oo SOTa(Mdt <0 (25)
& V(#(c0)) = V(2(0)) + [2(t)3 < 0 (26)
o1" 0
sz <V@o)=| I | EP| I ]
I -1
o1"[Pn 0 ][O0
171 A<
& trace(Z) < 42 (27)

For this result, the upper bound of Hs norm is less than
v by Eq. (27). The following equation is derived by
Eq. (24), pre-multiplying X and post-multiplying X7
(X = P~1) respectively, and the change-of-variables by
Y =KX (M=CX+W,D,Y).

He[AX + B, Y] +7()Q + M"M
+7()XTBTQ 'B,X <0 (28)
Therefore, the following LMI conditions are derived by

using Schur complement for Eq. (27) and Eq. (28).

Theorem 3.1 If there exist X, Y, @, and Z satisfy-
ing LMI conditions Eq. (29) and Eq. (30), the upper
bound of Hy norm is less than v and the stabilizing state
feedback gain is given as K = Y X ;"

minimize v such that

He[AX + B,Y]+7(1)Q 7(t)(BuX)T MT
7(t) Bw X - g)Q O | <0 (29
M —I
xn>o0, | 2 [t 0, trace(Z 30
11 > 0, I Xg >0, trace(Z) <y (30)
~ O O By Xu O 0
By, = O O 0] , X = @) Xoo 0] ,
O O O X311 X3z Xs3
v—[Y 0 0],



4 SIMULATION & EXPERIMENT

The proposed controller is evaluated by simulations
and experiments. The effectiveness of the proposed con-
troller designed by using € = 0.005 is compared with the
passive suspension and the conventional Hy controller
ignoring the time-delay.

4.1 H; norm analysis (Simulation)

The effectiveness of the proposed controller is ana-
lyzed by relationship between the time-delay and Ho
norm. The evaluate output for the Hy norm analysis is

defined as Eq. (31).
‘%2 .
040

These signals T2, 8 are the vertical acceleration and the
pitch angular acceleration weighted by the frequency
weight in ISO2631-1 respectively. A relationship be-
tween the Hs norm and the time-delay 7(¢) is shown
in Figure 3.

ze(t) = (31)
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Figure 3 Relationship between Hy norm and time-delay

According to this graph, the Hy norm is reduced about
21.7% than the conventional controller at the time-delay
is 0.27[s] (The vehicle speed is 40[km/h]). From these
results, the ride quality is improved by the proposed
controller.

4.2 Time-domain analysis based on ISO8608
(Experiment)

The ride quality is evaluated at the velocity by the
classified road roughness based on ISO8608[6]. In this
experiment, the road surface Class:A of the ISO8608.
The road surface deflection used at experiment is shown
in Figure 4. The RMS value weighted by ISO2631-1
of the time-domain response of the vertical acceleration
and the pitch angular acceleration at 40[km/h] are cal-
culated by Table. 2.

Table 2 RMS value of the weighted signals at 40[km/h
Vertical Pitch angular | Total
acceleration | acceleration
Passive 0.808 0.127 0.809
Proposed 0.315 0.102 0.317
Conventional 0.368 0.100 0.370
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Figure 4 Road surface for ISO8608 Class:A

Here total is sum of square the RMS value of the
weighted vertical acceleration and the weighted pitch
angular acceleration under the ratio of 1:0.4. As you can
see from this table, the total RMS value is reduced about
14.3% than the conventional controller. Therefore, the
ride quality is improved by the proposed controller.

5 CONCLUSION

In this study, the Hs controller for the active suspen-
sion on half-car model is designed by considered as the
delayed-disturbance system. The time-delay in between
the front disturbance and the rear disturbance is carried
without approximation by using the descriptor form and
incomplete differentiator circuit to maintain the control-
lability. The loop-shaping based on reduced-order fre-
quency weight of the weighting curve in ISO2631-1 is
used to improve ride quality. The effectiveness of the
proposed controller is evaluated by simulations and ex-
periments. As a result, the ride quality is improved by
the proposed controller more than the conventional con-
troller ignoring the time-delay.
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